
Announcements 

• Homework 6 Due Today 

• No class on Monday 



Last Time 

• Partial orders 

– Only some elements are comparable 

– Transitivity 

– Minimum/maximum and minimal/maximal 
elements 

– Chains 

• Examples 

– Bn, Πn, ℕ, ℝn 



Today 

• Incidence algebras 

• Inverses 



Question: Number of Chains 

In partial order P, how many chains of length k 
start at x and end at y? 

• Difficult to answer directly 

• Recursive formula: 
Let fm(x,y) = #chains of length m between x 
and y 



Incidence Algebra 

Definition: For a partial order P, let  
Int(P) = {(x,y): x,y ∈ P, x ≤ y}. 

The incidence algebra of P is the set of functions 
f: Int(P) → ℝ 

It has a multiplication operation: 

 

 

Note: Similar to recursion for fm. 

 



Matrix Multiplication 

The incidence algebra can be thought of in 
terms of matrix multiplication: 

The function f corresponds to a matrix F where 
Fx,y = f(x,y) if x ≤ y, 0 otherwise 

Then composition corresponds to multiplication 
of the corresponding matrices. 

Note: Behave like upper triangular matrices. 

Corollary: (f*g)*h = f*(g*h). 



Identity 

The incidence algebra has an identity: 

δ(x,y) = 1 if x = y, 0 otherwise. 

 

Note:  

(the only non-zero term in the sum is when w=y)  
 



Zeta 

Another useful member of the incidence algebra 
is the following: 

ζ(x,y) = 1 for all x ≤ y. 

 

Claim: The number of length k chains from x to y 
is: 

(ζ-δ)*(ζ-δ)*(ζ-δ)*…*(ζ-δ)(x,y). 

k-2 times 



Proof 

Let D = ζ-δ. 

 D(x,y) = 1 if x > y, 0 else. 



Inverses 

We have that δ acts as an identity element for 
the incidence algebra. What about inverses? 

 

Upper triangular matrices have inverses as long 
as the diagonal entries are non-zero. 
Something similar holds here. 

 

Lemma: For any function f with f(x,x) non-zero 
for all x in P, there is a g so that (f*g) = δ. 



Proof 

• Build g iteratively 

– First g make sure that diagonal entries are correct 

– Then the “just off diagonal” entries (these will be 
x that cover y) 

Formally: Prove by induction on k that there is a 
gk so that for every x < y where the longest 
chain from x to y has length at most k that 
(f*g)(x,y) = δ(x,y). 



Base Case 

k=1 

 

Let g(x,x) = 1/f(x,x) for all x. 



Inductive Step 

Assume you have gk that works. Build gk+1. 

• Let gk+1(x,y) = gk(x,y) + e(x,y) 

• Let e(x,y) be 0 unless the length of the longest x-y 
chain is exactly k+1. 

(f*gk+1)(x,y) = (f*gk)(x,y) + (f*e)(x,y) 

(f*e)(x,y) = Σ f(x,w)e(w,y) 

Note that this is 0 unless the longest chain between x 
and y has length at least k+1. 

(f*gk+1)(x,y) = δ(x,y) if longest chain at most k. 



Longest Chain k+1 

What if the longest chain between x and y has 
length exactly k+1? 

(f*gk+1)(x,y) = (f*gk)(x,y) + (f*e)(x,y) 

(f*e)(x,y) = Σ f(x,w)e(w,y) = f(x,x)e(x,y) 

 

Pick e(x,y) = [δ(x,y) – (f*gk)(x,y)]/f(x,x). 

This ensures that 
(f*gk+1)(x,y) = δ(x,y). 

 



Mobius Function 

Of particular interest, is the inverse to ζ, 
commonly denoted by μ. 

 

We have μ(x,x) = 1 and for x < y: 

 

 

In particular: 



Example I: Bn 

For two sets S ⊆ T, we have 

μ(S,T) = (-1)|S|-|T|. 

To verify that this works, suppose that  
|T|-|S| = k > 0. 

There are (kCm) subsets S ⊆ R ⊆ T with  
|T|-|R|=m [take a subset of T-S of size k-m]. 

Thus, 



Example II: ℕ 

To compute μ(n,m), write m/n as a product of primes 
p1p2…pk. Then μ(n,m) is (-1)k if the pi are distinct and 
0 otherwise. 

To show that this works, we need to show that the sum 
of μ(d,m) over all n|d|m is 0. 

We note that if m/n is divisible by k distinct primes, 
there will be (kCt) such d’s where m/d is a product of 
t distinct primes (choose which primes from the k). 

Computation similar to previous example. 



Example III 

y 

x 

To compute μ(x,y), 
we compute μ(x,w) 
for each 
intermediate w 
from bottom to top. 
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