
Announcements 

• Homework 5 Due today 

• Homework 6 online Due next Friday 

– Last homework of the quarter! 



Last Time 

• Pattern Avoidance in Permutations 



Patterns 

Given two permutations π of [n] and ρ of [m], 
we say there is a copy of ρ in π if there are 1 ≤ 
x1 < x2 < … < xm ≤ n so that π(x1), π(x2),…, π(xm) 
have the same relative orders as ρ(1), ρ(2),…, 
ρ(m). 

 

For a permutation ρ, let Sn(ρ) be the set of 
permutations of [n] that do not have a copy of 
ρ. 

 



Last Time 

|Sn(132)|=|Sn(213)|=|Sn(231)|=|Sn(312)|=Cn. 



Today 

• Computing |Sn(123)| 

– Left to Right minima 

• Discussion about patterns of length 4+ 



Final Pattern 

What about |Sn(123)| = |Sn(321)|? 

Theorem: For all n, |Sn(123)| = |Sn(132)| = Cn. 

 

We will use the following definition: 

Definition: The Left-to-Right minima of a 
permutation π are all of the indices i so that 
π(i) < π(j) for all j < i. 



Example 

6 X 
5 X 
4 X 
3 X 
2 X 
1 X 

1 2 3 4 5 6 



Left-to-Right Minima 

We will classify permutations based on the 
locations (in the permutation graph) of their 
left-to-right minima. 

 

One question is which sets of locations are 
possible. 



Question: Left-to-Right Minima 

Is it possible to have a permutation where the 
following are the locations of the left-to-right 
minima? 

 

A) Yes 

B) No 

6 

5 X 
4 

3 

2 X 
1 X 

1 2 3 4 5 6 

We would 
need π(2) 
and π(3) to 
both be 
bigger than 
5. 



Validity 

Definition: A set of pairs (i,j) with 1 ≤ i,j ≤ n is 
valid if: 

1) They can be ordered (i1,j1),(i2,j2),…,(ik,jk) so 
that i1 < i2 < … < ik and j1 > j2 > … > jk. 

2) For each 1 ≤ a ≤ n, if ilast is the largest of the 
i’s less than or equal to a, jlast ≤ n+1-a. 

Lemma: A set of pairs can be the set of left-to-
right minima of a permutation of [n] only if it 
is valid. 



Proof 

Condition (1) must hold since left-to-right 
minima must be decreasing from left-to-right 
because they are minima. 

Condition (2) must hold since π(1), π(2),…, π(a) 
must all be at least jlast. 

a 



Minima to Permutations 

Proposition: For every valid set S of pairs, there 
is exactly one 123-avoiding permutation and 
exactly one 132-avoiding permutation with S 
as its set of left-to-right minima. 

 

This implies that |Sn(123)| and |Sn(132)| are 
both equal to the number of valid sets of left-
to-right minima. 



123-Avoiding 

Lemma: The non-left-to-right minima in a 123-
avoiding permutation are in decreasing order. 

Proof: 

Suppose this isn’t the case.  

• You have (i1,j1) and (i2,j2) with i1 < i2 and j1 < j2. 

• Since (i1,j1) not a minimum, there is an (i0,j0) 
with i0 < i1 and j0 < j1. 

• Then (i0,j0), (i1,j1), (i2,j2) is a copy of 123. 



Picture 

(i1,j1) 

(i2,j2) 

(i0,j0) 



123-Avoiding 

Therefore, for every valid set, there is exactly 
one 123-avoiding permutation with those left-
to-right minimums. 

• Only one since the other terms must come in 
decreasing order. 

• Condition (2) implies none of these will be a 
new minimum. 

• LtR-mins decreasing, others decreasing, 
therefore cannot have three term increase. 



132-Avoiding 

We will construct our 132-avoiding permutation 
from the left-to-right minima set one step at a 
time. 

• We note π(1) will already be one of the left-to-
right minima. 

• If π(2) is not a left-to-right minima, we define 
it. 

• If π(3) is not a left-to-right minima, we define 
it. 

 



Example 

6 X 
5 X 
4 X 
3 X 
2 X 
1 X 

1 2 3 4 5 6 



Values 

Lemma: When producing a 132-avoiding 
permutation each new value must be the 
smallest not-yet-used value that is larger than 
the previous left-to-right minimum. 



Proof 

• Cannot be smaller than previous left-to-right 
minimum. 

– otherwise it would be a left-to-right minimum 

• Cannot be previously used value. 

• Cannot be a non-minimum value. 

– Otherwise it, the minimum value (whenever it 
shows up), and the previous left-to-right minimum 
will be a 132 pattern. 



Non-Minimum Value 

Current 
Value 

Previous 
LtR min 

Filled in 
values 

Minimum 
Unused 

1 

3 

2 

New 
Value 



This Strategy Works 

• Condition (2) implies that there is always 
some minimum value to add. 

• Always bigger than last LtR min 

• No value can be the ‘3’ in a 132-pattern. 

– Cannot be a left-to-right minimum 

– If it’s an element we added: 

• The ‘1’ cannot be smaller than the previous left-to-right 
minimum 

• The ‘2’ must be an available value between this and the 
‘3’, but by construction this doesn’t exist. 



Proof 

So, every valid sequence of minimums 
correspond to: 

• Exactly one 123-avoiding permutation 

• Exactly one 132-avoiding permutation 

Thus, 

|Sn(123)| = #{valid sets} = |Sn(132)| = Cn 



Patterns of Length 3 and 4 

So for patterns of length 3, things are pretty 
simple: 

|Sn(123)|=|Sn(132)|=|Sn(213)|=|Sn(231)| 
=|Sn(312)|=|Sn(321)|=Cn. 

For patterns of length 4, things are more 
complicated: 

A) There are no longer known explicit formulas 

B) Not everything is the same 



Pattern Comparison 

Theorem (14.8): |Sn(1234)| ≤ |Sn(1324)|. 

Proof: We are going to count the number of 
permutations with a fixed set of Left-to-Right 
minima and a fixed set of Right-to-Left 
maxima. 

LtR minima 

RtL maxima 



1234 

Lemma: For a 1234-avoiding permutation, the 
“everything else” must be sorted in decreasing 
order. 

Proof: Suppose not. 

• Unsorted pair 

• Smaller LtR min 

• Larger RtL max 

• 1234 pattern 



1324 

Lemma: For every set of left-to-right minima 
and right-to-left maxima that admits some 
permutation, there is at least one consistent 
1324-avoiding permutation. 

Proof: If all other elements were increasing, we 
would be OK. 

Not always possible. 



Idea 

Start with any permutation. If not 1324-
avoiding, make it closer. 

If have 1324, make replacement. 

Not LtR min nor 
RtL max. 



Why Does This Work? 

• Each step makes the “everything else” points 
closer to being sorted. 

– For example, increases sum of i*j over all pairs (i,j) 

– Therefore, must eventually terminate 

• Once it terminates you have a 1324-avoiding 
permutation with the original sets of 
minima/maxima. 



Proof of Result 

• Each sequence of left-to-right minima and 
right-to-left maxima that admits a 
permutation has: 

– At most 1 corresponding 1234-avoiding 
permutation 

– At least 1 corresponding 1324-avoiding 
permutation. 

Therefore, 

|Sn(1234)| ≤ #{min/max patterns} ≤ |Sn(1324)|. 



Strictness 

Note: For n ≥ 7 inequality is strict. 

Need to show two 1324-avoiding perms with 
same min/max sequences. 

7 

6 

5 

4 
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2 
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