
Announcements 

• Exam 2 Solutions Online 

• Homework 5 Online, Due Friday 



Last Time 

• Composition of Exponential Generating 
Functions 



Composition of Generating Functions 

So the xn/n! coefficient of B(A(x)) counts the 
number of ways to partition [n] into subsets, 
put an A-structure on each subset, and put a 
B-structure on the collection of subsets. 



Permutations 

A permutation of [n] is equivalent to partitioning 
[n] into subsets and then arranging each 
subset into a cycle. 

Here an A-structure is a cycle. There are (k-1)! 
cycles on a k-element subset so 

ak = (k-1)! 

A(x) = Σk≥1 (k-1)!xk/k! = Σk≥1 x
k/k = log(1/(1-x)). 



Today 

• Applications 

• Introduction to pattern avoidance 



Permutation Parity 

What about permutations with an even number of 
cycles? 

• A-structure is a cycle. 

• B-structure is an even number of parts  

– B(x) = cosh(x). 

Generating function is 

cosh(log(1/(1-x))  = (elog(1/(1-x))+e-log(1/(1-x)))/2 

    = [(1-x)+1/(1-x)]/2 = 1+x2/2+x3/2+… 

Number is 1 for n=0, 0 for n=1, n!/2 otherwise. 



Sterling Numbers 

What if we count permutations of [n] weighted 
by y#of cycles? 

• A-structure is a cycle 

• B-structure has bn = yn. 

– B(x) = Σn xnyn/n! = exy. 

Generating function is 

B(A(x)) = eylog(1/(1-x)) = (1/(1-x))y. 

ykxn/n!-coefficient is #perms of [n] with k cycles. 



Sterling Number Generating Function 

Theorem: 



Derangements 

What about derangements of [n]? 

• A-structure is cycle of length not 1 

– an = (n-1)! unless n=1, in which case a1=0. 

– A(x) = log(1/(1-x)) – x. 

• B-structure is any partition. 

B(A(x)) = elog(1/(1-x))-x = e-x/(1-x). 

Note: if we want permutations without 2-cycles 
we get  



Permutations with Even/Odd Length 
Cycles 

What about permutations with only cycles of 
even length or only odd length? 

• A-structure is a cycle of appropriate length. 

• For even, an = (n-1)! if n even, 0 otherwise. 

• A(x) = Σn even xn/n. 

How do you restrict a generating function to 
only the even/odd terms? 



Even/Odd Parts 

Let f(x) = Σn an xn be a generating function. 

f(-x) = Σn (-1)n an xn. 

f(x) + f(-x)  = Σn (1+(-1)n) an xn 

   = 2 Σn even an xn. 

So, 

[f(x)+f(-x)]/2 = Σn even an xn. 

Similarly, 

[f(x)-f(-x)]/2 = Σn odd an xn. 



EVEN Generating Function 

Thus the generating function for the A-structure 
of cycles of even length is: 

 

 

Thus, the generating function for permutations 
with even length cycles is: 



ODD Generating Function 

The generating function for the A-structure of 
cycles of odd length is: 

 

 

Thus, the generating function for permutations 
with odd length cycles is: 



ODD vs. EVEN 

Note 

 

 

So  

ODD(2m) = EVEN(2m). 

ODD(2m+1)/(2m+1)! = EVEN(2m)/(2m)! 

ODD(2m+1) = EVEN(2m)(2m+1). 



Coefficients 

Thus, EVEN(2m) = (2m-1)2(2m-3)2…(1)2. 


