
Announcements 

• Exam 2 on Friday 

• Bryan’s Office Hours this week will be 8-9pm 
Wednesday and Thursday instead of the usual 
time. 



Last Time 

• Exponential Generating Functions 

• Multiplication 



Combinatorial Interpretation 

Define A-structure a thing so that there are an A-structures on a 
set of size n. 

Define B-structure a thing so that there are bn B-structures on a 
set of size n. 

Ordinary generating function multiplication talks about the 
number of ways to find an A-structure and a B-structure of 
total size n. 

Exponential generating function multiplication has cn = number 
of ways to partition [n] into two sets and put an A-structure 
on one and a B-structure on the other. 

If A-structure of size k, nCk ways to partition [n], ak A-structures 
and bn-k B-structures. 

 



Today 

• Composition of Generating Functions 



Generalized Inclusion-Exclusion 

Recall, the Inclusion-Exclusion formula: 

 

 

Suppose we expected that there was a formula 
of this form, but didn’t know the coefficients 
(-1)k-1. How would we find them? 



General Formula 

For some numbers a1, a2, … we want to consider 
expressions of the form: 

 

 

If x is in exactly m of the Ai’s, how much does it 
contribute to this sum? 

For kth term, x is in (mCk) of the k-wise 
intersections. Contribution is: 



Getting Specific b’s 

For Inclusion-Exclusion we want to count each x 
once. So bm = 1 for all m ≥ 1. 

How to relate a’s and b’s? 

Recall: 

 

If A(x) = Σk ak x
k/k!, B(x) = Σm bm xm/m!, 

the above says that B(x) = exA(x).  

Equivalently, A(x) = e-x B(x). 



Inclusion-Exclusion 

If bm = 1 for all m ≥ 1, 

B(x) = (x+x2/2+x3/6+x4/24+…) = ex – 1. 

A(x)  = e-xB(x) = 1-e-x 

  = x – x2/2 + x3/6 – x4/24 +… 

ak = (-1)k-1. 



Generalizations 

Suppose instead we wanted to count the number of elements 
that are in exactly two of the Ai’s. 

We want b2 = 1 and all other bm = 0. 

B(x)  = x2/2. 

A(x)  = e-xB(x) = x2e-x/2 

  = x2/2 – x3/2 + x4/2·2 – x5/6·2 + … 

xk coefficient is 1/2(k-2)! 

ak = (-1)kk!/2(k-2)! = k(k-1)/2. 



Compositions of Exponential 
Generating Functions 

Recall: 

Σn B(n) xn/n!  = exp(ex-1) 

    = 1+(ex-1)+(ex-1)2/2+(ex-1)3/6+… 

ex-1 = Σn≥1 xn/n! 

(ex-1)2/2  = (x+x2/2+x3/6+…) (x+x2/2+x3/6+…)/2 

   = Σn [½Σa,b≥1, a+b=n (nCa)] xn/n! 
Number of ways to partition 
[n] into sets of size a and b. 

Accounts for overcounting 
of which set is first 

Total number of partitions of [n] into 2 sets. 



Higher Powers 

What about (ex-1)k/k! ? 

Number of partitions of [n] 
into A1,A2,…,Ak with |Ai|=mi. 

Number of partitions on [n] 
into nonempty A1,A2,…,Ak. 

Number of partitions of [n] 
into k nonempty sets = S(n,k). 



Result 

So: 

 

Summing over k we have that: 

Theorem: 

 

 

Setting y = 1, we recover 



Powers of Generating Functions 

Let A(x) = a1x + a2x2/2 + a3x3/6 + … 

 

 

Define A-structure so that there are am  
A-structures on a set of size m. 

Number of partitions of [n] 
into A1,A2,…,Ak with |Ai|=mi 
and put A-structure on each. 

Number of partitions on [n] 
into A1,A2,…,Ak and put an  
A-structure on each. 

Number of partitions of [n] 
into k nonempty sets with an 
A-structure on each. 



Example 

How many ways can we partition [n] into two 
subsets and select one element from each? 

Here an A-structure on S is a selected element of 
S. am = m. 

Exponential generating function given by 
(x+2x2/2!+3x3/3!+…)2/2 = (xex)2/2 = x2e2x/2. 

This equals x2/2+x3+2x4/2! +…+2k-3xk/(k-2)!+… 

xk/k! coefficient is 2k-3k(k-1). 



Composition of Generating Functions 

So if A(x) = a1x + a2x2/2! + a3x3/3! + …and B(x) = b0 + b1x + b2x2/2! 
+ b3x3/3! + … 
What is B(A(x))? 

It equals b0 + b1A(x) + b2A(x)2/2! + b3A(x)3/3! + … 

The xn/n! coefficient is: 

b1 times the number of partitions of [n] into one part with an A-
structure plus 

b2 times the number of partitions of [n] into two parts with an 
A-structure on each plus 

b3 times the number of partitions of [n] into three parts with an 
A-structure on each plus … 

 



Composition of Generating Functions 

So the xn/n! coefficient of B(A(x)) counts the 
number of ways to partition [n] into subsets, 
put an A-structure on each subset, and put a 
B-structure on the collection of subsets. 



Example 

How many ways can [n] be partitioned into an 
even number of subsets of size at least 2? 

• A-structure: subset of size at least 2. 
– an = 1 if n ≥ 2, 0 otherwise 

– A(x) = ex-1-x. 

• B-structure: an even number of subsets 
– bn = 1 if n is even, 0 otherwise 

– B(x) = cosh(x) = (ex+e-x)/2. 

Generating function: cosh(ex-1-x). 



Example 

A permutation of [n] is equivalent to partitioning 
[n] into subsets and then arranging each 
subset into a cycle. 

Here an A-structure is a cycle. There are (k-1)! 
cycles on a k-element subset so 

ak = (k-1)! 

A(x) = Σk≥1 (k-1)!xk/k! = Σk≥1 xk/k = log(1/(1-x)). 



Total Number of Permutations 

So how many permutations of [n] are there? 

• A-structure is a cycle. 

• B-structure is just a set (just partition into any 
number of cycles) 
– B(x) = 1 + x + x2/2 + … = ex. 

Generating function for number of permutations 

B(A(x)) = elog(1/(1-x)) = 1/(1-x). 

1/(1-x) = Σn xn = Σn n!(xn/n!). 

There are n! permutations of [n]. 


