
Math 184 

Exam 2 Review 



Permutations and Cycle Structure (Ch 
6) 

• Permutations 

• Cycles 

• Permutation Representations 

• Counting Problems 

• Sterling Numbers 

• Permutations with only Even or Odd Cycles 



Permutations 

Definition: A permutation of [n] is a list of the 
numbers from 1 to n with each number 
appearing exactly once. Looking at this 
positions of each number, this is equivalent to 
a bijection π:[n] → [n]. 



Composition 

Thinking of permutations as functions, we can 
compose two permutations of [n] to get 
another. 



Repeated Application 

Suppose that you have a permutation π of [n] 
and some integer 1 ≤ m ≤ n. What happens 
when you repeatedly apply π to m? 

m → π(m) → π(π(m)) → π(π(π(m))) → … 

We will show that this sequence is periodic. 

To start, we show: 

Lemma: For such m and π, there is a k so that 
πk(m) = m. 



Cycles 

So not only does m repeat itself, it is actually the 
first element of this sequence to repeat itself. 

In particular, if k is the smallest integer so that 
πk(m) = m, we have that  
m, π(m), π2(m),…, πk-1(m) are all distinct and 
πk(m) = m. 

The sequence m, π(m),…, πk-1(m) is called a 
cycle. 



Cycles 
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Cycles 

Given any permutation π of [n], we can partition 
[n] into cycles. 

Example: 7146352 
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Cycle Notation 

To write this more conveniently: 

• Write each cycle by writing the elements in 
order contained within parentheses. 

• Write the permutation by writing each cycle in 
it. 

Example: Represent 7146352 as (172)(3465). 



Non-Uniqueness 

One issue with this representation is that there 
are multiple ways to write the same 
permutation.  

This is because of two things: 

• A cycle can start at any position: 
(172) = (721) = (217). 

• Cycles can be listed in any order: 
(172)(3465) = (3465)(172). 



Canonical Cycle Notation 

One way to fix this is to remove this freedom by 
specifying an order. One way to do this is 
using canonical cycle notation. 

• Start each cycle with the largest element: 
Write (721) instead of (172). 

• Write cycles in increasing order of largest 
element: 
(6534) comes before (721). 



Parentheses 

Proposition: Every ordering of the numbers of 
[n] corresponds to a unique permutation of 
[n] written in canonical cycle notation. You can 
determine which permutation this is even 
without the parentheses. 



Permutations with Given Cycle 
Structure 

Number of permutations of [n] with ak cycles of 
length k: 



Sterling Numbers 

Definition: The unsigned Sterling numbers of 
the first kind are given by: 

c(n,k) = #permutations of [n] with k cycles 

The Sterling numbers of the first kind are given 
by: 

s(n,k) = (-1)n-kc(n,k). 



Examples 

• c(n,n) = 1 

– Must have n 1-cycles 

• c(n,1) = (n-1)! 

– One n-cycle 

• c(n,n-1) = n(n-1)/2 

– One 2-cycle and n-2 1-cycles 



Recursion 

Proposition: For n ≥ k ≥ 1, 

c(n,k) = c(n-1,k-1)+(n-1)c(n-1,k). 



Result 

Theorem: For any non-negative integer n 

 

 

 



Results we can prove with CCN 

Proposition: There are exactly (n-1)! 
permutations of [n] so that n is in a cycle of 
length exactly k for each 1 ≤ k ≤ n. 

 

Lemma: For any i,j ∈ [n], exactly half of the 
permutations of [n] have i and j in the same 
cycle. 

 



EVEN and ODD 

Definition: For positive integers n let 
ODD(n) = the number of permutations of n all 
of whose cycles are of odd length. 
EVEN(n) = the number of permutations of n all 
of whose cycles are of even length. 



Result 

Theorem: For any positive integer m, 

EVEN(2m) = ODD(2m). 

Proof Idea: 

• Bijective proof using CCN. 

– Find a way to match up the permutations with 
even cycles and permutations with odd cycles. 



Bijection 

• Pair up cycles 

– must be even number 

• Take last element of first in pair, and add to 
second. 

• All cycle lengths are now even. 

• Still in CNN 

– Element moved into new cycle smaller than start 

(7)(965)(B42)(C1A83) (7)(965)(B42)(C1A83) ()(9657)(B4)(C1A832) 



Counting 

 

Proposition:  

EVEN(2m) = (2m-1)2(2m-3)2(2m-5)2…12. 



Summary 

Proposition: 

ODD(2m+1) = (2m+1)(2m-1)2(2m-3)2…12. 



Inclusion-Exclusion (Ch 7) 

• Generalized Addition Rule 

• Inclusion-Exclusion 

• Applications 



Inclusion-Exclusion 

Theorem: Given any sets S1, S2,…, Sn we have 
that: 

 



Sterling Numbers 



Derangements 

Definition: A derangement is a permutation 
with no 1-cycles. 

Dn = #{Derangements of [n]}. 

 



Binomial Theorem and Related 
Identities (Chapter 4) 

• Binomial Theorem 

• Applications 

• Generalizations 



The Binomial Theorem 

Theorem: For integers n ≥ 0, and real numbers x 
and y, we have that 

 

 

 



Applications 

• n2n-1 = Σk k (nCk). 

•   

 



Relative Sizes of Binomial Coefficients 

(nCk) / (nC(k+1)) = (k+1) / (n-k). 

 

 

Thus, binomial coefficients (nCk) increase in k 
for k<n/2 and then decrease in k for k>n/2. 



Multinomial Theorem 

What is (x1+x2+…+xk)
n? 

• Expand out, get a sum of terms of the form 
x1

a1x2
a2…xk

ak. 

– Must have a1+a2+…+ak = n. 

• What is the coefficient of this term? 

– Number of ways to pick x1 coefficient from a1 
terms, pick x2 from a2 terms, etc. 

– Given by multinomial coefficient  



Newton’s Formula 

 

Therefore, 

(1+x)a = 1 + ax + a(a-1)x2/2 + … + (a)k x
k/k! + … 



Generating Functions (Chapter 8) 

• Basic Idea 

• Ordinary Generating Functions 

– Recurrence Relations 

– Binomial Coefficients Identities 

– Partition Numbers 

– Interpretation of products 



Generating Functions 

Basic Method: In order to study some 
interesting sequence of numbers, a0, a1, a2,… 
instead turn these numbers into a single 
function: f(x) = a0 + a1x + a2x2 + … and study 
f(x). 

This function f(x) is called a generating function 
for the sequence {ai}. 



Generating Functions 

Why is this a good idea? 

1) The function f can be encode the entire 
sequence {ai} with a single function. 

2) Complicated combinatorial properties of the 
sequence {ai} can often by encoded as 
algebraic or analytic properties of f(x). 

3) This often lets us reduce solving complicated 
problems to basic algebra. 



Basic Tools 

• If two generating functions are the same, the 
coefficients are the same: 
If Σn anxn = Σn bnxn then an = bn for all n. 

• Geometric series: 
1/(1-cx) = Σn (cx)n = Σn cn xn. 

• Sums of Generating Functions: 
(Σn an xn) + (Σn bn xn) = Σn (an + bn) xn 

• Shifts: If F(x) = Σn an xn, 
xF(x) = Σn an xn+1 = Σn>0 an-1 xn. 



Partial Fractions 

Given a generating function F(x) = p(x)/q(x) with p(x) 
and q(x) polynomials, how do we find a formula for 
the coefficients? 

1) Reduce p: Write F(x) = r(x) + p0(x)/q(x) with 
degree(p0) < degree(q). 

2) Factor q: Write q(x) = (x-r1)(x-r2)…(x-rk). 

3) Rewrite: Write p0(x)/q(x) as  
A1/(x-r1) + A2/(x-r2) + … + Ak/(x-rk) 
[You can always do this if q has distinct roots, 
otherwise, it is a bit more complicated]. 



Partial Fractions 

4) Get Formula: 
Note that: 
1/(x-ri)  = (-1/ri) / (1-x/ri) 
  = -(1/ri) - (1/ri)

2x - (1/ri)
3x2 + … 

Adding terms together 
A1/(x-r1) + A2/(x-r2) + … + Ak/(x-rk) = 
Σn – (A1/r1

n+1 + A2/r2
n+1 + … + Ak/rk

n+1)xn 
              



Products of Generating Functions 

Let A and B be sets of non-negative integers and 
let 

fA(x) = Σa∈A xa,     fB(x) = Σb∈B xb. 

Then,  

fA(x)·fB(x)  = Σ xa+b 

   = Σn xn #{a∈A, b∈B: a+b = n}. 

Coefficients of the product are the number of 
ways to write n as a sum of elements. 



General Products of Generating 
Functions 

A(x) = Σn an xn, 

B(x) = Σn bn xn. 

A(x)·B(x) = C(x) = Σn cn xn. 

What is cn? 

C(x) = (Σn an xn)(Σm bm xm) 

  = Σn,m an bm xn+m 

  = Σk x
k (Σn+m=k an bm) 

ck = (Σn+m=k an bm). 

 



Combinatorial Interpretation 

Suppose that you have objects of type-A and 
objects of type-B. Each has a size which is a 
non-negative integer, and there are an objects 
of type-A of size n, and bm objects of type-B of 
size m. 

Then ck is the number of ways to find a pair of 
an object of type-A and an object of type-B 
where the sum of the sizes is k. 


