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We prove a structural result for degree-d polynomials. In particu-
lar, we show that any degree-d polynomial, p can be approximated by
another polynomial, pp, which can be decomposed as some function
of polynomials g1, . .., ¢m with ¢; normalized and m = O4(1), so that
if X is a Gaussian random variable, the probability distribution on
(q1(X),...,gm(X)) does not have too much mass in any small box.

Using this result, we prove improved versions of a number of re-
sults about polynomial threshold functions, including producing bet-
ter pseudorandom generators, obtaining a better invariance principle,
and proving improved bounds on noise sensitivity.

1. Introduction.

1.1. Anticoncentration of Gaussian Polynomials. In this paper we study
low degree polynomials of Gaussian random variables, especially with re-
gards to their anticoncentration properties, that is the extent to which they
cluster probability mass into small intervals (or more particularly, the extent
to which they fail to do so). The most that can be said along these lines for
general polynomials is given to us by a result of Carbery and Wright in [4].
Namely, they show that for p a degree-d polynomial in n variables and X
an n-dimensional Gaussian random variable, then

(1) Pr(|p(X)| < elpl2) = O(de'’?).

While this bound does tell us that the probability of p(X) lying in a small
interval goes to zero as the length of the interval does, it leaves much to be
desired from a quantitative standpoint. In particular, the e*/4-dependence
in Equation (1) tends to produce poor bounds if d is moderately large. In
particular, one might expect that the probability of p(X) lying in an inter-
val of length € should be proportional to e rather than el/d, Unfortunately,
while this is true for most polynomials, there are cases in which it fails. For
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2 D. KANE

example, if p(X) is given by the d* power of a linear polynomial L(X),
then |p(X)| < e if and only if | L(X)| < €!/¢, which happens with probability
proportional to €'/¢. While Equation (1) implies that this is approximately
the worst case in terms of poor anticoncentration, it is far from the only
case where the naive bound fails. For example, if p(X) is given by the sum
of d™™ powers of a small number of linear polynomials q1(X),...,qn(X),
then if |g;(X)| < (¢/m)Y? for all i, |p(X)| < e. This happens with proba-
bility roughly €™/¢. There are also a number of more complicated counter-
examples. For example, if

P(X) = q1(X)" + q2(X)" + q1(X)?q2(X)? + €/3g3(X)

for any polynomials q1,¢a,q3 then as long as |q1(X)| < €4, |g(X)| <
€'/ |q3(X)| < €!/3, an event that we expect to take place with probability
roughly €/6, then |[p(X)| < e.

A common theme in the above examples seems to be that if p(X) is
poorly anticoncentrated it is because p can be decomposed in such a way
that makes this poor anticoncentration apparent. In particular, in all of the
above examples we were able to write p(X) as h(q1(X),. .., gn(X)) for some
polynomials h, ¢; in such a way that even if the ¢; were assumed to be jointly
Gaussian distributed, the anticoncentration properties of p are already ac-
counted for in the structure of h. In fact, as we will show, this is true in
general. Any polynomial p may be approximately decomposed in terms of
other polynomials ¢; such that the ¢; are nearly as well anticoncentrated as
one might hope. This provides us with a useful structural result for polyno-
mials of Gaussian inputs. In order to produce a rigorous statement of this
result, we must first introduce some terminology.

DEFINITION. Given a degree-d polynomial p : R" — R, we say that a
sequence of polynomials (h,q1,...,qn) is a decomposition of p of size m if
¢ :R" = R, and h: R™ — R are polynomials so that

o p(z) = h(q1(@), ..., qgm(z))
e For every monomial c[[ ;" appearing in h, we have that > a; deg(g;) <

d

In other words, a decomposition of p is a way of writing p as a composition
of a simple polynomial, h, with another polynomial @ = (q1,...,qm). The
second condition above tells us that if we expanded out the polynomial
h(qi(x),...,qn(x)), we would never have to write any terms of degree more
than d.
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DIFFUSE DECOMPOSITIONS 3

DEFINITION.  We say that a tuple of polynomials (qi,...,qm) : R" —
R™, is an (e, N)-diffuse set if for every (ai,...,an) € R™ and standard
Gaussian random variable X we have that

Prx(|gi(X) — a;| <€ for all i) < €™N,
and E[|g;(X)|?] <1 for all i.

We note that while an anticoncentration result need only tell us that the
probability distribution of p(X) contains no point masses, an (¢, N)-diffuse
set of polynomials will have the probability density function of the vector
(q1(X),...,qn(X)) average no more than N on any small box. This provides
a much stronger notion of anticoncentration. Combining the two definitions
above, we define the notion of a diffuse decomposition.

DEFINITION.  Given a polynomial p we say that (h,qi,...,qm) is an
(e, N)-diffuse decomposition of p of size m if (h,q1,...,qm) is a decom-
position of p of size m and if (q1,...,qm) s an (e, N)-diffuse set.

It is not obvious that diffuse decompositions should exist in any useful
cases. The main result of this paper will be to show that not only can any
polynomial be approximated by a polynomial with a diffuse decomposition,
but that the parameters of this decomposition are sufficient for use in a wide
variety of applications.

THEOREM 1 (The Diffuse Decomposition Theorem). Let €,¢ and N
be positive real numbers and d a positive integer. Let p(X) be a degree-
d polynomial. Then there exists a degree-d polynomial py with |p — pola <
Oc.an(€™)|pl2 so that py has an (e, ¢)-diffuse decomposition of size at most
Oc,d,N(l)'

It should be noted that if p is a polynomial with a diffuse decomposition,
(h,q1,--.,qm), then the distribution of p(X) will be determined in large part
by the polynomial h, as the distribution for (g1 (X), ..., ¢n(X)) is controlled
by the diffuse property. Thus, Theorem 1 may be thought of as a structural
result for polynomials of Gaussians. Theorem 1 may also be thought of as a
continuous analogue of theorems of Green-Tao ([11]) and Kaufman-Lovett
([16]) which say that a polynomial over a finite field can be decomposed in
terms of lower degree polynomials whose output distributions on random
inputs are close to uniform.
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4 D. KANE

REMARK. The bound on the size of the decomposition in Theorem 1 is
effective, but may be quite large. Working through the details of the proof
would lead to a bound of A(d + O(1),N/c), where A(m,n) is the Acker-
mann function. The author believes that a polynomial in (dN/c) should be
sufficient, but does not know of a proof for this improved bound.

1.2. Applications to the Study of Polynomial Threshold Functions. A
number of results such as the invariance principle (see [20]) or various pseu-
dorandom generators for polynomial threshold functions (see [19, 13]) com-
pare the output distributions of a polynomial evaluated at different input
distributions. An important technique for dealing with such issues is the re-
placement method of Lindeberg (see [8, 18]). While the replacement method
is well adapted to comparing the expectations of smooth functions at dif-
ferent inputs, it is less well adapted to comparing the outputs of threshold
functions (i.e. functions of the form f(z) = sgn(p(x))), which are often
required for this analysis. The standard method for resolving this issue is
approximating the threshold function, f, in question by a smooth function
g. Unfortunately, this will itself introduce a substantial error if there is a
large discrepancy between f and g. Since a continuous function must fail to
approximate a discontinuous one near the locus of discontinuity, bounding
this source of error will generally depend on proving an appropriate anti-
concentration result, showing that X has a small probability of lying near
this locus of discontinuity.

For example, in previous applications, g was often taken to be of the
form g(x) = p(p(z)) for some suitable smooth function p. In these cases,
g(z) would equal f(z) except when the absolute value of p(z) was small.
Unfortunately, in this context, the relatively weak anticoncentration bounds
provided by Equation (1) have proven to be a major bottleneck in terms
of the bounds that have been obtainable. By making use of Theorem 1, we
will be able to make substantial improvements to several of these results by
making a better choice of the function g. In particular, if f(x) = sgn(p(x))
where p is approximated by a pg with an appropriate diffuse decomposition
(h,q1,--.,q9m), we can approximate f(z) by g(x) = p(q1(z),...,qn(z)) for
a suitable smooth function p. The error introduced by this approximation is
now bounded by the anticoncentration properties of (g1, ..., ¢n), which are
controlled by the diffuse property. This technique produces an improvement
over several previous results.

The existence of diffuse decompositions allows us to make better use of
the replacement method and achieve a tighter analysis of the pseudorandom
generators for polynomial threshold functions presented in [13] and [19]. We
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DIFFUSE DECOMPOSITIONS 5

can also use this theory to improve on the Invariance Principle of [20]. In
particular, we come up with a new notion of regularity for a polynomial,
so that for highly regular polynomials their evaluation at random Gaussian
variables and at random Bernoulli variables are close in cdf distance. We
then show that an arbitrary polynomial can be written as a decision tree of
small depth almost all of whose leaves are either regular or have constant
sign with high probability. These theorems of ours will produce a qualitative
improvement over the analogous theorems of [20] and [7]. Finally, we make
use of this technology to prove bounds on the noise sensitivity of polynomial
threshold functions, although this result has since been superseded by [14].
Each of these applications will be discussed in more detail in the relevant
section of this paper.

1.3. Owverview of the Paper. In Section 2, we introduce a number of basic
concepts that will be used throughout the paper. Section 3 will contain the
proof of Theorem 1 along with some associated lemmas. In Section 4, we
discuss some basic facts about diffuse decompositions that will prove useful
to us later on. In Section 5, we discuss our application to pseudorandom
generators for polynomial threshold functions of Gaussians. In Section 6, we
state and prove our versions of the invariance principle and regularity lemma.
In Section 7, we discuss our results relating to noise sensitivity problems. In
Section 8, we discuss our results for pseudorandom generators for polynomial
threshold functions with Bernoulli inputs. Finally in Section 9, we provide
some closing remarks.

2. Basic Results and Notation.

2.1. Basic Notation. We will use the notation O4(NN) to denote a quan-
tity whose absolute value is bounded above by N times some constant de-
pending only on a.

Throughout this paper, the variables G, X,Y, Z, X Y Z! etc. will be
used to denote standard Gaussian random vectors unless stated otherwise.
The coordinates of these variables will be denoted using subscripts. Thus,
X; will denote the j*™ coordinate of the variable X°.

We also recall here the definition of a polynomial threshold function

DEFINITION. A function f : R" — {£1} is a (degree-d) polynomial
threshold function (or PTF) if it is of the form f(x) = sgn(p(x)) for some
(degree-d) polynomial p.
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6 D. KANE

2.2. Basic Facts about Polynomials of Gaussians. We recall some basic
facts about polynomials of Gaussians. We begin by recalling the Lf-norm of
a function.

DEFINITION.  For a function p: R"™ — R, we let

Pl = (Exlip(X))"".

We now recall some basic distributional results about polynomials evalu-
ated at random Gaussians.

LEMMA 2 (Carbery and Wright). If p is a degree-d polynomial then
Pr(|p(X)| < e|pl2) = O(de"/?),
where the probability is over X, a standard Gaussian random vector.
We will make use of the hypercontractive inequality.
LEMMA 3. Ifp is a degree-d polynomial and t > 2, then

d
Iple <Vt —1"|plo.

The proof follows from Theorem 2 of [21], or more directly from Theorem
1.6.2 of [3] by setting the values of p, ¢, ¢, f that appearing in that theorem
(which we call p/, ¢, ¢, f to avoid confusion) to p’ = 2,¢' = ¢, = log(q —
1)/2 and f' = Ty ' (p).

In particular this implies the following Corollary:

COROLLARY 4 (Weak Anticoncentration). Let p be a degree-d polyno-
mial in n variables. Let X be a standard Gaussian random vector, then

Pr(|p(X)| = |pl2/2) = 97¢/2.

ProOF. This follows immediately from the Paley-Zygmund inequality
([22]) applied to p?. O

We also have the following concentration bound.

COROLLARY 5. Ifp is a degree-d polynomial and N > 0, then

Prx(|p(X)| > N|plz) = O (2—(N/2)2/d) ‘
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DIFFUSE DECOMPOSITIONS 7

PROOF. Apply the Markov inequality and Lemma 3 with ¢t = (N/2)%/¢.
O

Note that we will often need to apply a version of Lemma 2 or Corollary
5 when p is a vector valued polynomial. This can be achieved by applied the
appropriate result to the degree-2d polynomial ¢(X) := |p(X)|?.

2.3. Multilinear Algebra. The conventions and results discussed in the
remainder of this section will be used primarily in Section 3, and sparingly
in the rest of the paper.

We will later need to make some fairly complicated constructions making
use of multilinear algebra. We take this time to review some of the basic
definitions and go over some of the notation that we will be using. We recall
that a k-tensor is an element of a k-fold tensor product of vector spaces
AeVi®: - ® Vg Equivalently, it may be thought of as the k-linear form
Vi x -+ x Vi — R given by (v1,...,v;) = (A,01 ®---®@vg) (assuming
that each of the V; come equipped with an inner product). If the V; come
with isomorphisms to R™, then we can associate A with the sequence of
coordinates A; ..., = A(€i, ..., €i,).

We recall Einstein summation notation which says that if we are given a
product of tensors with stated indices that it is implied that we sum over
any shared indices. In particular if A is a ki-tensor and B a ko-tensor than
the expression

A

il7i27~~'7im7j17j27~~'7jk:177n Bi17i27'~~7imvjk1 77n+17jk17m+27~~'7jk1+k272'm

denotes the (k1 + ko — 2m)-tensor C with coordinates
le’j27'~~7.jk1+k272m

= § Ai17i27---7i7najl7j27---7jk1—m ) Bi17i27---7imvjk1—m+1vjk1—m+27---vjk1+k2—2m'

11,8255 0m

Note that if there are no overlapping indices that this product simply denotes
the tensor product of A and B. If on the other hand, all indices overlap, this
denotes the dot product of A and B. We will also sometimes group several
coordinates into a single coordinate of larger dimension. We will try to use
upper case letters for indices to indicate that this is happening.

We define the L? norm of a tensor A to be the square root of the sum
of the squares of its coordinates. If A is a k-tensor we have the equivalent
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8 D. KANE

definitions:
|Al5 = (A, A)

= EE: ‘f4hpn¢k‘2

0150000k

=Exi_xrllAir,in X5 X5 - X5 P
For tensor-valued functions A(X) we define the L?*-norm by
A3 == Ex[JAX)[3].

We will also need the notion of a wedge product of tensors over some
subset of their coordinates. In particular, if A is a rank-(k +m) tensor with
its first k indices corresponding to spaces of the same dimension, we define

P g
/\ Ailv--wikajl?"'mj?’n T Z (_1) A Lo(1)re0? (k)?]lv Jm

1,00 a€Sk

Note the important special case here where A is a tensor product of k dif-
ferent 1-tensors A;,,. ;, = A}l ces Afk. It is then the case that

A Aol | BB — et (4,57)).
1] 4eeeylf

We will think of the derivative operator as taking functions on R™ whose
values are k-tensors to functions on R™ whose values are (k + 1)-tensors.
In particular, given a tensor valued function Ag(z), we define the tensor
ViAgs(z) to have (i, S)-coordinate 8%5 @) For example, for a function f, we
have that V, f is the gradient of f, V; v ;f is the Hessian matrix, and V;V; f
is the laplacian. Furthermore, if X is a vector, then X;V,f is the standard
directional derivative Dx f.

Lastly, note that if p is a homogeneous, degree-d polynomial that it has
an associated d-tensor A given by A;, ;. =V, ---V;, p (note that this dth
order derivative is independent of the point at which it is being evaluated).
Note that A is determined by the property that it is a symmetric tensor (it
is invariant under any permutation of coordinates) so that for any vector X,
AX,X,...,X) =dp(X).

2.4. Strong Anticoncentration. Strong anticoncentration was an idea first
espoused by the author in [13]. It is a heuristic which states that a polyno-
mial is generally not much smaller than its derivative. We will need to make
use of a generalization of this to sets of several tensor-valued polynomials.
In particular we will prove the following proposition:
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DIFFUSE DECOMPOSITIONS 9

PROPOSITION 6 (Strong Anticoncentration). For 1 < i < k let A% ()
(for multiindices S;) be a degree-d;, tensor-valued polynomial on R™ (z e a
tensor whose coefficients are degree-d; polynomials on R™). Let 1/2 > ¢ > 0.
We have that

k

Pr H\Aj( )2 < € /\ HVzJAJ

Jj=1 U150t J=1 9
< 20t dattdi) O (/) R+ Jog (¢~ E.

In order to prove Proposition 6 we will need to following lemma:

LEMMA 7. For1<i <k letp' be a degree d; polynomial on R™ and let
6,¢; > 0. Then
Pryyr  yr (\pZ(X)\ < ¢ for all i, and \det(Dyjpi(X))| > (5)

k k
< 2k + [[imdi i e
- oV

where Vi, = Fa%% is the volume of the unit k-sphere.

PROOF. Define the function f: S¥ — R* by letting
f(a(], at, ... ,ak)i = pi(aoX + alYl + CL2Y2 + ...+ CLkYk)

Notice that the matrix with coefficients Dy-;p*(X) is simply the Jacobian of
f at the point (1,0,0,...,0). Notice that if we replace the random variables
X,V ..., Y* by linear combinations of each other by making an orthonor-
mal change of coordinates, that they are still independent Gaussians and
thus, the probability in question is unchanged. We claim that for any fixed
values of X, Y that the probability over a random such change of variables
that
[P(X)| < e for all i, and |det(Dy,;p'(X))| > §

: 2k Hf:l di Hf:1 €i i
is at most == Such a statement would clearly imply our lemma.

Note that making such a random change of variables is equivalent to
precomposing f with a random element of the orthogonal group O(k + 1).
Thus, it suffices to bound

Pr,cgr (f(z) € R, and | det(Jac(f(x)))| > ).
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10 D. KANE

where R C R* is given by [[,[—e€;, ;). Let T be the set of z € S* so that
f(z) € R, and |det(Jac(f(z)))| > 0. We know by the change of variables

formula for integration that

@) /Tydet(Jac \dm—/ ()| dy.

We note that the right hand side of Equation (2) is | R |f~1(y)|dy. We note
that f~1(y) is at most the number of isolated points in the 1ntersect10n of
the roots polynomials of degree di,...,d; and > 2? — 1 in R*+1. Applying
Bezout’s Theorem (see [9] example 12.3.1) to the homogenized versions of
these polynomials, we find that the integrand above is at most 21_[?:1 d;

Thus, [5|f~(y)|dy < 2 []F_, & TT5_, €. On the other hand the left hand
side of Equation (2) is at least 0Vol(T") = 6V Pr, cqr(x € T'). Thus,

2kt Hf:1 di Hf:1 €

Prmesk (ZL' S T) S (SVk,

O

COROLLARY 8. For polynomials p* : R™ — R of degree d; for 1 <i <k
and for 1/2 > ¢ >0,

k
Pryyi yr (H |pZ(X)| <e€ ‘det (Dyipj) ‘)

=1
S 620(d1+d2+~~+dk)0(\/g>k‘+l log(e_l)k.

PROOF. We note that the problem in question is invariant under scalings
of the p’, and therefore we may assume that |p‘| = 1 for all i. We note by
Lemma 2 and Corollary 5 that we may ignore the case where some |p*(X)| <
¢ or where some |p'(X)| > ¢! (as the probability that such an event
happens for any ¢ is at most O(}_, die)). For each ¢ we may partition the
interval [¢%7, e71] into O(d; log(e~!)) many intervals each of whose endpoints
differ by at most a factor of 2. Up to a factor of O(log(e~1))* ], d;, it suffices
to bound the probability that each of the |p?(X)| lies in a specified such
interval and that Hle [p"(X)| < €|det (Dy:p?)| . If the upper endpoints of
these intervals are ¢;, then this probability, is at most the probability that

1P (X)| < € for all 4, and |det(Dy;p'(X))| > (2%e) H

By Lemma 7, the above probability is at most e20(ditdat+di) O((/k)k+1,
Multiplying by O(log(e~1))* [, d;, yields our bound. O

imsart-aop ver. 2013/03/06 file: DiffuseDecompositions2.tex date: March 15, 2016



DIFFUSE DECOMPOSITIONS 11

PROOF OF PROPOSITION 6. For Z a tensor of the same dimension as AT,
let f7 : R™ — R be the function f3(z) = (A7(z), Z). Note that

2

k
. . 2
/\ HvijAfgj (X)| = Ey1 vk 71, z¢ Ddet (DYiféj(X))‘ ] .
P15yt j=1 5
Furthermore,
k A 2 k A 2
IT14% GOl | =Exn 2 [T (%)
J=1 j=1

Now suppose that for some choice of X that
2

k k
(3) [Tl <e| A TIViasx)
j=1 P1,eeyig j=1 9

We have by Corollary 4 that with probability at least 2°%) over the random
Gaussians Y!,...,Y¥ and Z', ..., Z* that the left hand side of Equation (3)

is at least )

k
[172,x)] /2

By the Markov bound, we have that except for a probability of at most
2-F) the right hand side of Equation (3) is at most

€220(0) ‘det (Dyesy (X)) ‘2‘

Thus, whenever Equation (3) holds, with probability at least 20%) over Y*
and Z' we have that

f[ 5,(X)| < 200 \det (DYif§j<X)) \ :
j=1

But by Corollary 8 the probability of this happening (even for fixed Z%) is
at most

20(ditdat4di) O (/)R H 1 Jog(¢71)E.

Thus, the probability of Equation (3) holding is at most 2°®*) times as much,
which is still
€2CKd1+d2+~~+dk)()(x/E)k+1log(efl)k'

O]
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12 D. KANE

2.5. Orthogonal Polynomials. Here we review some basic facts about or-
thogonal polynomials. Recall that the Hermite polynomials are an orthonor-
mal basis for polynomials in one variable with respect to the Gaussian inner
product. In particular, they are defined by the properties that

e H,:R — Ris a degree-n polynomial
o E[H,(X)Hp(X)] = 0p,m where X is a one-dimensional Gaussian ran-
dom variable

Furthermore, we have the relation that H) (z) = \/nH,—_1(z). We can extend
this theory to polynomials in n variables as follows. For a = (aq,...,a,)
a vector of non-negative integers, we define the corresponding polynomial
Hy(z) =1, Hq,(x;) on R™. It is easy to check that the total degree of H,
is |ali ==Y | a; and that E[Hq(X)Hp(X)] = dap-

Given a polynomial p in n variables, we can always write p as a linear
combination of Hermite polynomials. In fact, it is easy to check that

p(X) = Z Ca(p)Ha(X)
lal1 <deg(p)

where
ca(p) = E[p(X)Ha(X)].
We define the k™ harmonic component of p to be

p[k} = Z Ca(p)Ha(X)'

lali=k

We say that p is harmonic of degree k if it equals its k*" harmonic part.
Note that we can compute the derivative of H, as

OHa(X)
Tox, ViHg e, (X).

Thus V;H,(X) is a vector of polynomials that are harmonic of degree |a|;—1.
Furthermore, we have that

E[(ViHa(X))(ViHy(X))] = 3 S EIV/aibiHa-e,(X) Hy-e, (X))
= Z Vaibiba e b,
= 5;,, > Vaibi

= |a]15a’b.
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DIFFUSE DECOMPOSITIONS 13

Additionally, for a # b each of the components of V;H, is a Hermite poly-
nomial orthogonal to the corresponding component of V; Hj. Iterating this,
we can see that

E[(vi1vi2 T vikHa(X))(vilviz T vlkHb(X))]
= lai(laly = 1) -~ (lals = &+ 1)dqp-

Hence, we have
LEMMA 9.  For p a polynomial of degree d,
Vi - Vippl3 <d(d = 1) (d =k +1)[pf3
with equality if and only if p is harmonic of degree d.
3. Proof of the Decomposition Theorem.

3.1. Owverview of the Proof. The proof of Theorem 1 comes in two steps.
The first is Proposition 10 (below), which states roughly that if p is a
degree-d polynomial so that for a random Gaussian X, [p/(X)| is small with
non-negligible probability, then p can be decomposed as a polynomial with
smaller L? norm, plus a sum of products of lower degree polynomials. Given
this proposition, the proof of Theorem 1 is relatively straightforward. We
begin by writing a trivial decomposition of p as p(z) = Id(p(z)). If this is a
diffuse decomposition, we are done. Otherwise, by Proposition 6, there must
be a reasonable probably that |p/(X)]| is small. Thus, Proposition 10 allows
us to decompose p in terms of lower-degree polynomials. This gives us a
new decomposition of p. If it is diffuse, we are done, otherwise it is not hard
to show that at least one of the polynomials in this decomposition can be
decomposed further. We show that this procedure will eventually terminate
by demonstrating an ordinal monovariant which decreases with each step.

In Section 3.2, we state and prove Proposition 10, and in Section 3.3
complete the proof of Theorem 1.

3.2. The Decomposition Lemma. In this section, we will prove the fol-
lowing important proposition that will allow us to write a non-diffuse poly-
nomial in terms of lower-degree polynomials.

PROPOSITION 10. Let p(X) be a degree d polynomial with |pla < 1 and
let €,¢, N > 0 be real numbers so that

Prx(‘vip(Xﬂg < 6) > EN.
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14 D. KANE

Then there exist polynomials a;(X),b;(X) of degree strictly less than d with
‘aZ(X)IQ‘bZ(X”Q < ONjc7d(Efc)|p[d]‘2 and so that

[d]
(p(X) - Z az(X)bz(X)> < ON,c,d(fl_c)>
i=1
2
where k = On ¢ q(1). Furthermore, this can be done in such a way that for

each i, deg(a;) + deg(b;) = d.

REMARK. Unlike the constants implied in Theorem 1, the implied con-
stants in Proposition 10 are primitive recursive functions of the parameters.
Although we do not bound them explicitly, our techniques show that they are
at worst an iterated exponential.

Our proof of Proposition 10 will proceed in stages. First, we will show
that for such polynomials p, there is a reasonable probability (over X,Y?)
that V;Dy1Dyz2 --- Dya-1p(X) will be small. This is easily seen to reduce
to a statement about the rank-d tensor, A4;,..;;, = V;, ---V;,p. In particu-
lar, we know that A;,..; ini e Yzjjll has a reasonable probability of being
small. We then prove a structure theorem telling us that such tensors can
be approximated as a sum of tensor products of lower-rank tensors. This in
turn will translate into our being able to approximate the degree-d part of
p by a sum of products of lower degree polynomials.

We begin with the following proposition:

ProrosiTION 11.  Let ¢, N > 0 be real numbers and d a positive integer.
Let € > 0 be a real number that is sufficiently small given c,d and N . Suppose
that p is a degree-d polynomial so that

Pry([Vip(X)|2 < €) > €V,
Then we have that
Prxy(IViDyp(X)|2 < e > OnN.ca(l)
We begin with the following Lemma:

LEMMA 12. Let N > 0 be a real number and let d and k be positive
integers. Suppose that A;(X) is a degree-d, tensor-valued polynomial so that
for some 1/2 > € > 0,

Prx(‘AZ(X)IQ < 6) > GN.
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DIFFUSE DECOMPOSITIONS 15
Then the probability over Gaussian X that |A;(X)|2 < € and
A (Vi Ay (X)) -+ (V5 Ai (X)) < Ogen (" V) log(e )
i -ig )
is at least €V /2.

PrROOF. Note that by decreasing N, we may assume that
Pry(|Ai(X)]2 < €) = €.

Note that for any tensor B;;

/\ Biyjy - B = Z (_1)UBia(1>j1 o Big i

Bl yeenyl €Sk
— o .. e ..
- § :(_]‘) Bll]U—l(l) Blk]a—l(k)
og€Sy,
= A\ B Bii:
J1yese

Thus, for fixed X, we have by Lemma 2 that with a probability of at least
9/10 over Y* we have that

A (Vidi (X)) (V,4,(X))

ila--wzk 2

=| A (Vidi (X)) (V5 A, (X))

J1yesJk 2

>Q(1/kd)kd Yz} e YZIZ /\ (vlei1 (X)) T (vjkAik (X))
J1yeesJk 2

Therefore, it suffices to show that with probability at least 3¢V /5 that
|A;(X)|2 < € and

ifz} e Yz]; /\ (Vi A (X)) (Vi Ai (X)) < Ogpen (€77V) log(e ™)™,

J1yJk 2

For fixed X, by Corollary 5 we have that with probability at least 9/10
that for random Y, ... Y% that |V A;(X)| < Og(1)|A;(X)|2 forall 1 < j <
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16 D. KANE

k. Thus, with probability at least 9¢V /10 over X and the Y7, we have that
Y7 A;(X)| < Og(e) for all j.

On the other hand, Proposition 6 implies that with probability at least
1 — €N /10 that

(4) A ije i Aig(X)| < Opa(l)e ™ (log(e” kHIYZA

J1yeenrJi £=1 9

Recall that with probability at least 9¢ /10 we have that |A4;(X)|2 < € and
Y7 Ai(X)| < Og(e). When this holds, the right hand side of Equation (4) is
at most

Ora(1)éN logh (e

Hence with probability at least 4¢’V /5, we have that |A;(X)|2 < € and

A\ Hvﬂ L AL,(X)] < Opa(1)eFNlogh(e ™),

J1yeensJk £=1 2

as desired. 0

Lemma 12 tells us some very strong information about the tensor V;A4;(X).

In order to understand this better, we will study what it means for a 2-tensor
Bij to have |\; . Bij BikajkL small. Recall that a 2-tensor can be

thought of as a matrix. We will show that this condition implies that B;; is
approximately a matrix of rank at most k.

LEMMA 13. Suppose that B;; is a tensor and suppose that for some
integer k and some € > 0 that

k
/\ Biy gy Bigi,| <¢€-

Zlv . k 2
Then there exist some vectors V;Z, Wf so that
k—1

Bij — Yy ViW}

(=1

< Ok(e).
2

PROOF. We proceed by induction on k. If £k = 1, we have by assumption
that |B;j|2 < €, so we are done.
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DIFFUSE DECOMPOSITIONS 17
For larger values of k, we may assume that

k—1
/\ Biyji - Biy_ygia| 2€

Zl Zk 1 2

or otherwise we would be done by the inductive hypothesis.

Consider random Gaussians X!, ..., X*. We have that
2
1 k—1
E /\ BZlJl" Uo—1,Jk— 1Xj1' X]k 1
i Zk 1 2
2
_ ... B, ) 2k—2
= /\ Bi, j, Biy_ijua| 2 € :
Ulyesllo—1 9
Similarly,
2
E B, . B: Xl Lo Xk
11,J1 ° Uk Jk Jk
i1, 7ik: 2
2
2k
/\ Biyji - Biygi| <€
2

By Lemma 2, we have that with probability at least 1/2 that

1 k—1 k—1
/\ Biy gy - Big_y i 1Xj1' X > Qp(e" ).

Jk—1
7‘k:l 2

Furthermore, by the Markov bound, we can find such X!,..., X¥~1 so that

2
Exr || N\ Bivgi - B Xj, - X5 | | <2
150 9
Let Vf be the vector Bl-ij. We have that
2
k—1 2k—2
/\ SVl = (@)
7'1 Zk 1 2
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18 D. KANE

and
2

Exe [| N\ Vi VE | <2¢
U1yeenyik 9

Notice that the wedge products above are simply standard wedges of
vectors. Note that if we have vectors u', ..., u* that

W AN A = AR A AT AR
where u* is the projection of u* onto the space perpendicular to (ut,u?, ..., uk_l).
From here, it is easy to see that we have

lut Au? A AuF|y
lul Au2 Ao Auk1y

= ”U,k’l|2.

Therefore, we have that
Exce[|V;"" 3] = Ox(€).
On the other hand, we have that
Vik,L - B é XJ]«“

where Bt is the tensor obtained from B by replacing each row B;je; with
its projection onto (V', V2, ..., V¥ 1)L In particular, this means that each
row of Bt can be written as the corresponding row of B plus an element of
(V1 V2 ... Vk=1). This means that for some appropriate vectors W*, we
have that BZ# = Bj; — z:ll Vfo. On the other hand, we note that
12 Ly |2
|B |2 = EHBz‘ijb]
12
=E[|V;i"[3]
= Ox(€).
Thus, |B*|a = Og(e), completing our proof. O

We are now prepared to prove Proposition 11.

PROOF. Suppose we are given ¢, d, N and € > 0 sufficiently small. Suppose
that we have a degree-d polynomial p so that

Prx(‘vip(Xﬂz < 6) > GN.
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DIFFUSE DECOMPOSITIONS 19

Applying Lemma 2 to the polynomial x — |V;p(x)|?, this implies that
Ex[|Vip(X)[3] < O4(e724N), and hence that Ex[|V;V;p(X)[3] < Og(e2N).

Let k be an integer so that k& > 2N/c. By Lemma 12 applied to V;p(X)
we have that with probability at least ¢"V/2 that

k
/\ Hviévsz(X) <Oc,d,N(ek(1’C/2))_

1oy £=1 9

Let B;;(X) be the tensor V;V;p(X). By the above and Corollary 5 we have
that with probability at least €V /3 over X that |B(X)|z < Oq(e72%) and

k
/\ H Biejé < OCVdVN(Ek(l_C/Z)).

i1y =1 9

Applying Lemma 13 to B at such values of X, we have that there are
vectors V¢, W¥ so that

k—1
Bij = Y ViWj
/=1

_ Oc,d,N(el_c/Q) )
2

We note that we can replace the V¢ in such a decomposition with an or-
thonormal basis for the space that they span by adjusting the W* accord-
ingly. We then have that

k k1
> W=y viwf
=1 =1

< (IBl2 + Ocan(1))?
< Opan (e ).
Therefore ]Wf’g < Oc,d,N(e*QdN) for each 4.
Now given a standard Gaussian random vector, Y, there is a probability

of at least Qp(2FNFF) that |V;V| < €2¥V+1 for each . Furthermore, by
Corollary 5, for € sufficiently small the probability that

2
2

> 61730/4

k—1
(Bij — Y ViW))Y;
=

2

is much less than this. Hence for such X (which occur with probability at
least €V /2), there is a probability of at least €Pea.¥(1) over Y that

< 61—36/4

2

k—1
(Bij — Y _ViW))Y,
/=1
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20 D. KANE

and
D/Z‘/Z@’ S 62d]\7+1

for each . The latter implies that |K—ViéWf|2 < ¢ for each ¢, and thus,

k-1 k-1
|ByjYila < |(Bij = D VIW)Yi| + Y [YiViW/ls <€
=1 9 =1

Thus, with probability at least ePed.n (1)
[ViDyp(X)|2 < €7
O

Iterating Proposition 11 will tell us that a polynomial with a reasonable
chance of having a small derivative will also have partial higher order deriva-
tives that are small. Considering the d'® order derivatives, this reduces to
a statement about the rank-d tensor corresponding to our polynomial. We
would like to claim that such tensors can be approximately decomposed as
a sum of products of lower rank tensors. In order to conveniently talk about
such products we introduce some notation. If S = {aj,...,ar} is a set of
natural numbers, we let U;, denote a tensor on the indices %4, %y, - - -, ta; -

PROPOSITION 14. Let d be an integer, and let ¢, N, € > 0 be real numbers.
Then for all rank-d tensors A with |Als <1 and

PTXl,...,Xd_l(‘Ai17---7’idX2'11 = -X-d_1|2 < 6) > EN

ld—1

Then there exist tensors UL, VE, 1 <0<k = Oc.an(1) and sets

such that |U*2|V¥|a < Ocan(e7€) for all £ and

k

4 4 1—c
Ailn-id - Z U’ig(g) ‘/ZW - Oc»d’N(e )
/=1 2

ProOOF. We will instead prove the stronger claim that given c,d, N, e
that there exists a probability distribution over sequences of tensor-valued
polynomials U*, V¥ of degree Oc,q,~ (1) in the coefficients of A, so that for any
tensor A satisfying the hypothesis of the proposition that with probability
at least €Pea.8() over our choice of UY, V¥ in this family that

U (A)2lVE(A)]2 < Ocan(e)
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DIFFUSE DECOMPOSITIONS 21

for all ¢, and

(A)| =O0an(e™).

k
14 4
Ailn-id - Z UZS(Z) (A)V
(=1 2

S0
Given this statement, our proposition can be recovered by picking an appro-
priate set of U and V¥ for our A. We assume throughout this proof that e
is at most a sufficiently small function of ¢,d and N, since otherwise there
would be nothing to prove.

We prove this statement by induction on d. For d = 1, we already have
that |A4;,|2 < €, and there is nothing to prove. Hence we assume that our
statement holds for rank-(d—1) tensors. The basic idea of our proof will be as
follows. By assumption with reasonable probability over X, AX will satisfy
the inductive hypothesis for a rank-(d — 1) tensor. This means that we can
write U and V¥ as polynomials in X so that with reasonable probability over
X, |AX = S UYX)VY(X)|y is small. Applying Lemmas 12 and 13, we can
show that the derivative of this tensor with respect to X is approximately
low-rank. This means that the tensor

A= (Va U(X))WVHX) + UH(X) (Vi V(X))
VA

is approximated by a small sum of products of rank-1 tensors with rank-
(d—1) tensors. By making some random guesses, these remaining tensors can
be written as polynomials in the coefficients of A with reasonable probability.
Suppose that A is a rank-d tensor satisfying the hypothesis of our propo-
sition. Then with probability at least ¢/ /2 over a choice of X, there is a
probability of at least ¢/ /2 over our choice of X?2,..., X% that

|Ai17'~~:idX7;11 . X‘dfl ‘2 <e

d—1
Furthermore, by Corollary 5, with probability at least 1— ¢V /4 we have that
| A4y i Xm-ll la < €~¢/20 Hence with probability at least eN /4 over our choice

of X1, e¢/ QOAih,,,J- dXill satisfies the hypotheses of our proposition as a rank-
(d—1) tensor. For each such X!, the induction hypothesis implies that there
is a probability of €P=4.N(1) over our choice of U*, V! that the appropriate
conclusion holds. Therefore, there must be some particular choice of U, V¢
so that with probability at least 9.~ (1) over our choice of X! we have that

U (e AX) 2|V (/P AX] )2 < Oca (e /)
and
k
EC/QOAXill - Z U’fg(z) (GC/QOAXle)‘/;é(j(EC/20AXi11) = OC,d,N(el_C/QO)‘
=1 2
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22 D. KANE

Letting U’ (X1) := e /40U (¢?/20 AX ) and V' (X 1) := /40y (/20 A X1,
we can rephrase the last two equations as

U (X2 V(X2 < O n(e/10)

and

1 1t o 1—¢/10
AX Z u 15(5) S(f) (X ) - Oc,d,N(E / )
2

We will demonstrate that given a correct choice of such U’  and V'* we can
construct new polynomials U*(A), V¥(A) that satisfy the necessary condi-
tions with probability at least ¢Pe.d.n (1),

Let T;(X!') be the tensor-valued polynomial whose coefficients are the
concatenation of the coefficients of

k
Axt =S (D (xY

ts(e) 0)
/=1

and the coefficients of the eU’‘(X1) and eV’*(X'). We have that for some

N1 = O,q.n(1) that with probability at least eM that |T;(X1)|2 < Oeq.n(e!7/10).
We apply Lemma 12 with &£’ > 10N; /¢ and then Lemma 13 (as in the proof

of Proposition 11) to show that there exist tensors W*, Z¢ so that

k-1
ViTi(XY) = Y " WiZE| < Ocan(e%).
/=1 2

Note that by considering only the coordinates of T' that correspond to entries
of A—>"U'V', we have that for appropriate values of X! that

(5)

k k-1
24 14 XLV,
Z S([) U zS(Z)( ) +U ZS(Z)( )v 5(@) Z Z1 Ad— 1
=1
is Ocq, N(ek?’c/ 20). This is nearly enough to complete our proof as we have

shown that A can be approximated by a sum of a bounded number of prod-
ucts of lower rank tensors. However, for our inductive hypothesis to hold, we
need to verify that the above can be obtained with reasonable probability
while taking W’ and Z¢ to be probabilistic polynomials in the coefficients of
A. In order to analyze this, let S;; be V;T;(X!) restricted to the coordinates
j for which Tj corresponds to a coordinate of A(X?!).
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We know that with probability e?=¢.¥(1) over the choice of X! that for
some Z¢ Wt that

k'—1

Sij— Y Z{Wy
(=1

= Oc,d,N (61_30/20)

2

and that |T(X1)|a = Ocqn(e"73¢/20). The latter implies that |U|, V]2 =
Ocan(e73¢/2) and therefore that |S;;|2 = O(¢7¢).

We wish to show that for such S, we can satisfy Equation (6) with decent
probability by taking Z¢ and W* to be specific random polynomials in the
coeflicients of S. In particular, we show:

(6)

LEMMA 15.  There exists an explicit probability distribution over vector
valued polynomials Z°(S) and W*(S) so that for any tensor S with |S|y =
O(e™°) and so that Equation (6) holds for some vectors Z* and W*, then

k'—1

Sij— D ZiWy
(=1

_ Oc,d,N(El_C/5)-
2

and |Z4(S) |2, [WE(S)|2 = O(e°) with probability at least ¢Oet:N(),

PRrROOF. First, we note that we may write

k'—1
SZ‘]‘ = Z ZfW]E + Eij
/=1

where |Ejj|2 = Oc7d,N(el_3c/20). Replacing the W¥s and Z’s by linear com-

binations and employing the theory of singular values we may instead write

k'—1
Sij = Z CEZfo + Eij
/=1

where now {Z‘} and {W'} are orthonormal sets and C* are some non-
negative integers. We note that |S;;]2 > C* — |E;;| and thus C* = O(e™ 1)
for all £. Furthermore, if C¢ < €!=3¢/20 for any ¢, we may remove that term
from the sum and add it to E;;. Thus, we may assume that Ct > ¢l3¢/20
for all /.

Our basic strategy is as follows: by taking dot products of S with random
vectors, there is a decent probability that we get very close approximations
to Z¢ and W*. Taking an appropriate combination gives our result. In par-
ticular, let Xf and sz be Gaussian random vectors and let C’* be random
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numbers chosen uniformly from [0, e 2]. With probability €“+ (1) all of the
following hold:

e Tor all a,b we have | X?Z? — §,,| = O(€)
e For all a,b we have |Yj“W/jb — 8ap| = O(€°)
e For all £, we have |C* — C"| = O(€%)

For all 2, ’EZ‘inZ’Q, ‘Ein;-Z’Q = 0(61_6/5)

This holds because all of the first three types of events listed (for each
possible value of (a,b) or ¢) are independent and occur with probability
M and the last holds with high probability. We let

Z{(8) = Si;Y{(C") 72,
and

Wi (S) = S X{(C"*)7V/2.
Given the assumptions above, this means that

Z{(8) = Si;Y{(C") 72

k'—1

= (Z C'ZiWY + Einf> (c)=12
=1
k'—1

= | D C'ZI0() + Z{ (1 + O(e%)) + O(/?) | (C*) (1 + O(e"))
140

— (CK)I/ZZZE +O(6170/5(CZ)71/2)'

Similarly,
Wf(S) _ (Ce)l/Qsz + 0(61—C/5(Ce)—1/2).
Thus,
k-1 k-1
Y ZUSWI(S) = D CZ{W] + O(/) = Sy + O (7).
=1 =1

Furthermore, under the given assumptions | Z(S) |2, |[W*(S)|2 satisfy appro-
priate bounds. This completes the proof. O

Using Z%(S) and W*(S) in Equation (5), completes the inductive step
and thus finishes the proof.
O
We are finally ready to prove Proposition 10.
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ProOOF. Assume that e is sufficiently small as a function of ¢,d and N
(for otherwise there is nothing to prove).
Consider such a polynomial p. We claim that for any k& < d and any ¢ > 0
that
Pryyi, . yr(|ViVy1 - Vyrp(X)|o < €7¢) > Oretan@),

This is proved by induction on k. The k = 0 case is given and the inductive
step follows immediately from Proposition 11. Applying this statement for
k =d — 1, we note that

ViVyi - Vyrp(X)

is independent of X. Let A; i, = Vi ---Vi,p(X) be the symmetric d-
tensor associated to p. We have by Lemma 9 that |A|y = vd!|p!¥]y < Vd!,
and thus, A/d! satisfies the hypothesis of Proposition 14. Hence we can find
tensors U¢ and V¢ with the properties specified by that proposition so that
U¢)2|VE)2 < Opan(e¢)|p¥]2. Since A is symmetric, we have that

K
(7) A= >Up oW = Ocqn(e' ™).

io(S(0) o (5@
og€Sy £=1 9
Note that in the above since the sum over o has already added the per-
mutations of U¢ over its indices, we may replace U and V¢ by their sym-
metrizations without affecting the above sum. Let U’ be rank d; and V*
be rank d — dy. Let ag(X) be the degree-d;, harmonic part of the polyno-
mial X — UY(X,X,...,X). Define by(X) similarly with respect to V*. By
Lemma 9 we have that |ag|2|bela < d!|U%2|Vs = Ocan(e7¢)[p¥|2. Now
consider the tensor given by

k

Vi, Vig -+ Vig [p(X) = 3 as(X)be(X) | -
=1

This is easily seen to be the tensor given in Equation (7), and hence has size
Oc7d7N(61*C). On the other hand by Lemma 9, this can be seen to be Vd!
times the size of the degree-d harmonic part of the polynomial

k
p(X) = an(X)be(X).
=

This completes our proof. ]
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3.3. Proof of the Main Theorem. We are now prepared to prove the
Diffuse Decomposition Theorem. The basic idea of the proof is fairly simple.
We maintain decompositions of polynomials approximately equal to p. We
show using Proposition 10 that if this decomposition is not diffuse that we
can replace it by a simpler one by introducing at most a small error. This
new decomposition is simpler in the sense that an associated ordinal number
is smaller, and we will use transfinite induction to prove that this process
will eventually terminate, yielding an appropriate decomposition.

PROOF OF THEOREM 1. We assume for convenience that N and ¢! are
integers. Throughout we will assume that NV, c,d and ¢ are fixed.

We define a partial decomposition of our polynomial p to be a set of the
following data:

e A positive integer m
e A polynomial h: R™ — R

e A sequence of polynomials (qi,...,qn) each on R™ with |g;|2 = 1 for
each ¢
o A sequence of integers (a1, ..., an) with a; between 0 and 4 - 3*(N +

1)/c—1.

Furthermore, we require that each ¢; is non-constant, and that for any mono-
mial []z7" appearing in h that ) a; deg(g;) < d.

We say that such a partial decomposition has complexity at most C' if the
following hold:

e m<(C
o |hly < CeHCT
o [p(X) — h(en®/@3 gy (X), 12/ @) gy(X), ..., e/ 33 q, (X))]p <
CeN
Finally, we define the weight of a partial decomposition as follows. First,
we define the polynomial

m
w(z) =Y 2980 (4. 3(N +1)/c — a;).
i=1
We then let the weight of the decomposition be w(w).
Our result will follow from the following Lemma:

LEMMA 16. Let p be a degree-d polynomial with a partial decomposition
of weight w and complexity at most C. Then there exists a polynomial pg
with an (e, € )-diffuse decomposition of size at most O g nw,c(1) so that
P —pol2 < Ocanwe(€Y).
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PROOF. We prove this by transfinite induction on w. In particular, we
show that either (h,qi,...,qn) provides an appropriate diffuse decomposi-
tion of a polynomial approximately equal to p or that p has another partial
decomposition of complexity O.q n (1) and weight strictly less than w
(with finitely many possibilities for the new weight). The inductive hypoth-
esis will imply that we have an appropriate diffuse decomposition in the
latter case.

First, note that if some a; at least 2(N + 1)3"/c that the sum of the
coefficients of ¢; appearing in

h(ee/ @30 gy (X), €29/ 3 gy(X), ..., eme/ @3 g (X))

is Oc(eV). Thus, these terms can be thrown away without introducing an
error of more than Oc 4(eV). Doing so to the largest such ¢; and shifting
all of the larger indices down, perhaps changing the a;, and modifying h
appropriately will lead to a new partial decomposition with a new value of
C dependent only on d and the old one, and a strictly smaller weight. Hence
we assume that a; < 2(N + 1)3?/c for all i.

If deg(gi+1) > deg(q;) for some i, we may swap ¢; and ¢;11 (making a
similar adjustment to h and modifying a; and a;y; as necessary) to get a
partial decomposition of complexity C' and strictly smaller weight. Hence
we may assume that deg(q1) > deg(qz) > ... > deg(qm)-

Were it the case that for all zy,..., z,, that

Pr(|Qi(X) — 171‘ < € for all 7,) < eme,

then we would already have an appropriate diffuse decomposition and would
be done. Hence we may assume that there is a set of x; so that the above
does not hold. By Proposition 6, we have that with probability at least
1 —€™¢/2 that

[Tla(X) =il = Qcae )| A ] Via(X)
i=1

J1yeendm =1 2

Thus, with probability at least €™~ ¢/2 both of the above hold, which would
imply that

m
A TIVia(X)| =0cae’?).
G i=1 )
Now the wedge product above is a wedge product of vectors, and hence

its size is unchanged by making a determinant 1 change of basis to the
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vectors V;,¢;. Hence, letting V' be the projection of Vg; onto the orthogonal
compliment of the space spanned by the Vg; for j > ¢ we have that the size
of the wedge product equals [[, |V?|o. This means that for some 4 that
V2 < Oca(e¥/?"). Hence for some i, we have with probability at least
Qc.a(€™) over X that [V(X)]2 < Ocq(e?/?"), and that this is the largest i
for that X for which this holds. Furthermore, by Lemma 9 and Corollary
5 we know that when this happens with high probability we also have that
the first derivatives of all the ¢; have size O¢ g(log(e~1)%).

When the above happens, V7 is given by the derivative of ¢j minus an
appropriate linear combination of the V¥ for k > j. Note that for each
coefficient, the size of the coefficient times the size of V¥ is at most the
size of the derivative of ¢;. Hence for k£ > i, the size of the coefficient is at
most qu(e_c/Sk log?(e~1)). From this it is easy to see that V? is given by
a linear combination of the derivatives of the g; with j > 4 such that the ith
coefficient is 1 and that all other coefficients have size at most

m
[T Ocale* logl(e™)) = Oc a(e=e/ 3 He/23™),
k=i+1
Hence for each such X, there are constants C; = Oc’d(efc/(z.gi)ﬂ/(%m))
(for j > i) so that the derivative of ¢; + Zj Cjq; at X has size at most

Oc,a(e 3"). Note that this statement still holds if the C; are rounded to the
nearest multiple of e. Since there are e~9¢(1) such possible roundings, there
is some set of C; so that for the pqunomial q(X) = ¢(X) + >, Cjq;(X),
we have that |V;q(X)|a < Oc.a(e”/3") with probability at least ¢9a(l) over
X.

We now can apply Proposition 10 to Qad(e"’/(z'?’z)*c/(‘l'?’m))q(X). Let D =
deg(g;). Let Q(X) be the degree-D harmonic part of Q¢ (e (33)=¢/(23"))¢(X).
Proposition 10 tells us that there are polynomials Ay, By of degree strictly
less than D with |Ay|2|Be|2 at most Ocvc7d(e_1/(202d))|Q|2 for each ¢, and
so that @ — >, A¢By equals a polynomial of degree less than D plus an

error of L? norm at most O, c,q(e”/ 3'=¢/(23™)) Note that the lower degree
polynomial has size at most

Q2+ > |A¢Bila.
By Corollary 5 and Hoélder’s inequality we have that
|A¢Byl < |Acla|Bela < Oal|Adl2| Bel2) = O c,a(|Ql2e /).

Consider the j among those for which deg(g;) = D for which C’je_ajc/(z'g’j)
is the largest. Q(X) is then some multiple of the degree-D harmonic part of
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aje/(2:37)

q;¢
qkeakc/(2~3k) )

We are now ready to modify our partial decomposition to obtain one of
smaller weight. First, we take each of the ¢; of degree equal to D and replace
g; by the sum of its harmonic degree-D part and the remainder, introducing
each as a new ¢;. This increases the complexity by at most a factor of 2D,
and increases the weight by an ordinal less than wP.

Next we note that g;e% ¢/(23’) can be written as a linear combination of the
other gje@c/(23") (with coefficients less than 1) plus a sum of Ay(X)By(X)
plus a polynomial of degree less than D plus a degree-D polynomial of size at
most Oqcvd(e(“f +1)e/ (2’3])). Replacing ¢; by a normalized version of this error
polynomial, and adding new ¢’s corresponding to the normalized versions of
Ay and By and the remaining part of degree less than D and modifying h
appropriately, we find that we have a new partial decomposition of weight
smaller by wP — Oc,cyd(wD *1). Thus, our new decomposition has smaller
weight since the coefficient of w?” is strictly smaller than before and the
higher degree coefficients are no bigger.

The last thing that we need to check is that this new decomposition has
complexity bounded solely in terms of C,¢,d and N. It is clear from the
construction that m increases by at most a bounded amount and that the
error between p and h(e“ic/ (2'32)(]1-) remains the same. However, we need to
show that the size of h does not increase by too much. For this we need to
analyze more carefully what we are doing to the function h. The idea is that
we have a relation of the form

plus smaller multiples of the degree-D harmonic parts of other

K
eajc/(2.3j)qj _ Zakeakc/@-:ai)qk + e(aj+1)c/(2~3j)q9 + ZAEBE
=1

where the first sum is over k # j with deg(qx) = D, ¢; is the error term
and |Ag|a, |Belo < 1. The new version of h is now obtained from the old
by replacing every occurrence of the j** coordinate, xj, by xj + > apzy +
> 0 StTm+20—1Tm+20, Where sy = |Ay|2|Bylo. We note that this replacement
increases the size of h by at most O(1 + 3_ |ax| + > |s¢|)?. Thus, it suffices
to show that 3 |ax| + 3 |se| = Oc.c.a(e™/2¢°4). On the one hand, it should
be noted that |ag| < 1 by assumption. Thus, Y |ax| < C. We have left to
deal with the |sy| terms. By assumption, each |sg| is Oc,cyd(efl/QCQd) and
the number of them is O ¢ 4(1). Thus, the sum is appropriately bounded,
and the complexity of the new decomposition is at most O cq(1). This

completes the proof.
O
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Our theorem follows from applying Lemma 16 to the partial decomposi-
tion m = 1, h(z1) = |plaz1, ¢1(X) = p(X)/|p|2 and a; = 0 of complexity 1
and weight [6(N + 1) /cJw?. O

4. Basic Facts about Diffuse Decompositions. The primary use of
a diffuse decomposition will be that the existence of a diffuse decomposi-
tion will allow us to approximate the corresponding threshold function by a
smooth function. In particular, we show:

PROPOSITION 17.  Let (h,q1,...,qm) by an (e, N)-diffuse decomposition
of a degree-d polynomial p for 1/2 > € > 0. There exists a function f :
R™ — [—1,1] so that:

1 f(q1(2), q2(x), -, qm(x)) = sgn(p(x)) pointwise.

2. E[f(01(X), @2(X), . .+, 4m(X))]=E[s9n(p(X))] = Opa(eN log(e~1)4m/>H1),

3. For any k>0, |f®)|oo = O r(€7F), where | f¥)|o denotes the largest
k™ order mized partial derivative of f at any point.

In order to prove this and for some other applications, we will also need the
following statement about the distribution of values of (¢;(X)) in a diffuse
decomposition:

LEMMA 18. Let (h,q1,...,qm) be an (e, N)-diffuse decomposition of a
degree-d polynomial for some 1/2 > € > 0. Letting Q = (q1(X), ¢2(X), ..., gm (X))
for X a random Gaussian we have that with probability 1—O,, 4(Nelog(e~1)dm/2+1)
that

(8) 1h(Q)] > €e|Vi,h(Q)]2 = Vi, Vi, h(Q)]2 > ... > €[V, -+ Vi, h(Q)]2.

PROOF. First we note that for some B = O,,(log(e~')#?) that by Corol-
lary 5 that |¢;(X)| < B for all ¢ with probability at least 1 — e. Hence it
suffices to bound the probability that Equation (8) fails while |¢;(X)| < B
for all . We let R C R™ be the region for which this fails. We bound the
probability that z € R by covering R by axis aligned boxes of side length 2¢
and using the fact that (q1,...,qn) is a diffuse set. In particular, consider
the union of all axis aligned boxes of side length 2¢ whose endpoints are
integer multiples of 2¢ and which contain some point of R. Call the union
of all such boxes R’. Note that since R’ is a disjoint union of boxes so that
for each such box the probability that x lies in this box is at most N times
its volume, we have that Pr(z € R) < Pr(z € R') < NVol(R’). Let R” be
the set of points y € R™ so that y is within 24/me of some point in R. Note
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that R” D R’. Thus, it suffices to prove that
Vol(R") = Oy, a(€log(e1)dm/2+1),

Let Y be an m-dimensional Gaussian. Note that R” is contained in a ball
of radius O,,(B). Hence, since the probability density function of BY is at
least €2,,,(B~™dV) on this region, we have that Vol(R") = O,,(B™Pr(BY €
R")). Define the polynomial H(z) = h(Bz). It now suffices to show that
with probability at most Og.m (€log(e™!)) that Y is within Oy, (e) of a point,
x for which

H(2)| > Vi, H(z)l > @IV, Vi Ha)lz > ... > €|V, - Vi, H )],

fails to hold.
Note that by Proposition 6 for k¥ = 1 we have that for any 1/2 > 6 > 0
that with probability 1 — Oy, (6 log(671)),

|H(Y)| > 8|V, H(Y)|2 > 6|V, Vi, HY )2 > ... > 6|V, -+ Vi, H(Y ).
If the above holds and z = Y + z for |z|a = O, (€) we have by Taylor’s
Theorem that

d—k
Vi Ve H(Y )z -2
v“vlkH(x):v“vlkH(Y)—}—E :( 1 k+t ( ))Zk+1 Zk+t

t!

Hence we have that
|vi1 T V’LkH(x) - vh T VikH(Y”Q

d—k
< Z (vik+1 B 'vik+tH(Y)>zik+1 T Ry
t=1

t! )
d—k
2 (Vi - Vi H(Y) 2|25
t=1

t!

ik Vi, - Vi H(Y)|o(|2]2/0)!
S (UoENL)
< Vi -+ Vi H(Y)[2(exp(Om(|2]2/6)) — 1).

Thus, if § = 44/me and the above holds (which it does with probability
1 — Ogm(elog(e!))), then for any point  within 2v/me of Y we have that

Vi - VieH(2) = Viy - Vi HY )|y < [Viy - Vi HY ) (! = 1),

and thus, Equation (8) holds. Thus, Pr(BY € R") < Ogm(elog(e™!)), so
Vol(R") = Og,m(elog(e™1)m/2+1)  completing our proof. O
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32 D. KANE

COROLLARY 19. Let (h,q1,...,qm) be an (e, N)-diffuse decomposition of
a degree-d polynomial for 1/2 > € > 0. Letting Q = (q1(X), q2(X), ..., ¢gn(X))
for X a random Gaussian, the probability that Q is within € of a point y for
which h(y) = 0 is Ogm(Nelog(et)dm/2+1),

PRrOOF. Note that by the analysis given above, if Equation (8) holds for
2¢ then for any y with |Q —y| <€

A(Q) = h(y)| < [A(Q)I(e"? = 1) < |h(2)].

Thus, as long as h(Q) # 0 (which happens with probability 1) h(y) # 0.
Since an (e, N)-diffuse decomposition is also an (2¢, 2™ N)-diffuse decompo-
sition, this happens with probability at least 1 — Og,(Ne log (e~ 1)dm/2+1)
by Lemma 18. O

PROOF OF PROPOSITION 17. We construct f in a straightforward man-
ner. Let p : R™ — R be any smooth, non-negative-valued, function sup-
ported on the ball of radius 1 so that

/m p(z)dz = 1.

Let pe(x) = e ™p(e~1x). We note that

/m pe(x)dr = 1.

Let g : R™ — R be the function

(2) 1 if there exists a y € R™ so that |z — y| < € and h(y) >0
€Tr) =
g —1 otherwise

We let f be the convolution g * pe.
f takes values in [—1, 1] because

f(z) = /m pe(y)g(x —y)dy < /m pe(y)dy =1

and similarly f(z) > —1.
f(q1,.-.,qm) is a point-wise upper bound for sgnop = sgn(h(q1,...,qm))
since if h(z) > 0 then

f@ = [ pw)ge — )y /

pe(y)g(x —y)dy = / pe(y)dy = 1.
R"L B(E)

B(e)
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Bounds on the derivatives of f come from the fact that

1FPoe = 19 % oMo < |gloolp®]1 = O i (e75).

The fact that f and sgnop have similar expectations follows from the fact
that f(z) = sgn(h(z)) unless x is within 2¢ of a point y for which h(y) = 0.
Noting that an (e, N)-diffuse decomposition of size m, is also a (2¢,2"™N)-
diffuse decomposition, this happens with probability Oy, (Ne log(e~1)4m/ 2+,
Since |f(z) — sgn(h(x))| is never more than 2 this provides the necessary
bound. O

Another lemma that will be useful to us is the following;:

LEMMA 20. Let (h,q1,...,qm) be an (¢, N)-diffuse decomposition of a
degree-d polynomial p for 1/2 > € > 0 and Nelog(e™1) less than a sufficiently
small function of m and d. Then |h|a < Oy, a(N9pl2).

PROOF. Consider the probability that |p(X)| > 2|p|2. On the one hand,
it is at most 1/4 by the Markov bound. We will show that if |h|2 is more
than a sufficiently large constant times N%|p|s, then the probability must be
more than this.

We note by Corollary 5 that with probability at least 7/8 that each g;(X)
is Og(log(m)#?). We consider the probability that each ¢;(X) is at most this
size and that |p(X)| < 2|p|2. We bound this probability above by coving the
set of x € R™ with each |z;| = Og(log(m)¥?) so that |h(x)| < 2|p|s with
boxes of side length e. The probability is at most N times the volume of
the union of these boxes. Furthermore, the union of these boxes is contained
in the set of € R™ with |z;| < O4(log(m)¥?) for each i and so that z is
within em of some point y with |h(y)| < 2|p|2. Call this region R. We note
that since R is contained in a ball of radius O,,(1) that the volume of R is
bounded by some constant times the probability that a random Gaussian X
lies in R.

By Proposition 6, we have that with probability 1 — Oy, (€log(e™1)) over
Gaussian X that

|W(X)| > 4em|Vi, h(X)|o > ... > (4em)| V4, - - - Vi, h(X) o

This would imply that for any y within me of X that |h(X) — h(y)| <
|h(X)|/2 by means of the Taylor series for h(y). On the other hand |h(X)| >
4|pl with probability at least 1 — Og((|p|2/|h|2)/%) by Lemma 2. Thus, the
probability that |h(X)| < 2|p|s is at most

Odm(elog(1+ 1) + (Ipla/|h]2)Y4) + 1/8.
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Hence we have that
3/4 < Pr(Ip(X)| < 2|pl2) < Ogm(Nelog(1+ ") + N(|pla/|hl2)"/?) + 1/8.

Thus, if Nelog(e!) is less than some sufficiently small function of d, m, then
Bl = Ouyn(NY).
O

Fundamentally, having a diffuse decomposition is useful because it allows
us to improve our application of the replacement method. The following
proposition presents this technique in fair generality.

PROPOSITION 21. Let pg : R® — R be a degree-d polynomial with an
(e, N)-diffuse decomposition (h,q1,...,qm) for some 1/2 > ¢ > 0. Let n; be
positive integers so that n = Zle n;. We can then consider py and each of
the q; as functions on R™ x --- x R™,

Let X', ..., X% and Y',...,Y? be independent random variables, where
X7 and Y7 take values in R™ and Y7 is a random Gaussian. Furthermore,
assume that for some integer k > 1 that for any polynomial g in m variables
of degree less than k, any 1 < j < £ and any 2' that

E [g(qi(zl, .. .,zjfl,Xj,sz,...,zZ))} =E [g(qi(zl, Tt - .,zg))} )
For each 1 <i<m and each 1 < j < ¢ define
Qm(azl,...,azj*l,ijrl,...,xz) = Eyj[qi(xl,...,xjfl,Yj,xjH,...,xZ)}.

Define T; ; to be

d

+E|

i . . X k
ql-(Yl,...,YJ,XJH,...,X’Z)—Qi,j(Yl,...,YJ—I,XJ“,...,Xf)‘ ]

. . . . k
(Yl YTt XTI XY —Qm(yl,...,YJ*l,XJ“,...,X’f)‘ ] .
And let ,
=3,
i=1 j=1

Then we have that
’Pr (po(Xl, XY < 0) - Pr(pO(Yl, LLYhH < 0)(

< Od,m i (e_kT +eN log(e_l)dm/2+1> )
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If furthermore, p is a degree-d polynomial so that for some parameters
0,m>0

Pr(|p(X) —po(X)| < dlpl2), Pr(lp(Y) —po(Y)| <dlpl2) = 1—n
then
’Pr <p(X1, XY < 0) — Pr (p(Yl, LY < 0)‘

< O (T + N log(e 1)+ 4614 4 )

When considering Proposition 21, it might be useful to keep the intended
applications in mind. In Section 5, we will consider the case where the X7
are chosen from dk-independent families of Gaussians. In Section 6, we will
consider the case where the X7 are Bernoulli random variables. Finally,
in Section 8, we will consider the case where the X7 are chosen from 4d-
independent families of random Bernoullis.

PROOF. We begin by proving the first of the two bounds, and will then
use it to prove the second. By rescaling pg, we may assume that |pgla = 1.
Let X = (X',..., X% and Y = (Y',...,Y?). Let ¢ denote the vector valued
polynomial (q1, ..., Gm). We will show that

Pr (po(X) < 0) < Pr (po(Y) < 0) + Ougn (75T + eN log(e™ 1) /241 |

The other inequality will follow analogously.
By Proposition 17 there exists a function f : R"™ — [0, 1] so that

1. f(z) =1 for all = where h(z) <0.
2. E[f(a(Y))] = Pr(po(Y) < 0) + Ogm(eN log(e~1)dm/241),
3. 1f®)oe = O (e7%).
We note that
Pr(po(X) < 0) < E[f(¢(X))]
and that

E[f(q(Y))] < Pr(po(Y) < 0) + Ogym(eN log(e ) *m/>H1).
Hence it suffices to prove that
(9) E[f(¢(X))] = E[f(a(Y)]| = Oa (e *T).
For 0 <j </, let

ZU) = (vt .. yI X9 XY,
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In particular, Z© = X, Z(® = Y, and ZU) is obtained from ZU~1) by
changing the j' block of coordinates from X7 to Y7. We will attempt to
bound the left hand side of Equation (9) by bounding

(10) E[f(q(Z2Y)))] - E[f(9(2V~V))]
for each j.
Consider the expression in Equation (10) for fixed values of Y1, ..., Y71 X+l

We approximate f(g(Z))) and f(g(ZU=1)) by Taylor expanding f about
(@1, ... ,Gm) where

O SIS C A D CAENNIND & REN 01510 SIS Carlp AR ¢
= E[gi(Z2Y))]
= E[qi(Z(j_l))].
Thus, for some polynomial g of degree £k — 1 we have that:
k

k
fa(2) =gz +o| ¥ %?‘fﬂmw)—%w»

dq;
Z1 5 ka k a=1

=9(q(2)) + Ogmp | Y € ’“Zlqza ~G.(2)

T1yeenylk

= 9(q(Z)) + Odm.k ( kZ|Qz -Gz \k> .

By assumption ' '
E[g(q(2Y))] = Elg(q(29~ ).

Thus, the expression in Equation (10) is at most

O (i Ellgi(29) - G(29)}] + Ellgi(297)) - Gi(2V- 1>>m>

m
= Od,m,k (6_k ZEJ‘) .
=1

Summing over j yields Equation (9), proving the first part of this proposi-
tion.
Changing our normalization so that |[p|o = 1, we have that

Pr(p(X) < 0) < Pr(po(X) — 6 <0)+O(n)

imsart-aop ver. 2013/03/06 file: DiffuseDecompositions2.tex date: March 15, 2016

Xt



DIFFUSE DECOMPOSITIONS 37

Notice that pg—0d has the diffuse decomposition (h—94, q1, . . ., ¢ ). Therefore,
applying our previous result to this decomposition of py — §, we have that

Pr(po(X)—8 < 0) < Pr(po(Y)~6 < 0)4+ Oy (5T + eNlog(e™)/21).
On the other hand we have that
Pr(po(Y) — 8 < 0) < Pr(p(Y) — 26 < 0) + O(1).
Finally, by Lemma 2 we have that
Pr(p(Y) — 26 < 0) < Pr(p(Y) < 0) + O(ds/%).
Combining the above inequalities we find that
Pr(p(X) < 0) < Pr(p(Y) < 0)+O4mk (e"“T + eNlog(e 1) m/2+1 4 1/ 4 n) :

The other direction of the inequality follows analogously, and this completes
our proof. ]

5. Application to PRGs for PTFs with Gaussian Inputs. In [13],
the author introduced a new pseudorandom generator for polynomial thresh-
old functions of Gaussian inputs. In particular, for appropriately chosen pa-
rameters N and k he lets

1 N
X=—=) X'
VP

where the X? are independently chosen from k-independent families of Gaus-
sians. He shows that for some k = O(d/c) and N = 29¢(d)¢=4=¢ that for any
such X, if Y is a random Gaussian and f any degree-d polynomial threshold
function then

(11) Ef(X)] -E[f(YV)]l <e

The proof of this is by the replacement method. In particular, f is replaced
by a smooth approximation g, and bounds are proved on the change in the
expectation of g(X) as the X* are replaced by random Gaussians one at a
time. The power of this method is highly dependent on one’s ability to find a
g that is close to f with high probability and yet has relatively small higher
derivatives. If f(z) = sgn(p(z)), a naive attempt to use the replacement
method would use g = p(p(x)) for p a smooth approximation to the sign
function. Unfortunately, this approach will have difficulty proving Equation
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(11) unless N > ¢~2¢, In [13], the author uses a version of Proposition 6 and
constructs a g which approximates f as long as an appropriate analogue of

l9(2)| > €l Vig(@)l2 > €|V, Vigg(a)|2 > . ..

holds. The analysis of this is somewhat complicated, involving the devel-
opment of the theory of the so-called “noisy derivative”. Furthermore, for
technical reasons this method has difficulty dealing with N smaller than e 2.
As a first application of our theory of diffuse decompositions we provide a
relatively simple analysis of this generator that works with N as small as

¢~27¢. In particular we show:

THEOREM 22. Given, an integer d > 0 and real numbers 1 > c,e > 0,
there exist integers k = O(d/c) and N = O, 4(e"27) so that for any random
variable

1 XL
X=-—~—3 xi
v &

where the X' are chosen independently from k-independent distributions of
Gaussians, and for any degree-d polynomial threshold function f,

E[f(X)] — Eyn[f(Y)]| <e

PROOF. We begin by making a few reductions to produce a more amenable
case. We assume throughout that e is sufficiently small. Note that it is suffi-
cient to prove that for N = ¢~27¢ that the error is Oc,d(el_QC), since making
appropriate changes to ¢ and e will yield the necessary result. Secondly, we
may let f(x) = sgn(p(x)) for p a degree-d polynomial with |p|s = 1.

By Theorem 1, there exists a degree-d polynomial py with |p — pola =
OQd(edH), and so that pg has an (e, e=/?)-diffuse decomposition (h, g1, .. ., ¢m).
It should be noted that by 2d-independence,

E[lp(X) — po(X)’] = E[[p(Y) — po(Y)’] = Oc.a(e**?).

Therefore, by the Markov bound we have with probability at least 1 — €2
that

p(X) = po(X)], [p(Y) = po(Y)] < €.
We note that we may write Y = ﬁ Z;V:1 Y7, where the Y7 are indepen-
dent Gaussians. We define the polynomial

N

1 )

(YY) =p | =) Y
P( )=p P
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We note that

and
p(Y)=p'(Y! ..., YN

It is clear that if we define pj) and ¢/ analogously, that pj, has an (e, €¥/?)-
diffuse decomposition (h,q}, ..., q,,), and that with probability at least 1—e>
that

P (X7) = po(X )], ' (V") = pp (YT)] < €.
We may thus apply Proposition 21 to p/, pj with n = €2 and § = €.

Let K be an even integer less than k/d and more than 6/c. By k-independence
of the X7, any polynomial g of degree less than K in the ¢, will have the same
expectation evaluated at X',..., XNV as at Y',..., Y. Hence by Proposi-
tion 21,

E[f(X)] - E[f(V)]| =2[Pr(p(X",..., XN) <0) = Pr(p(Y",...,Y") <0)|
(12) = Odm,c (61’Clog(e*1)dm/2+1 +e KT+ e) .

Where by the dK-independence of X, the T above is

m N
2) D E {(%’(Y) —Byslgi (Y. .. ,YN)])K} .

i=1 j=1
By Lemma 3, this is

m

Oc,d Z ZE [(QZ(Y) - IEYJ' [q;(Ylv ce 7YN)])2:|

=1 j=1

K/2

Letting Z = \/% D it Y (which is a random Gaussian), the expectations

in question are
N -1 1
V i Z Y .
o (q ( v UR ))]

This in turn is at most

We bound this with the following lemma, which follows immediately from
Claim 4.1 of [6]:

Ez
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LEMMA 23.  For q any degree-d polynomial we have that

q(Z)q< N]\_le+ \/1NY>

Thus, T is at most

2

E = O(d®|ql3/N).

m N
Oc,d Z Z N*K/2 — Oc,d,m(NiK/ZJrl)

i=1 j=1
= 0,4 m<€K—2+Kc/2—c)

= Ocdm(e"F170).
Thus, by Equation (12),

[ELf(X)] = E[f(Y)]] < Ocam(e' ™),

as desired. O

6. The Diffuse Invariance Principle and Regularity Lemma. While
the case of Gaussian inputs is very convenient for proving theorems such as
the Decomposition Theorem, many interesting questions involve evaluation
of polynomials on random variables from other distributions. Perhaps the
most studied of these is the Bernoulli, or hypercube distribution.

DEFINITION. The n-dimensional Bernoulli distribution is the probability
distribution on R™ where each coordinate is randomly and uniformly chosen
from the set {—1,1}. Equivalently, it is the uniform distribution on the set

(~1,1}".

As we have been using X,Y, Z, etc. to represent Gaussian random vari-
ables, we will attempt to use A, B, etc. for Bernoulli random variables.

A powerful tool for dealing with Bernoulli variables is the use of invariance
principles. These are theorems which state that if p is a sufficiently regular
polynomial (for some definition of regularity) that the distributions of p(X)
and p(B) are similar to each other (generally that they are close in cdf
distance). This allows one to make use of results in the Gaussian setting
and apply them to the Bernoulli setting (at least for sufficiently regular
polynomials). Since not all polynomials will be regular, in order to make use
of this idea in a more general context, one also needs a regularity lemma.
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These are structural results that allow us to write arbitrary polynomials of
Bernoulli random variables in terms of regular ones.

In this section, we will discuss some of the existing invariance principles
and regularity lemmas, and make use of the theory of diffuse decompositions
to provide some new ones that will deal better with high degree polynomials.
In Section 6.1, we discuss some background information about polynomials
of Bernoulli random variables and give a brief overview of existing invariance
principles and regularity lemmas. In Section 6.2, we state and prove the
Diffuse Invariance Principle, and in Section 6.3 prove the corresponding
regularity lemma.

6.1. Basic Facts about Bernoulli Random Variables.

6.1.1. Multilinear Polynomials. For a Bernoulli random variable B, we
have that any coordinate, b;, satisfies bf = 1 with probability 1. This, of
course, does not hold in the Gaussian case. Thus, if there is going to by any
hope of comparing polynomials on Gaussian and Bernoulli inputs, we must
restrict ourself to polynomials that have no term that is degree more than
1 in any variable. In particular, we must restrict ourselves to the case of
multilinear polynomials:

DEFINITION. A polynomial p : R™ — R is multilinear if its degree with
respect to any coordinate variable is at most 1.

To clarify the relationship between general polynomials and multilinear
polynomials we mention the following lemma:

LEMMA 24. For every polynomial p : R™ — R, there exists a unique
multilinear polynomial q : R™ — R so that q agrees with p on {—1,1}".
Furthermore, deg(q) < deg(p).

ProOOF. To prove the existence of ¢, it suffices to show that the result
holds for every monomial p = []z7". It is clear that this monomial agrees
on the hypercube with the multilinear monomial [] 3" (mod 2)

Uniqueness will follow from the fact that any non-zero multilinear poly-
nomial on R™ is non-vanishing on the hypercube. This follows from the
fact that the map from a multilinear polynomial to its vector of values on

{—1,1}" is a surjective linear map of vector spaces of dimension 2". O

DEFINITION.  For any polynomial p(z), let L(p(x)) be the corresponding
multilinear polynomial as described by Lemma 24.
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6.1.2. LP Norms and Hypercontractivity. As the LP norms for polyno-
mials of Gaussians have been useful to us, the corresponding norms for the
Bernoulli distribution will also be useful.

DEFINITION.  Let p : R" — R we for t > 1, we define |p|p+ as
1/t
pls. = (Esllp(B)1)"" .
Where above B is an n-dimensional Bernoulli random variable.
We also have the analogue of Lemma 3. In particular, we have that:

LEMMA 25 (Bonami [2]). For p: R™ — R a degree-d polynomial, and

t > 2 we have that
d
Ip|B: <Vt —1|p|B2-
Yielding the Corollary

COROLLARY 26. For p:R"™ — R a degree-d polynomial N > 0, then
Prp(|p(B)| > N|p|p2) = O (2—(N/2)2/d) ‘

The proof is analogous to that of Corollary 5.
We will also need a result combining Lemmas 3 and 25

LEMMA 27. Let p be a degree-d polynomial, B a Bernoulli random vari-
able, G a Gaussian random variable, and t > 2 a real number. Then

H3U19((;,13)\ﬂ < (t — l)td/Qﬂzbg((;’lg)Q]t/z

PRrOOF. For integers N, let GV be a random variable defined by GV =
\/%ZL A7 where the A’ are independent Bernoulli random variables.

Clearly the coordinates of GV are independent and by the central limit
theorem, as N — oo, their distributions converge to Gaussians in cdf dis-
tance. This implies that for and € > 0 and for sufficiently large N that
we can have correlated copies of the random variables G and G so that
|G — G| < e with probability 1 — e. Furthermore, with probability 1 — e,
|G| = On(log(e™!)) (here n in the number of coordinates of G). There-
fore, for sufficiently large N we have that with probability 1 — O(e) that
Ip(G, B) — p(GN,B)| = Op(elog(e~1)?) (this follows from considering ev-
ery possible value of B separately). Therefore the p(GV, B) converge in law
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to p(G, B). Furthermore, since E[|p(G", B)[?*)] is uniformly bounded (ex-
pand out p(GN , B )QUJ and note that each monomial has uniformly bounded
expectation), this implies that

Jim E[jp(G", B)[') = E[|p(G, B)['],

and
Jim E[[p(GY, B)P] = E[lp(G. B

The result now follows from applying Lemma 25 to p(G*, B) and taking a
limit as N — oo. O

We also note the following relationship between the Gaussian and Bernoulli
norms

LeEMMA 28. Ifp:R"™ — R is a multilinear polynomial then |pla = |p|B.2.

PrOOF. This follows immediately after noting that the basis [] ;" for
a € {0,1}" is an orthonormal basis of the set of multilinear polynomials
with respect to both the Bernoulli and Gaussian measures. O

6.1.3. Influence and Regularity. The primary obstruction to a multilin-
ear polynomial behaving similarly when evaluated at Bernoulli inputs rather
than Gaussian inputs is when some single coordinate has undo effect on the
output value of the polynomial. In such a case, the fact that this coordinate
is distributed as a Bernoulli rather than a Gaussian may cause significant
change to the resulting distribution. In order to quantify the extent to which
this can happen we define the i*" influence of a coordinate as follows:

DEFINITION. For p: R™ — R a function we define the it" influence of p

to be

8p2

Inf, = .
fi(p) oail,
It should be noted that for multilinear polynomials p, this is equivalent to the
more standard definition

Infi(p) = Ea[Vara, (p(A))]-

This is the expectation over uniform independent {—1,1} choices for the
coordinates other than the i™ coordinate of the variance of the resulting
function over a Bernoulli choice of the i coordinate. Equivalently, it is

1
ZE [!p(ah ces@im1,—Laiyn, .o an) — plar, .. aim1, L aig, . ,an)\Q] .
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We now prove some basic facts about the influence.

LEMMA 29. Ifp:R™ — R is a polynomial Inf,(p) is 3, ailca(p)|?, where
ca(p) are the Hermite coefficients of p.

PROOF. Recall that
p(.l‘) = an(p)ha('r)'
Therefore, we have that
Jp
= 3 b, (@)

Thus,

(3p2

(%ci

=3 ailea(n)P.

2

From this we have

COROLLARY 30. For p a degree-d polynomial in n variables,

n d
> Infi(p) = > klp*[5 = Oa(Var(p(X))).
i=1 k=1

We now make the following definition (which agrees with the standard
ones up to changing 7 by a factor of O4(1)):

DEFINITION. Let p be a degree-d multilinear polynomial. We say that p
1s T-regular if for each i

Inf;(p) < 7 Vara(p).

In terms of this notion of regularity, the standard invariance principle,
proved in [20], can be stated as follows:

THEOREM 31 (The Invariance Principle (Mossel, ODonnell, and Oleszkiewicz)).
If p is a T-reqular, degree-d multilinear polynomial, A and X are Bernoulli
and Gaussian random variables respectively and t € R, then

|Pr(p(X) <t) — Pr(p(A) < t)| = O(dr/®D),
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It should be noted that the dependence on 7% in the error of Theorem
31 is necessary. In particular, if d is even and N is a sufficiently large integer
consider the polynomial p : R**! — R defined by

A
p(xo,...,an) =10+ | ——= > i | -

Let ¢ = L(p). It is not hard to see that by making N sufficiently large, one
can make |p — ¢|o arbitrarily small, and thus, by Lemma 2 and Corollary
5, we can make the probability distributions for p(X) and ¢(X) arbitrarily
close. It is also not hard to see that ¢ is ©4(72) regular. This is because
Info(q) = 72, Inf;(q) = Og(N~1) for i # 0, and Var(q(A4)) = ©4(1). On the
other hand, it is clear that for Bernoulli input A we have that

q(A) =p(A) = —.

On the other hand considering the distribution of values of p(X) (which as
stated can be arbitrarily close to that of ¢(X)), if we let y = \/% Zf\:gl xi,
we note that xo and y are independent Gaussians. Thus, with probability
O(7Y%) we have that 29 < —2 and |y| < 7/¢. If these occur, then p(X) <
—7. Thus, for N sufficiently large the difference between the probabilities
that ¢(A) < —7 and that ¢(X) < —7 can be as large as Q(71/%).

The essential problem in the above example is that although the first
coordinate has low influence, there is a reasonable probability that the size
of ¢(X) will be comparable to 7, and in the case when [¢(X)| is small,
the relative effect of the first coordinate is much larger. We get around
this problem by introducing a new concept of regularity involving the idea
of a diffuse decomposition. The problem above came from the fact that the
probability distribution of ¢(X) was too clustered near 0. Since the analogue
of this cannot happen for a diffuse set of polynomials, we expect to obtain
better bounds.

DEFINITION. For p a degree-d multilinear polynomial, we say that p has
a (1, N,m, €)-regular decomposition if there exists a polynomial py of degree-
d so that
o [p—polh s < € Var(po(X)).
e po has a (7Y%, N)-diffuse decomposition of size m, (h,qi,...,qm) 50
that q; is multilinear for each i and Inf;(q;) < T for each i, j.

THEOREM 32 (The Diffuse Invariance Principle). If p is a degree-d mul-
tilinear polynomial that has a (1, N,m,¢€)-reqular decomposition for 1/2 >
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€,7>0, A and X and random Bernoulli and Gaussian variables respectively
and t is a real number, then

|Pr(p(A) < 8)=Pr(p(X) < )] = O (7" Nlog(r~") /> 1!/ log(e71)1/?).

REMARK. We can derive a statement very similar to that of Theorem
81 from Theorem 32. In particular, if p is multilinear, and T-reqular, we
may normalize p so that Ex[p(X)] = 0,Ex[p(X)? = 1. Then by Lemma 2,
we have that for h = Id and q = p, (h,q) is a (7Y/°,0(dr/4=1/%)) diffuse
decomposition of p. Furthermore, by assumption q is multilinear and has
all influences at most 7. Therefore, this is a (1, 0(dr(/4=1/5) 1,0)-reqular
decomposition of p. Thus, we obtain

1Pr(p(A) < t) — Pr(p(X) < t)] = Og(rY/ D log(7~1)#/2H1).

Neither invariance principle on its own is very useful for dealing with gen-
eral polynomial threshold functions which might not satisfy the necessary
regularity conditions. Fortunately, in both cases if regularity fails it will be
because some small number of coordinates have undo effect on the value of
the polynomial. If this is the case, we can hope to make things better by
fixing the values of these coordinates and considering the resulting polyno-
mial over the remaining coordinates, hoping that it is regular. Theorems
confirming this intuition have been known as regularity lemmas.

Ideally, one would like a regularity lemma to say that for some small set
S of coordinates, if one takes a random restriction over the coordinates of S
that with high probability the resulting polynomial is either regular or nearly
constant. Unfortunately, existing techniques are insufficient to prove such a
result where the coordinates of S are picked ahead of time. Instead most
results instead use the idea of a low depth decision tree. In particular, when
we say that we write f as a decision tree of depth D with nodes given by
functions f,, we are specifying f by considering its restrictions on sets of at
most D coordinates at a time, but rather than declaring the coordinates to
be fixed ahead of time, we allow them to be chosen adaptively. In particular,
if we are restricting on coordinates x;, , Z;,, . . ., Z;, we allow i; to depend on
the (41) values assigned to z;,,...,z,_,.

Making use of these ideas, several regularity lemmas have appear for the
standard notion of regularity, for example in [7] and [5] as well as other
places. As an example, [7] proved the following:

THEOREM 33 (Diakonikolas, Servedio, Tan, Wan). Let f(x) = sign(p(z))
be any degree-d PTF. Fix any 7 > 0. Then f is equivalent to a decision tree
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T , of depth

depth(d, 7) = - (dlog(~1))0)

-

with variables at the internal nodes and a degree-d PTF f, = sgn(p,) at each
leaf p, with the following property: with probability at least 1 — 7 , a random
path from the root reaches a leaf p such that f, is T -close to some T-reqular

degree-d PTF.
Along similar lines, we prove the following:

THEOREM 34 (Diffuse Regularity Lemma). Let p be a degree-d polyno-
mial with Bernoulli inputs. Let T,c, M > 0 with 7 < 1/2. Then p can be
written as a decision tree of depth at most

Oc.am <T_1 10%(7_1)O(d))

with variables at the internal nodes and a degree-d polynomial at each leaf,
with the following property: with probability at least 1 — T, a random path
Jrom the root reaches a leaf p so that the corresponding polynomial p, either
satisfies Var(p,) < t™|p,|3 or p, has an (1,77, Ocanr(1), Ocan(M))-
regqular decomposition.

6.2. The Diffuse Invariance Principle. In this section, we prove Theorem
32. We begin with the following proposition:

PROPOSITION 35.  Let p be a degree-d polynomial with a (7/°, N)-diffuse
decomposition (for 1/2 > 1 > 0) (h,q1,...,qm) with ¢; multilinear so that
Infi(qj) < 7 for all i,j. Then if A is a Bernoulli random variable, X a
Gaussian random variable and t a real number then

|Pr(p(A) < t) = Pr(p(X) < t)] = Oqm(NT"/% log(r~1)m/2H),

ProoF. It suffices to prove this statement for ¢ = 0. We proceed via
Proposition 21. We note that for each ¢ the first three moments of A; agree
with the corresponding moments of X;. Therefore, since the ¢; are multilin-
ear, any degree-3 polynomial in the ¢; has the same expectation under A as
under X. Thus, we may apply Proposition 21 with k£ = 4. We have that
(13)

Pr(p(A) < 0) = Pr(p(X) < 0)] = Ogm(N7"/2log(r~1)4m/>+ 4 774/5T),

Recall that T; ; is
E |:(q’L(X17 o 7Xj—17Aj7 cee 7An) - EY[qi(Xla o 7Xj—17KAj+17 o 7An)])4:|

+]E |:(q7,(Xla “e. 7Xj7Aj+1) cee 7ATL) - EY[q’i(Xla ‘e 7XjflaYaAj+17 ce. 7An)])4:|
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By Lemma 27 this is at most

Od (Exy, X1 Apar s n [Vary (6i(X1, .. Xjo1, Y, Ajyn, . An)P)
Since the polynomial in expectation is at most quadratic in each X, this is

Od (EA[Vary(qi(Al, e ,Ajfl, }/, Aj+1, . ,An))]Q) = Od(Infj(qi)2).

Thus,
=22 T
i=1 j=1
m n
=04 | Y Infj(g:)’
i=1 j=1
< Oq Z Z 7Inf;(¢;)
i=1 j=1
i=1
= Ogm(T).

Thus, by Equation (13),
|Pr(p(A) <0) —Pr(p(X) <0)| = Od,m(NTl/E’ log(r—1)dm/2+1y,

as desired.
O

Proposition 35 is the main analytic tool used in our proof of Theorem 32.
From it we can quickly derive the following theorem:

THEOREM 36. Let p be a degree-d multilinear polynomial with a (17, N, m, €)-
reqular decomposition (for 1/2 > e,7 > 0) given by (h,q1,...,qm). Let
po(x) = h(qi(z),...,qm(x)). Let A be a Bernoulli random variable, X a
Gaussian random variable, and t a real number. Then

|Pr(p(A) < t) — Pr(po(X) < t)] = Ogum (N2 log(r1)dm/2H el /d10g(e71)1/2)

REMARK. For most applications Theorem 36 will be as good as Theorem
32 as it shows that the regular polynomial of Bernoullis behaves similarly to
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a polynomial of Gaussians. As we shall see later, it will take some work to
show that it will necessarily behave like the same polynomial of Gaussians.
This is because although |p—pol2,p is small, this does not immediately imply
that |p — pola is sufficiently small for the proof to work.

PROOF. As in the proof of Proposition 35, we may assume that ¢ = 0 and
prove the inequality

Pr(p(A) < 0) < Pr(po(X) < 0)+O0g,m(N7Y/5log(r~ 1) m/2 1 el/d1og(e1)1/2)
By Corollary 26 we have with probability 1 — € that
[p(A4) = po(A)] < O(elog(e)*?)/Var(po(X)) < O(elog(e™")?)[pol-
Thus, we have that

Pr(p(A) < 0) < e+ Pr(po(A) < O(elog(e™H)?)|pol2)
< Ogyn(NTY5log(r71)Mm/2H1 4 ¢) + Pr(po(X) < O(elog(e ™)) |pol2)
< Od,m(NTl/5 log(T_l)dm/2Jr1 + b/ log(e_1)1/2) + Pr(po(X) <0).

The second line above is by Proposition 35 and the third is by Lemma 2.
The lower bound on Pr(p(A) < 0) is proved analogously. O

In order to complete the proof of Theorem 32 we need the following;:

PROPOSITION 37.  Ifp is a degree-d polynomial with a (7, N, m, €)-regqular
decomposition (for 1/2 > e,7 > 0) given by po(z) = h(q1(z),...,qm(z)),
then for X a Gaussian random variable, and t a real number,

IPr(p(X) < ) = Pr(po(X) < )] < Oayn (/4N log(r=1y /21 4 /i log(=)1/2)

The biggest difficulty with proving this Proposition will be dealing with
the discrepancy between py and L(pg). To deal with this, we make the fol-
lowing definition:

DEFINITION. Let p1,...,pr be multilinear polynomials. Define
Alpr,-m) = Y, ()P (Hm) L{]]I»
SC{1,2,...k} i€s iZS

We note the following:
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LEMMA 38. Let q1,...,qn be multilinear polynomials and let h be a
degree-d polynomial in m variables then L(h(qi(z),...,qm(z))) is

d m k
Z Z %A(qil,...,qik).
dq

8 .
k=0i1,...,ix=1 Tia ks

PROOF. As the above expression is linear in h, we may assume that h is
a monomial of degree d. In particular we may assume that h = ¢;,q;, - - - q;,
(note that some of the indices ¢; might coincide). The expression in question
then becomes:

Z H qi; A(qitl R 7gitk)

=2 |1« Z<—1>5'<HQZ~)L IT

TC{L,....d} \j&T SCT = i€T\S
= ) II @) 0Re | T
SCTC{1,...d} \jeT\S JET\S

Letting R = T'\\S, this is

> L ITe | | T] % > (=¥

RC{l,...d} \JeR j&R Se{l,...dN\R
R={1,..d} \JeR J&R
=L H di;
je{l,....d}
=L(h),
as desired. O

To control the discrepancy between py and L(pg) it now suffices to prove
the following:

ProrosITION 39. Let p1,...,pr be multilinear, degree at most d poly-
nomials with Inf;(p;) < T for alli,j, |pjla <1 for all j. Then

|A(p1, - p)|2 = Op.a(TF/%).
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PROOF. We proceed by bounding the expected value of A(p1,...,px)% In
particular, we show that if p; are multilinear degree-d polynomials of norm
at most 1 with all influences at most 7 then

E[A(p1, .- pk) (X)APrr1, - -, p20) (X)] = Opa(7"?).

We note that the above expression is linear in the p;. We may therefore
rewrite it as a sum over sequences of monomials mq, ..., mg; where m; is a
monomial of pj;, of

E[A(ma, ..., me)(X)A(mey1, ... ma) (X))

To each such sequence of monomials m,...,my. we associate a repeat
pattern, which is the multiset of non-empty subsets of {1,2,...,2k} whose
elements correspond to {j : x; appears in monomial m;} for all ¢ so that z;
appears in any of the monomials m,;. We break up the above sum into parts
based on the repeat pattern satisfied by my, ..., may, since there are Oy, 4(1)
such possible patterns, it suffices to prove our bound for the sum of all terms
coming from each such pattern. In particular, we need to show that for any
repeat pattern P that

(14)
> E[A(ma, ..., me)(X)A(mgi, - .. ma) (X))

m; a monomial from p;
(m1,...,map) has repeat pattern P

(15)
= Op.a(T"?).

Note that if the repeat pattern contains any subset of odd size that the
resulting sum will be 0. This is because for any my, ..., mog with this repeat
pattern, there will be some x; appearing in an odd number of the m;. This
means that the product of the m; will be an odd function of x;. Since L of an
odd polynomial is still odd, this means that A(mg, ..., mg)A(mga1, ..., mog)
will be an odd function of z; and thus, have expectation 0.

Furthermore, suppose that given P, there is some 1 < j < 2k so that j
does not appear in any element of P of size greater than 2. We claim again
that for any myq, ..., mo satisfying P that

E[A(my,...,mg)(X)A(mgi1, ..., mox)(X)] =0.

To show this, we assume without loss of generality that j = 1. We expand
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out the A’s to get that the expression in question is the expectation of

Z Z (—1)ISIHIT] H D

SC{1,2,....k} TC{k+1,...,2k} jesuT

L I w)L II »

GE{L, kS Ge{k+1,....2k]\T

We claim that if we toggle whether 1 is in S in the above sum, it has no
effect on the expectation of the resulting product other than to negate the
(=1)ISHITI term. This is because adding 1 to S can only have the effect of
removing some z? terms from the resulting monomial. On the other hand
since E[1] = E[X?], this does not effect the resulting expectation. Thus, the
expectations of the terms with 1 in .S cancel the expectations of the terms
with 1 not in S, leaving us with expectation 0.

It thus suffices to consider Equation (14) when all elements of P have
even order and so that for each 1 < j < 2k there is some element of P of
order at least 4 containing j. For such P we upper bound the left hand side
of Equation (14) by

2k
(16) > Ok.a [ [] Imyl2
m; a monomial from p; j=1

(m1,...,map) has repeat pattern P

We will now prove the following statement, which will imply our desired
bound. Let pi,...,pa, be multilinear polynomials with [p;| < 1 and T C
{1,2,...,2k} some set so that Inf;p; < 7 for all s and all j € T". Furthermore,
let P be a repeat pattern all of whose elements have even order and so that
each element of T appears in some element of P of order at least 4, then
the expression in Equation (16) is at most Okyd(T‘TV‘l). We prove this by
induction on |P|. The base case where |P| = 0 is trivial since then we are
considering only the term where all of the m; are constants.

If |P| > 0, we consider an element of P of maximal size. In particular,
if T # (), this implies that this element is of size at least 4. Without loss
of generality this element is {1,2,...,2¢}. We break our sum into pieces
based on which coordinate is shared by all of mq, ..., mg, (if more than one
coordinate is shared by each of these elements we will count all of them
leading to a strictly larger sum). If we wish to compute the sum over all
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terms where they share a coordinate x; we find that it is

2
Z Ok,d H k‘\mj|2
j=1

m; a monomial from p;
(m1,...,maor) has repeat pattern P’

Where above p} = p; for j > 2¢ and for j < 2/, p;- consists of the sum
of the monomials in p; containing x; divided by z;, and P’ is P minus
{1,2,...,2¢}. Furthermore, note that \p}]g = /Inf;(p;) for j < 2. Letting
pj be the normalized version of p’;, the above is at most

20 2
[T /ink ) > O | TT Himsl
j=1 J=1

m; a monomial from p;’
(m1,...,mor) has repeat pattern P’

Letting 77 = T\{1,2, ..., 2¢}, we note that this sum is of the form specified
for the value 7", hence we have by the inductive hypothesis that the above
sum is

It thus suffices to prove that

Z ﬁ \/m = O (T(\T\—|T’|)/4) — O (T(\Tm{1,2,...,2e}\)/4) .

i j=1

We assume without loss of generality that TN {1,2,...,2¢} ={1,2,...,a}.
We note by Cauchy-Schwarz that

20 20—2 2¢ 1/2
ZHWg H mlax\/lnfiTj) H ZInfi(pj)
i =1 j=1 j=20—1 i

We note that for each of the last two terms that

>~ nfi(p;) = Oullpsf3) = Oul).

Furthermore, we have that

20—2 min(a,20—2) 20—92

Ny 1/2 _ min(a,2¢—2)/2
H In?XMIHfZ(p]) < H T H l=r71 .
Jj=1 j=1 j=a+1
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Thus, we have that
20 '
Z H Infi(pj) < Od(Tmln(a,2€—2)/2) _ Od(Ta/4).
i j=1

With the last step following from the observation that either a = 0 or ¢ > 2.

This completes our inductive step and proves our proposition.
O

We are now prepared to prove Proposition 37 and thus, Theorem 32.

PROOF. We may clearly assume that ¢ = 0. We will give a series of high
probability statements that together imply that

sgn(p(X)) = sgn(po(X)).

Let V' = Var(po).
First, note that by assumption

lp— L(po)l3 = Ip *Po@,B < eV

Thus, by Corollary 5 we have for some sufficiently large C that with proba-
bility 1 — € that

Ip(X) — L(po)(X)| < Celog(e™H)¥2V.

Additionally, by Lemma 2, we have with probability 1—O(de'/%log(e~1)'/?)
that
1po(X)| > 2Celog(e )2 |poly > 2Celog(e )2V,

By Proposition 39 and Corollary 5 we have that for C' a sufficiently
large number given d that with probability 1 — O, (7) that for all 1 <
i1,99,...,1 < m for k < d that

|Agiy, - - 3, )(X)| < O * log (771 ) /2,
Finally, by Lemma 18 we have that with probability
1_ Od,m(Tl/A‘N log (7~ 1)d(m+1)/2+1)
that letting Q = (¢1(X),...,qn(X)) that
[h(Q)] = 3Cm7! M log(r™ )2 |Vi, h(Q) |2 = 3 C*mPr*  log(r~) |V, Viy h(Q) 2

> .. > 30CimiAr i/ og(r )PV, - Vi h(Q) o
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Assuming that all of the above hold, then

[p(X) = po(X)| < [p(X) = L(po)(X)] + [po(X) — L(po)(X)
< |po(X)]/2 + |po(X) — L(po)(X)|.
By Lemma 38, we have that letting Q = (¢1(X),...,qn(X))

d m
LX) = o)1 = |5 S Algins- 0 Q)T - Vi, h(Q)

1d1,..,0=1

k= )

d m

> Z CE*10g(r VY H/2|V,, - Vi, h(Q)o
k=11

d m

§Z Z 3—’fm—k|h Q)]
k=1

d

> 3 Fpo(X))|

< [po(X)1/2.

Combining this with the above we find that

Ip(X) — po(X)] < [po(X)[/2 + |po(X)|/2 = |po(X)].

Thus, with probability at least
1 —=O4m (Tl/4fv10g(7’_1)d0”+4J/2+1 +_€1/d10g(6—1)1/2)
that sgn(p(X)) = sgn(po(X)). -

6.3. The Regularity Lemma. In this section, we will prove Theorem 34.
Much of it will be along the lines of the proof of Theorem 1 with some extra
work being done to ensure that the resulting ¢; are regular. We begin with
a lemma on the regularity of restrictions of polynomials.

LEMMA 40. Let p be a degree-d multilinear polynomial with |p|l2 < 1. Let
1/2 > ¢ > 0 be a real number. Then there exists an M = Og(elog(e~1)9)
so that for any set S of coordinates containing the M coordinates of highest
influence for p, if we let A be a random Bernoulli variable over the coordi-
nates in S and let p4 be the polynomial over the remaining coordinates upon
plugging these values into the coordinates of S then with probability 1 — €

max(Inf(pa)) < e
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PROOF. We assume throughout that € is sufficiently small. Note that the
sum of the influences of p is Oy4(1), therefore if M is a sufficiently large
multiple of e log(e~1)?, we have that the largest influence of a coordinate
not in S is at most a small constant times elog(e~!)~?. Note that for each
i € S, there is a polynomial p; of degree at most d so that Inf;(p4) = p;(A4)2.
Furthermore, it is easy to check that E[p;(A)?] = Inf;(p). Applying Corollary
5 we find that if M were chosen to be sufficiently large, then with probability
at most €*/2 is any given Inf;(p4) more than e. Taking a union bound over
i, we find that with probability at most €/2 is some Inf;(p4) > € for any 4
with Inf;(p) > de3. Consider the polynomial

(A= > Infi(pa)*
J:Inf;(p)<de3
Note that |[Inf;(pa)?|2 = O4(Inf;(p)?) by Lemma 3. Thus,
gl < 0q(1) > Infi(p)* <O0a(®) > Inf(p) = Og(€?).
J:Inf; (p)<de3 j:Inf; (p)<de3

Thus, by Corollary 5 g(A) > €2 with probability at most €¢/2. On the other
hand, if g(A) < €2, it implies that Inf;(p4) < € for all j so that Inf;(p) < de.
Thus, with probability at most € is any Inf;(p) more than e. O

LEMMA 41. Let p be a degree-d multilinear polynomial. Let S be a set of
coordinates and A a Bernoulli random variable over those coordinates. Let
pa be the restricted polynomial when the coordinates of A are plugged into
p. Then

Pr(|pal2 > Nlp|2) = Oq4 <2—(N/2)1/d> .

PROOF. Note that [pa|3 is a polynomial in A of degree at most 2d. Note
that the squared Lo norm of this polynomial is

EA[Es[p(A, B)’’] < Easlp(A, B)'] = Iplig < Oa(lpl3)-

The result now follows from Corollary 26. O

The main parts of the proof of Theorem 34 are contained in the following
proposition

PROPOSITION 42. Let p be a degree-d multilinear polynomial and let
€,c,M >0 for 1/2 > €. Then p can be written as a decision tree of depth

qu’M(Efl log(ﬁfl)o(d))
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with coordinate variables for internal nodes and polynomials for leaves so
that for a random leaf p, we have with probability 1 — O q ar(€) that there
exists a po with |p — polo.p < €V|pla and so that py has an (e, ¢)-diffuse
decomposition (h,qi, ..., qm) with m = O 4 n (1), ¢; multilinear and so that
Inf;(qi) < € for each i,j.

PROOF. The proof is along the same lines as the proof of Theorem 1,
with some extra work done to ensure that the influences can be controlled.
We assume that |p|s = 1 and assume throughout that € is sufficiently small.

We define: a partial decomposition of our polynomial p to be a set of the
following data:

e A positive integer m.
e A polynomial h: R™ — R.

e A sequence of multilinear polynomials (qi,...,¢m) each on R" with
|gil2 = 1 for each 1.

e A sequence of integers (a1, ...,a,) with a; between 0 and 4 - 3°(N +
1)/c—1.

Furthermore, we require that each ¢; is non-constant, and that for any mono-
mial []z{" appearing in h that > «; deg(g;) < d.

We say that such a partial decomposition has complexity at most C' if the
following hold:

e m<C(C.
o |hy < CeHCTH
o |p(A) — h(e%/3) g (A))|2p < CeNFlog(e1)C.

We define the weight of a partial decomposition as follows. First we define
the polynomial

w(e) = 3 28O (4 BN 4 1)fe— ay)
=1

We then let the weight of the decomposition be w(w).

We prove by ordinal induction on w that if p has a partial decomposi-
tion of weight w and complexity C', then there is a decision tree of depth
Occanw(e! log(e~1)9@) so that with probability 1 — Oc,c.dw,N(€) a ran-
dom leaf has such a py with a diffuse decomposition into multilinear poly-
nomials whose influences are at most e.

Again the idea of the proof is to show that after a decision tree of appro-
priate depth and with appropriate probability, that we either have such a
po or that we have a partial decomposition with smaller weight. By Lemma
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40, if we restrict to random values of the Og(e~!log(e~1)9(4) highest influ-
ence coordinates of each of the ¢;, we will have all influences of all of the
¢; at most € with probability 1 — Og(€). Applying Lemma 41 to the g;
and p — h(q1, ..., qm) we find that with probability 1 — Og ,(€) that the re-
stricted values of ¢; have norm at most log(e~1)?(4) and that the L? norm of
p—h(qi,...,qn) increased by at most a similar factor. Thus, rescaling the g;
and modifying h appropriately, we find that with probability 1 -0y, (€) over
our restrictions, we have a new partial decomposition of weight w and com-
plexity Oc(1) so that Inf;(g;) < e for each ¢ and j. As in Lemma 16, we show
that either (h,qi,...,qn) is an (e, e ¢)-diffuse set or that we have a partial
decomposition of strictly smaller weight and with complexity O cq n(1).
The proof follows through identically to the proof in Lemma 16 with the
additional caveat that the Ay, By can be chosen to be multilinear. This is
because the ¢; are multilinear, so keeping only the multilinear parts of the
Ay, By only reduces the error produced by the approximation. This com-
pletes the proof.

O

We will need one more lemma about decision trees of polynomials before
we proceed.

LEMMA 43. Let p be a multilinear, degree-d polynomial. Let T be some
decision tree over it’s coordinates. If T is evaluated making random, inde-
pendent choices at each step, and the restricted function is called p,, then
with probability at least 2°@ over these choices we have that

[Dpl2 > |pl2/2.

PROOF. Given a partially filled-in decision tree 7" define V (T") = E[p(A)?|T"].
It is clear that V is a martingale. Therefore V2 is a submartingale. In par-
ticular, this means that the expectation of V2 over some decision tree is
at most the expectation over an extended decision tree that eventually de-
cides values for all coordinates. This latter expectation is |p|i 5 =20 |p|3.
Therefore, the expectation over fills of T of V is |p|3 and the expectation
of V2 is at most 29(9)|p|3. Therefore by the Paley-Zygmund inequality with
probability at least 299 we have that V > Ip|3/4, proving our lemma. [

We are now prepared to prove Theorem 34.

PROOF. We claim that for 7 sufficiently small that a correctly constructed
decision tree of depth O g 17 (7~ log(771)9@) yields a restriction with the
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desired property with probability at least 29(4). Repeating this process up to
20(d) log(7~!) many times upon failure will guarantee an aggregate success
probability of 1 — 7.

To do this we construct the decision tree given by Proposition 42 for
N = M +d+2 and € = 7. We claim that if the restricted polynomial has L?
norm at least |p|a/2 (which happens with probability 20(% by Lemma 43),
then the resulting polynomial has the desired property.

Let P be the resulting polynomial. We have a polynomial py with an
appropriate diffuse decomposition into multilinear polynomials with suffi-
ciently small influences and so that |P — polo.p = Ocan (T T42)|Ply. If
Var(pg) > 7M*4|P|2, we have an appropriate regular decomposition. Oth-
erwise, Var(pg) < 7M*4|P|2. This implies that for some p that |py — p|3 <
7M+d|P|2. Thus, by Lemma 20 we have that |h — p|2 < O 40 (7)|P3.
From this it is easy to see that the sum of the squares of the coefficients
of h — p is Opan(™)|P|3. From this it is easy to verify that the vari-
ance of py over Bernoulli inputs is O 4 (7™)|P|3. Therefore, due to the
small difference between p and py under Bernoulli inputs, we have that
Var(P) < O 4.0 (7™)|P|3, which satisfies one of the necessary conditions.

O

7. Application to Noise Sensitivity of Polynomial Threshold Func-
tions.

7.1. Background of Noise Sensitivity Results.

7.1.1. Definitions. If f:R™ — {—1,1} is a boolean function, the noise
sensitivity of f is a measure of the likelihood that a small change in the
input value to f changes the output. There are several different notions of
noise sensitivity, suitable for slightly different contexts. We present their
definitions here.

DEFINITION. For f : R" — {—1,1} a boolean function, we define its
average sensitivity (also known as the total influence) to be

AS(f) =" Prac, 11y (F(A) # F(AD)),
=1

where AW is obtained from A by flipping the sign of the i coordinate. In
other words, the average sensitivity is the expected number of coordinates of
A that could be changed in order to change the value of f.

We also define the average sensitivity in the Gaussian setting:
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DEFINITION. For f : R™ — {—1,1} a boolean function, we define its
Gaussian average sensitivity to be

GAS(f) =) Pr(f(X) # f(X)),
=1

where above X is a Gaussian random variable and X is obtained from X
by replacing the i coordinate by an independent random Gaussian.

A related notion is that of noise sensitivity in the Bernoulli or Gaussian
context. Whereas average sensitivity counts the expected number of coordi-
nates that could be changed to alter the sign of f, noise sensitivity measures
the probability that the sign of f changes if each coordinate is changed by
a small amount. In particular we define:

DEFINITION.  For f : R™ — {—1,1} a boolean function, and 1 > § > 0
we define the noise sensitivity of f with parameter § to be

NSs(f) := Pr(f(A) # f(B)),

where A and B are Bernoulli random variables with B obtained from A by
flipping the sign of each coordinate randomly and independently with proba-
bility ¢.

DEFINITION. For f : R™ — {—1,1} a boolean function, and 1 > 6 > 0
we define the Gaussian noise sensitivity of f with parameter § to be

GNS;(f) == Pr(f(X) # f(Y)),

where X and Y are Gausstan random variables that together form a joint
Gaussian with

(1=0) ifi=j

0 otherwise

Cov(X;,Y;) = {

7.1.2. Previous Work. The main Conjecture about the noise sensitivity
of polynomial threshold functions was given in [10]

CONJECTURE 44 (Gotsman-Linial). Let f be a degree-d polynomial thresh-
old function in n variables, then

d—1
-+l " n—|(n-— .
LUELEDY (1602 (0= Lo = 072D
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REMARK. It should be noted that the upper bound conjectured above is
actually obtainable. In particular, if f is the polynomial threshold function
associated to the polynomial

n

d
1D 4-d+2i-1/2
1

i=1 \ j=
achieves this bound.

In particular, Conjecture 44 implies that
AS(f) = O(dv/n).

By the work of [12], this implies bounds on other notions of sensitivity. In
particular it would imply that

NS5(f) = O(dV6)

and

GNSs(f) = O(dV5).

Furthermore, this would imply the following bound on the Gaussian average
sensitivity

GAS(f) = O(dvn).

In particular, we have:

LEMMA 45. The largest Gaussian average sensitivity of any degree-d
polynomial threshold function in n variables is at most the largest average
sensitivity of a degree-d polynomial threshold function in n variables.

PrROOF. We will show that if f is a degree-d PTF in n variables, then
GAS(f) can be written as an expectation over the average sensitivities of
certain other degree-d PTFs in n variables. The key to this argument is
to produce the correct distribution on pairs of Gaussians that differ in ex-
actly one coordinate in an unusual way. In particular, we define n-variable
Gaussians Z and 7’ as follows:

1 1
Z; = —(X; + A;Y; ,2?;22 —(X; + B)Y;
ﬂ( ) \/5( )
where X;, Y; are independent Gaussian random variables, and A = (Ay,...,A,), B =
(By,...,By,) are Bernoulli random variables that differ only in a single ran-

dom coordinate and are independent of X and Y. It is clear that Z and Z’
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are random Gaussians that agree in all but one of their coordinates, and
that they are independent in the coordinate on which they differ. Thus,

GAS(f) =Pr(f(2) # f(Z)).

On the other hand, after fixing values of X and Y, we may define a new

degree-d PTF fxy by
Fr) =1 (5
XY : /2

Therefore, we have that

GAS(f) = Pr(f(2) # f(Z'))
=Exy [Pr(fxy(A) # fxy(B))]
= Ex y[AS(fx,y)]

This is at most the maximum possible average sensitivity of a degree-d PTF
in n variables. O

X A%

Proving the conjectured bounds for the various notions of sensitivity has
proved to be quite difficult. The degree-1 case of Conjecture 44 was known
to Gotsman and Linial. The first non-trivial bounds for higher degrees were
obtained independently by [12] and [6], who later combined their papers into
[5]. They essentially proved bounds on average sensitivities of Og(n!~1/9(@)
and bounds on noise sensitivities of O4(6Y/9@). For the special case of
Gaussian noise sensitivity, the author proved essentially optimal bounds
in [15] of O(dv/$). Only recently were better bounds obtained for the other
cases. In this paper, we prove a bound on AS(f) of Oc’d(n5/6+c), though note
that this bound has been superseded by [14], which improved the bound to
V/nlog(n)@(dloe(d) 90(d? log(d))

In this section, we show how the theory of diffuse decompositions can
be used to obtain the bound AS(f) = O, q(n®6%¢). Our basic technique
will be to compare NS;(f) to GNSos(f) using an appropriate invariance
principle. It should be noted that this idea could have been applied using
traditional means, but that the bound obtained would not have been better
than §1—C1/d)

7.2. Noise Sensitivity Bounds. In this section, we prove the following
three theorems:

THEOREM 46. If f is a degree-d polynomial threshold function, and if
c,0 >0, then
NSs(f) = Oca(6"/67°).

imsart-aop ver. 2013/03/06 file: DiffuseDecompositions2.tex date: March 15, 2016



DIFFUSE DECOMPOSITIONS 63

THEOREM 47. If f is a degree-d polynomial threshold function in n vari-
ables, and if ¢ > 0, then
AS(f) = Oca(n®/57°).
THEOREM 48. For f a degree-d polynomial threshold function in n vari-

ables and ¢ > 0,
GAS(f) = Oc,a(n”/*).

We begin with the proof of Theorem 46 in the case of regular polynomial
threshold function.

PROPOSITION 49. Let f = sgnop be a polynomial threshold function for
p a degree-d polynomial with a (1, N, m,¢€)-reqgular decomposition for 1/2 >
e,7>0. Let1 >0 >0, then

NS5(f) = O(dVd) + O(de'*log (™)) + O (N7 log(r~H)/24).

The proof of Proposition 49 will be to use the replacement method to show
that NSs(f) is approximately GNSq5(f), which we bound using the main
theorem of [15]. Unfortunately, we will not be able to apply Proposition 21
directly, but many of the techniques will be similar.

PRrOOF. Let A', A% be a pair of Bernoulli random variables so that for
each coordinate i, A} and A? are equal with probability 1 — 4§ independently
over different i. NS5(f) = Pr(f(A') # f(A?)) = 2Pr(f(A') = 1, f(A?) =
—1). We wish to bound this later probability.

Let X' and X? be Gaussian random variables so that the joint distribu-
tion (X!, X?) is a Gaussian with

Cov(X}, X2) = {1 - =g

0 Otherwise
Note that all of the first three moments of (A!, A%) are identical to the
corresponding moments of (X1, X?).

We are given that there exists a polynomial py with |p— p0|%7 p < €Var(po)
so that pg has a (7'1/5, N)-diffuse decomposition (h,qi, ..., Gm,) with ¢; mul-
tilinear and Inf;(¢;) < 7 for all 4, j. After rescaling these polynomials, we
may assume that Var(pg) < |po|3 = 1. Note that by Corollary 26 that with
probability 1—O(e) that |p(A*) —po(A?Y)| < €'/ log(e~1)¢ for each of i = 1, 2.
By Proposition 17 there exist functions f1, f2 : R™ — [0, 1] so that:
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o fi(x) =1if h(z)+ /?log(l + e 1% > 0.
o f2(z) =1if h(z) — /?log(l + e 1% < 0.

[Ef (@ (XD, am(XD)]
~ Ell(o00) (@1 (X1), ., gm(X 1)) + €2 log(1 + €7
= Ogm (N2 log(r71)dm/2 ),

(Bl (01(X7), - gm (X))
— Ell( oo 0) (R(a1(X1), ., g (X)) — €/ log(1 + ¢~ 1)D)|
= Og (N2 log(r71)dm/2 ),

o (/NP | = Op(77F/%) for 1 < k < 4.
We then have that

NS5(f) = 2Pr(f(A") = 1, f(4?) = 1)
<2E[f(q(AY), . qm(A) 2 (@1(A?), .., gm(A®))] + O(e).
We would like to relate

E[f1<q1(Al)7 s ,qm(Al>)f2(q1(A2), LR Qm(AQ))]
to
E[fl((h(Xl)v s ’Qm(Xl))f2(Q1(X2)’ s an(X2))]'

In particular, we have that with respect to the Gaussian distribution, f(q(X), ..., gm(X))
differs from [ ) (£(po(X)—€'/2log(e~1)?)) with L' error at most Oy, (N2 log (7= 1)dm/2+1),
This in turn differs from /(g ) (£po(X)) with probability at most O(de'/??log(e™1))

by Lemma 2. Hence we have that

E[fl(QI(Xl)v cee va(Xl))fZ(Ql(Xz)’ R Qm(X2))]
= O(de'*Mlog(e 1)) + O (N7 log (771> 1) 4+ E[I(g o) (P(X ) T —s0,0) (P(X?))]
= O(de'*1og(e ™)) + Ogym (N 7'/ log(r71)¥™/+1) + GNSps( )

= O(de'* 1og(e™1)) + Ogm (N2 log (7~ 1) 4™/ 2+ 1) 1 O(dV6).

Where the bound on the Gaussian noise sensitivity comes from the main
Theorem of [15].
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Thus, we are left with the task of bounding the difference between E[f*(g;(A')) f?(¢;(A

and E[f!(q;(X1))f?(¢;(X?))]. We do this with the replacement method. We
let Z** be the random vector whose j™ component is A; if 7 > ¢ and X]’:

otherwise. We note that Z%? = A" and Z%" = X*. We proceed to bound the
difference

(17) Bl (@2 (Z27)] = B (a(Z21) f(a(Z2))1-

We note that Z»~1 and Z%J agree in all but the j*' coordinate. Thus,
in bounding the difference above we may consider all but the j* coordinate
fixed. We then approximate the resulting function of Zjl, ZJ2 by it’s Tay-
lor series. In particular, if we let z; = Z}, then for appropriate functions
g1 and g2 (depending on the other coordinates of Z) we need to consider
E[g1(21)g2(22)]. Taylor expanding about (0,0), we have that g;(z1)g2(22)
equals a degree 3 polynomial in z; and zo plus an error of at most

219" (11)92(0) /24 + 27 2297 (t2) g5 (t3) /6 + 23 2397 (ta) g5 (t5) /4
+ 2123 9] (te) g5 (t7) /6 + 25.91(0)g5" (ts) /24

for some points t;. Since the expectations of the degree 3 polynomials in z;
and z9 are the same in the Bernoulli and Gaussian case, and since the fourth
moments are bounded, we have that the difference in Equation (17) is

" _n

O (E [|97" o + |91 951 + 197950 + |91

"

92’00 + ‘QWIOO]) .

Now the k' derivative of g; can be written as

m 3kfi k aqi (ZZ)
Y a1

On the other hand, by assumption, this partial derivative of f’ is at most
77%/5 and the product is at most

Thus, the total error in Equation (17) is at most

O C

/=1 i1=1

) |
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3y

Thus, aqé(zz_l) is a polynomial in independent Bernoulli and Gaussian random
J

It is clear that
E

= Inf;(qr).

variables with second moment Inf;(ge). Therefore by Lemma 27 its fourth
moment is Og(Inf;(qe)?). Therefore we have that the expression in Equation

(17) is at most
Od,m <7’4/5 Z Inf?(qd) .
l

Therefore, summing this over j, we get that
E[f!(a:(A") f2(ai(A%)] = E[f 1 (@(X 1) £ (0:(X?))]]
is at most

O [ 774° Inf3(qr)
it

On the other hand, for fixed £ we have that }  Inf;(q¢) = Oq4(1) by Corollary

30 and that for each j that Inf;(g,) < 7. Therefore, . Inf?(qg) = Oq4(71).
Thus, we have that

[E[f(:(AN)) £2(q:(A%))] = E[f(0:(X 1) £2(0:(X?))]| = Ogam (/7).
Recall though that
NS5 < E[f'(q:(A") f*(2:(A%))] + O(e)
and that

B[ (g:(X 1)) f*(a:(X?))]
= 0(de**log(1 + €1)) + Oy (NTY2 log(r~H)4M/2HL) L O(dVs).

Combining these yields our result.

We are now prepared to prove Theorem 46.
PrOOF. Write f = sgnop for p a degree-d polynomial. We will reduce to
the case of Proposition 49 by use of Theorem 34. In particular, we may write

p as a decision tree of depth O, 4(6 /6 log(671)9(®) so that a 1—°/6 fraction
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of the leaves are polynomials with either a (6°/6,57¢/2, O, 4(1), 62?)-regular
decomposition or with variance less than 62 times their squared mean.

Consider A' and A? random Bernoulli variables that differ in each coor-
dinate independently with probability d. Consider the path on the decision
tree above followed by A!. With probability at least 1 — 6°/6 the resulting
leaf satisfies one of the two cases specified by Theorem 34. Furthermore, with
probability at least 1 — O, 4(6"/%log(6~1)O@), A% agrees with A" on all co-
ordinates queried by the decision tree. Conditioned on this occurrence, the
probability that p(A') and p(A?) have different signs is equal to the noise
sensitivity with parameter ¢ of the polynomial threshold function defined
by the leaf. If the leaf has a (55/6, 6¢/2, Oc,a(1), §2)-regular decomposition,
this is Oc7d(61/ 6=¢) by Proposition 49. If this polynomial has low variance
compared to its mean, then both p(A') and p(A2) are the same sign as the
mean of p with high probability by Corollary 26. Thus, we have that

NS5 (f) < 8%/ + 0ca(0"/og(671) @) + 0ea(6"/°7%) = Oca(8Y/070).
O

Theorem 47 now follows immediately by Lemma 8.1 of [12]. And Theorem
48 follows from Theorem 47 and Lemma 45.

8. Application to PRGs for PTFs with Bernoulli Inputs. In [19],
Meka and Zuckerman developed a relatively small pseudo-random generator
of polynomial threshold functions with Bernoulli inputs. Their generator
was defined as follows. Let h : [n] — [a] be a hash function picked from a 2-
independent family. Let A',... A% : [n] — {—1,1} be chosen independently
from a k-independent hash family. Meka and Zuckerman’s generator is given
by A; = A?(Z). Meka and Zuckerman show that for appropriate chosen m =
O(e7?) and a = O(e~9?) that this generator fools all degree-d polynomial
threshold functions to within e.

Meka and Zuckerman’s proof is essentially to think of h as constant and
to use the replacement method to bound the expected errors as the A’ are
replaced by random Gaussians vectors one at a time. If the polynomial in
question is sufficiently regular, then these errors will be small, and thus,
the expected value of the PTF in question over the PRG will be close to
the expected value of the PTF over random Gaussian inputs, and by the
Invariance Principle, the expected value at random Bernoulli inputs will
also be close. Unfortunately, this technique had been limited by the classical
Invariance Principle and Regularity Lemma, and thus, could not produce
a PRG of seed length less than ¢ ©(@ . In this section, we will show how
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68 D. KANE

our Diffuse Invariance Principle and Regularity Lemma can improve this to
produce a PRG of seed length Oy(log(n)e= ™).

We begin by producing a pseudorandom generator that works in the case
of regular polynomials, and then reducing the general case to this one.

8.1. The Regular Case.

PropPOSITION 50. Let p be a degree-d polynomial in n variables with a
(1, N,m, €)-reqular decomposition. Let a be a positive integer. Let h : [n] —
[a] be picked randomly from a 2-independent hash family and for each h
let AY,..., A% : [n] — {—1,1} be picked independently from 4d-independent
hash families. Define the m-variable function A in terms of h and A’ as
A = A?(i). Then if B is a Bernoulli random variable, |E[sgn(p(A))] —
E[sgn(p(B))]| is at most

Odm(NTY? log(1 + 77 1)@m/21) 1 O(de/4og(e 1)) + O(a~1r7Y).

We begin by showing that a similar statement holds for an appropriate
choice of h.

LEMMA 51. Let p and py be degree-d polynomials with |p — pO’%,B <

€2 Var(po) so that po has a (1, N)-diffuse decomposition (g, q1, - - -,qm) with
gi multilinear (1/2 > e¢,7 > 0). Suppose furthermore that h : [n] — [a] is a

function so that
2
a

S Y Ymiw) <-

J=1 \L:h(0)=j

Let A, ... A% : [n] = {—1,1} be picked independently from a 4d-independent
hash family. Define the random variable A so that its i coordinate is the
it coordinate of AMY. Then for G a random Gaussian we have that

E[sgn(p(A))] — E[sgn(po(G))]| < Oam(NT/>log(r~1)™m/2H) 4+ O(de'/?4).
PRrROOF. We show that
Pr(p(A) < 0) < Pr(po(G) < 0) + Og (N7 log(r~1)4m/2H1) 1 O(del/9).

The other direction will follow analogously.
First, we note that by Corollary 26 that with probability 1 — O(e) that

Ip(A) — po(A)| < €'/2/Var(pg) < €'/?|po|a. Therefore,
Pr(p(A) < 0) < Pr(po(A) < —¢'|pol2) + O(e).
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On the other hand,
Pr(po(G) < —€"/2Ipol2) = Pr(po(G) < 0) + O(de'/*)
by Lemma 2. Hence it will suffice to prove that
Pr(po(A) < —€"?|pola) < Pr(po(G) < —€'/2|po|2)+Om (N7 log(r~1)#m/241),
Modifying po by €'/ 2|pg |2, it suffices to prove under the same hypothesis that
Pr(po(A) < 0) < Pr(po(G) < 0) + Og (N7 log(r 1) /24,

The proof is by Proposition 21. Let B’ be the vector of entries Aé- of A
for which h(j) = i. Reordering, the coordinate variables we can make it so
that A = (B',..., B%). Similarly, let G = (G',...,G). Note that since the
q; are multilinear and degree at most d, that any degree-3 polynomial in the
¢; has the same expectation under the B’ as under the G*. We may thus
apply Proposition 21 with k£ = 4. We have that
(18)

[Pr(po(A) < 0) — Pr(po(G) < 0)] = Ogyn(N7Y/5 log(r~1)im/251 4 7=4/57),

Recall that T above is
> T
4,J
where T; ; is
E [(qi(Bl,...,Bj,Gj“,...,G“) —Ey[g(BY,..., By, Gﬂ‘“,...,G“)])ﬂ

+E [(qi(Bl,...,Bffl,Gj,...,Ga) ~Ey[g(BY,.... By, Gj“,...,G“)])ﬂ .

By the 4d-independence of the B, this expectation is the same as it would
be if they were fully independent Bernoulli variables. Thus, by Lemma 27,
this is at most

o . . 2
Od (E |:(qZ(Blv cee 7B]7G]+17 cee 7Ga) - EY[qi(Bla tee 7B]_17}/7Gj+17 e Ga)])2:|>
1 1 L - 1 271 2
+Oy (E [(qi(B BTG GY) — Bylg(BY,. . BLY, GO GY) D .
Since the terms in the expectations above are at most quadratic in any

coordinate, the expectation is unchanged by replacing Gaussian inputs with
Bernoullis and hence

Ty =0u(Bg g pulVarp(@(B))?)
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The variance above is clearly the sum of the squares of the coefficients of the

non-constant terms of the polynomial obtained by substituting the values of

B',...,BJ,...,B® into ¢;. The expectation of this is easily seen to be the

sum of the squares of the coefficients of the monomials in ¢; containing at

ITeist one of the B variables. This in turn is clearly at most ., ;)—; Infe(i).
us,

2

Thus, by Equation (18),
[Pr(po(4) < 0) — Pr(py(G) < 0)] = Oy (NT/% log (7~ 1)/ +1),
completing our proof. ]
We can now prove Proposition 50

PROOF. Let ¢i,...,qn be as given in the (7, N, m, €)-regular decomposi-
tion of p.

By the above Lemma, it suffices to prove that with probability 1 —
O(a=1771) over h that

2
a

S Y Y@ = 0w,

j=1 \ish(i)=j ¢

On the other hand this is at most

m> Y Infi(g)*+mY Y Infi(g)Infy(qe).
¢

€ iih(i)=h()

Since ), Infj(qr) = O4(1) for each ¢ and since each Inf;(g,) is at most 7, the
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first term above is Og (7). The expectation of the latter term above is

m/aZZInf qe)Infy (qr) < O, _IZ (Zlnf qe >

0 i
::()dﬁn(a_ ).

Our result follows from the Markov bound on this random variable. O

8.2. The General Case. We are now prepared to state our conclusions
in the general case.

THEOREM 52. Let A be a random wvariable defined as follows. Let h :
[n] — [a] be picked randomly from a 2-independent hash family for a = €.
Let A', ... A% : [n] — { 1,1} be picked independently from k-independent
hash families for k = ¢ ° 4+ 4d. Let A; = A for 1 < i < n. Note that A
can be generated from a seed of length O(log( Ye~ ). Let B be a random n-
dimensional Bernoulli random variable, and let f be any degree-d polynomial
threshold function in n variables. Then for any ¢ > 0

[E[f(A)] = E[f(B)]] = Oc,a(e' ™).

REMARK. Note that by changing the values of a and k above we can
find a PRG with seed length O, q(log(n)e 117¢) that fools degree-d PTFs to
within €.

PROOF. Note that the coordinates of A are k-independent (since they
are for each possible value of h). Assume that e is sufficiently small (since
otherwise there is nothing to prove). By Theorem 34 we know that f can
be written as a decision tree of depth ¢~® so that with probability 1 — O(e)
a randomly chosen leaf is of the form sgn o p where either Var(p(B)) <
E|E[p(B)]| or p has an (€%, 5 0. 4(1), €®?)-regular decomposition. For
each such decision-tree path, condition on A and B on having the appro-
priate values on the appropriate e coordinates defining this branch of the
decision tree. Note that the conditional distribution on A can be written in
the same form as A was originally written only with the A’ perhaps only
being 4d-independent.

There is a probability of 1 —O(e) that p satisfies one of the two conditions
outlined above. If the former condition holds, both p(A) and p(B) have
the same sign as E[p(B)| with probability 1 — O(e). In the latter case, by
Proposition 50, we have that for an appropriate pg

Elsgn(p(A))] = Elsgn(po(G))] + Oam(e' ) = Elsgn(p(B))] + Ogm(e' ™)
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(since B is also of the form specified in Proposition 50). This completes our
proof. O

9. Conclusion. We have introduced the notion of a diffuse decomposi-
tion of a polynomial and proved that they exist for reasonable parameters.
This in turn has allowed us to make improvements on known bounds for
several major problems relating to polynomial threshold functions. There
are several directions in which this work might be expanded. Perhaps most
importantly is that the theory introduced in this paper may well have appli-
cations to other problems of interest in the field. On the other hand, Theorem
1 still has room for improvement. In particular, I believe that such a diffuse
decomposition should exist with size merely polynomial in dN/c. Producing
such a technical improvement, would allow one to noticeably improve the
d-dependence in all of the applications presented in this paper.
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