CSE 203A Homework 3 Solutions

Fall 2017

Question 1 (Cover Times of Regular Graphs, 25 points). (a) Let G be a connected d-regular undirected
graph on n vertices. Consider the random walk on G. Show that the commute time C, . between
any pair of vertices v and w is O(n?). Hint: First bound the diameter of G. [15 points]

(b) Show that the cover time of G starting from any vertex is O(n?log(n)). [10 points]

Solution 1

(a) For any pair v, w consider the BFS search tree rooted at v. Any three consecutive levels will have at
least d + 1 nodes (because there are d neighbors of any node in the middle level). So there are at most
O(n/d) levels. Thus there is a v ~» w path of length O(n/d). The expected number of steps needed
to cover any edge & — y starting from z is O(|E|) = O(nd). Therefore, the commute time C, ,, is

2 x O(n/d) x O(nd) = O(n?).

(b) Let Ty be the time it takes to cover half of the vertices. First we will prove that C'1 = E[T%] is at most
twice the commute time. Let T} be the time when we reach i** new node. > T > g X T% + 5 x 0. So
Ci1 < 2% E[T;] < 2x “commute time”.
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In every 2x “commute time” steps w.h.p. we cover half of the vertices not covered so far. So w.h.p
in O(logn)x “commute time” time we cover all the vertices and thus cover time is O(n?logn).

* The above proof is from page 11 of the following survey by L.Lovasz.
(https://users.wpi.edu/ ylil5/courses/DS504Fall17/includes/RWSurvey.pdf)

Question 2 (Counting and Sampling, 25 points). Let S be a subset of {0,1}" (think of the set of things
that we would want to count in some # P problem). Let a subcube C be a subset of {0,1}"™ obtained by
fizing some of the n coordinates and letting the remaining coordinates by any combination of 0s and 1s. We
consider the problems of counting elements from S subject to restrictions and of sampling.

(a) Show that if you have a polynomial time algorithm that can count the number of points in SNC for any
subcube C, you can produce a polynomial time algorithm for sampling uniformly from S. [10 points]

(b) Show that if you have a polynomial time algorithm for sampling uniformly from SN C for any subcube
C for which the intersection is non-trivial, that you have a randomized FTPAS for approximating the
number of points in S. [15 points/

Solution 2

(a) Let Cy, as,....a5 be the cube whose first k coordinates are fixed to be (a1, aq, ..., ax).

For i =1 ton,
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Output (a1, az,...,ay).

For i =1, Cy, 49,....a,., = {0,1}" and |[S N Cy,.as,....a;_,| = |S]. By induction we get that after any
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Suppose we want to approximate |S| within multiplicative factor (1 & €) with error probability at most
6. We can achieve this if we approximate each term in the above multiplication within multiplicative
factor (1= £) with error probability at most 2.

For the i'" term we will draw samples from the sets (S N Cy, 4, .a;,) and calculate the fraction of

samples that fall into (SN Cy, a,,....q;)- For the ratio (and its multiplicative inverse) to lie within mul-

tiplicative factor (1 £ <) of the actual value, with error probability at most %, we will have to take
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poly(n, log(%), o E) samples (for the Chernoff bound to work), where p is the probability that a sample

falls into (SN Cay.as....a;)-

One last thing which we need is that,

— for all of the first n terms p should at least be m - because then, on expectation, super polynomial
samples will be needed for the desired approximation and error probability.

— the (n + 1) term (i.e. [S N Ca,.as.....a,|) should be 1 and not 0.

So for any *" term we will try both the values of a; and choose the one which gives us a bigger

ratio. The bigger one may not always give us a; with u > %7 but if there is a; with u < m, w.h.p.

it will not give us a;. Thus, for all the n + 1 terms in the multiplication, w.h.p. we get what we desire.

Question 3 (Triangle Coloring, 25 points). Let G be a 3-colorable graph. Give a polynomial time randomized
algorithm for coloring the vertices with two colors so that there is no monochromatic triangle. Hint: Consider
a fized 3-coloring C of G. Perform a random walk on 2-colorings of G and keep track of the number of vertices
whose colors agree with their coloring under C (noting that one of the three colors in C' will be impossible to
match,).

Solution 3 Consider any 3-coloring C' € {0,1,2}" of the graph G. V(G) can be partitioned into three
components Vp, V1 and Va, where V; is the set that contains vertices having color ¢ in C'. Note that G is a
tripartite graph with V;s as its three partitions with no intra-edges.

Consider any arbitrary coloring X € {0,1}™. If all the vertices in Vj get color 0 and all the vertices in
V1 get color 1, any triangle will have atleast one vertex of color 0 (the vertex lying in V4) and at least one
vertex of color 1 (the vertex lying in V7), and thus no monochromatic triangles will exist.

We will start with X. Modify it by picking at each step, any arbitrary monochromatic triangle, and flipping
the color of one of its randomly chosen vertex. We will repeat this process until the point where there are
no monochromatic triangles left. Now we will argue that the expected running time of this process is poly(n).

We will define a Markov chain (which represents the above simulation) on n + 1 states (X,,, Xp—1,...,Xo).
X represents the state where the hamming distance between X and C'is i. For any i € {1,2,...,n—1}, X,
has three outgoing edges of weight 1/3 each, backward edge E} : X; — X;41, self-loop E} : X; — X; and
forward edge E} : X; = X;_1. Outgoing edges form X,, and X, can also be defined similarly.



The coloring X starts at some initial state X;. Suppose at time stamp t we choose a monochromatic
triangle T' = (vp, v1,v2), where vg € Vp,v; € V] and vy € V5. W.lo.g we can assume that T is colored 0.
Choosing Ej represents the event that we flipped vy, i.e. increased the hamming distance. Choosing Fy
represents the event that we flipped vy, i.e. decreased the hamming distance. Choosing E; represents the
event that we flipped vo, i.e. didn’t change the hamming distance. In the worst case scenario we will have
to start at X,, and will have go till X,. But the expected commute time Cx, x, is only poly(n).

Question 4 (High Degree Regular Graphs and Expanders, 25 points). Consider G a connected, d-regular
graph on n vertices.

(a) Show that if d > 2n/3 that h(G) = Q(n). [10 points]
(b) Give an example of a graph with d =n/2 —1 where h(G) = O(1/n). [10 points]

(¢) What can you say about the cover times of these graphs? [5 points]

Solution 4

(a)

For any arbitrary set S C [n] with [S] < 3,
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(b) Take two K= graphs C; and C3. Construct a connected (n/2 — 1)-regular graph G' by removing any
edge (r1,y1) from C; and another edge (z2,y2) from Cs, and adding cross edges (z1,x2) and (y1,ys2)-
So,
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(¢) Commute time in part (a) is O(n) (in two steps any node is reachable with 6(1/n) probability). Com-
mute time in part (b) is O(n?) (Q-1(a)).

Note that the commute time in part (b) also has a lower bound of Q(n?) because it takes around
n? steps to cross from one side to the other - because the probability that we take any of the two edges

(z1,22) and (y1,y2) (in the second step) starting at any node (in Cy) other than z1 and y; is Q(%).

So by the same argument as in Q-1(b) the cover times are O(nlogn) and O(n?logn) respectively.



