
CSE 203A Homework 2 Solutions

Fall 2017

Question 1 (Size of k-wise Independent Families, 20 points). We noted that there were k-wise independent
families of hash functions from h : [n]→ [m] of size 2O(k log(nm)). Here we will show that this is tight.

(a) Show that any k-wise independent hash family H of functions from a set S of size at least k to [m] has
|H| ≥ mk (Hint: consider the probability of h(x1) = h(x2) = . . . = h(xk) = 1) [10 points]

(b) Show that of n > k > 0 is an even number, that any k-wise independent hash family H from [n] to {±1}
must have |H| � (n/k)k/2. You may use the fact that if X1, . . . , Xn are i.i.d. ±1 random variables that

E
[
(
∑n
i=1Xi)

k
]
≤ (nk)k/2. [10 points]

Solution 1

(a) ∀(a1, a2, . . . , ak) ∈ [m]k Ph∼H[h(x1) = a1 ∧ h(x2) = a2 ∧ . . . ∧ h(xk) = ak] = 1
mk
6= 0, i.e. for each

k-tuple T there exists a h ∈ H which hashes (x1, x2, . . . , xk) to T . All of these mk hash functions must
be distinct since they hash (x1, x2, . . . , xk) to different k-tuples. Thus, |H| ≥ mk.

(b) Let h′ ∈ H be a fixed hash function. For any i ∈ [n], define two random variables Yi = h(i) and
Xi = Yi × h′(i), where h is drawn from H u.a.r. Since Yis are k-wise independent, Xis are also k-wise
independent.

E[(
∑
iXi)

k] ≤ (nk)
k
2 , since each term in the expansion has same expected value as in the case of

i.i.d. variables.

For h = h′ all Xis take value 1 and (
∑
iXi)

k = nk. For h 6= h′, (
∑
iXi)

k is non-negative since k
is even. Ph∼H[h = h′] = 1

|H| . Thus, E[(
∑
iXi)

k] ≥ 1
|H|n

k.

Hence, nk

|H| ≤ (nk)
k
2 , or |H| ≥ (nk )

k
2 .

Question 2 (Multiple Stamp Collector, 20 points). Suppose that instead of trying to collect one of each of
n types of stamps, a collector is trying to collect at least k copies of each type (for some constant k). As
usual, the collector receives random stamps until this is achieved. Show that the expected number of stamps
required is n log(n) + (k − 1)n log log(n) +Ok(n).

Solution 2 Let the number of total stamps (say X) be generated by a poisson distribution with λ as the
parameter which we will fix later. The number of stamps of any particular type i (say Xi) will be given by
a poisson of parameter is λ

n . Moreover, all the Xis will be independent.

∀i P[Xi < k] =

k−1∑
j=0

e−
λ
n

λ
n

j

j!
≤ e− λn

[ eλ

n(k − 1)

]k−1
= a

P[∀i Xi ≥ k] = Πi[1− P[Xi < k]]

≥ [1− a]n ≈ e−an
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In this process of poissonization X lies in the interval I = {λ−
√
λ, λ +

√
λ} w.h.p. We will choose λ such

that e−an tends to 1, i.e. the event, that k copies of all the type of stamps have been collected, occurs w.h.p.

Let Yl be the event “lth stamp is the kth copy of some type and all the other types (already) have at
least k copies” and let yl = P[event Yl occurs]. Then, the expected number of stamps collected such that for
all the types k copies have been collected is,

∑
l l × yl.

The analysis of poissonization tells us that,

1. W.h.p. X ∈ I and P[∀i Xi ≥ k] is close to 1.

2. For all the ls smaller than λ+
√
λ, the sum

∑
l≤λ+

√
λ yl is close to 1.

(else point 1 will be contradicted)

3. The sum
∑
l l × yl is upper bounded by λ+

√
λ.

(else point 2 will be contradicted)

Now, choosing λ = n log n+ (k − 1)n log log n we get,

a =
1

n
× [

1

log n
]k−1 × [

e

k − 1
]k−1 × [log n+ (k − 1) log log n]k−1

=
1

n
× [

e

k − 1
]k−1 × [1 + (k − 1)

log log n

log n
]k−1

≤ Ck
n
× e(k−1)

2 log logn
logn

Thus a = o(1)
n , e−an = e−o(1) (arbitrarily close to 1) and λ+

√
λ ≤ n log n+ (k − 1)n log log n+Ok(n).

Question 3 (Two Dimensional Pattern Matching, 20 points). Let X be an n× n matrix and Y an m×m
matrix, each with entries in {1, 2, . . . , k}. Find a randomized algorithm to determine if there is a copy of Y
within X. In particular determine if there are m consecutive rows of X and m consecutive columns so that
the corresponding m ×m submatrix of X equals Y . Your algorithm should run in time O(n2) and have a
2/3 probability of success. You can assume that you can perform arithmetic on number of size polynomial in
nmk in constant time.

Solution 3 We will use a simple generalization of the string matching algorithm. Viewing any sub-matrix of
size m×m starting at the co-ordinates (i, j) as k-ary string of m2 length (after flattening out the sub-matrix
one row after the other), we will compute its values modulo some (randomly chosen) prime p. Let’s call this
value V (i, j). For any (i, j) define,

R(i, j) = [

m−1∑
l=0

X(i, j + l)× kl] mod p, and

C(i, j) = [

m−1∑
l=0

X(i+ l, j)× (km)l] mod p.

It is easy to see that for any (i, j),

V (i+ 1, j) = [(V (i, j)−R(i, j))/km +R(i+m, j)× km−1] mod p, and

V (i, j + 1) = [(V (i, j)− C(i, j))/k + C(i, j +m)× km−1] mod p.

After computing V (1, 1) we will use the pre-computed values R(i, j)s and C(i, j)s to compute any V (i, j)
in O(1) time, and output “yes” if any V (i, j) matches the corresponding value V (Y ) of the matrix Y . Any
R(i, j) or C(i, j) can be computed in O(1) time by using the pre-computed R(i, j)s or C(i, j)s respectively (as
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done in the string matching algorithm). All these computations will be done in O(n2) time. The probability
that V (i, j) = V (Y ), and that Y is not the same as the sub-matrix starting at the co-ordinates (i, j) will be
at most 1

3n2 if we choose p to be a random prime smaller than (kmn)3. So the total error probability will
be at most 1/3.

Question 4 (Load Balancing with k-wise Independence, 20 points). Suppose that h is chosen from a k-wise
independent family of hash functions from [n] to [n].

(a) If k is constant, so that with at least 99% probability that no bin i has |h−1({i})| > Ckn
1/k for some

sufficiently large constant Ck. (NB: This is actually optimal under just k-wise independence.) [10 points]

(b) Show that if k � log(n)/ log log(n) that with at least 99% probability that no bin i has |h−1({i})| > k.
[10 points]

Solution 4

(a) For any bin i and any element j define Xij to be the indicator variable of the event that element j is
hashed to bin i. So the random variable Xi =

∑
j Xij will give the number of elements hashed to bin i.

∀j E[Xij ] =
1

n

E
[(
Xi

k

)]
= E

[(
Xi1 +Xi2 + . . .+Xin

k

)]
=

∑
S⊆[n]: |S|=k

Πj∈SE[Xij ]

=

(
n

k

)
× 1

nk

P[Xi ≥ Ckn1/k] = P
[(
Xi

k

)
≥
(
Ckn

1/k

k

)]
≤

1
nk

(
n
k

)(
Ckn1/k

k

)
≤

1
nk

( enk )k

(Ckn
1/k

k )k

= (
e

Ck
)k × 1

n

P[∃i Xi ≥ Ckn1/k] ≤ (
e

Ck
)k ≤ 1

100

The error probability is less than 0.01 for Ck = e(100)
1
k .

(b) Substituting Ckn
1
k = k in the above setting we get,

P[∃i Xi ≥ k] ≤ (
e

k
)kn.
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This is less than 0.01 for k = e logn
log logn and sufficiently large n.

(
k

e
)k ≥

(
log n

log log n

)e logn
log logn

=

[
n

log logn−log log logn
log logn

]e
= ne × n−e

[
log log logn

log logn

]
≥ ne × n
≥ 100n

Question 5 (High Probability Collision Bound, 20 points). Suppose that h : [n]→ [n] is a uniform random
function. Let Ch be the number of pairs of x 6= y so that h(x) = h(y). Show that Ch ≤ 2n with high
probability, that is with probability at least 1− exp(−nc) for some c > 0.

Solution 5 Let the number of total elements (say X) be generated by a poisson distribution with λ = n+n
2
3

as the parameter. The number of elements hashed to any particular number i (say Xi) will be given by a
poisson of parameter λ

n . Let Yi =
(
Xi
2

)
be the number of pairs of x 6= y such that h(x) = h(y) = i. The Yis

will be independent because the Xis are independent. Y =
∑
i Yi will give the total number of collisions.

E[Yi] =
E[X2

i ]
2 − λ

2n = λ2

2n2 < 1 and E[Y ] < n.
We would like to apply Chernoff bounds, however we cannot do so directly since the Yis are unbounded.

However, it is easy to see that with high probability Yi ≤
√
n for all i. Conditioning on this event we have

that Zi := Yi/
√
n is bounded between 0 and 1. Thus, if Z =

∑
i Zi, since E[Z] <

√
n, the Chernoff bound

tells us that P[Y > 2n] = P[Z > 2
√
n] ≤ ( e4 )

√
n.

We note that this analysis holds for Poi(λ) samples. However, since n is substantially less than λ−
√
λ,

concentration bounds on the Poisson distribution tell us that we have at least n samples with high probability.
Thus, with high probability Y is an upper bound on the number of collisions seen in the first n samples.
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