CSE 203A Homework 1 Solutions

Fall 2017

Question 1 (Producing Unusual Probability Distributions, 20 points). Often it is assumed that your random
algorithm is given access only to a string of uniform random bits. However, it is sometimes necessary to
generate (or approximate) samples from other probability distributions.

(a) Suppose that you want to simulate a biased coin. In particular, you would like to produce a random
variable that returns 1 with probability p and 0 otherwise for some specified 0 < p < 1. Show how to
generate a sample from this distribution using an expected O(1) uniform random bits. [10 points]

(b) Suppose instead that you need to simulate an explicitly given probability distribution on {1,2,3,...,n}
(so you are given the probability that your oulput should be i for each i as an explicit real number).
Show how to simulate a sample from this distribution using an expected O(log(n)) bits (in fact a careful
analysis should allow you to use only logy(n) + O(1) bits). [10 points]

Solution 1

(a) Idea : Let p(1) = p and p(0) = 1 —p. Toss a uniform coin. If the output is i € {0,1} and p(i) > p(1 —1i)
return . Else repeat the process with the new values of p(0) and p(1) which ensures that the final
probability of returning any i is p(i). Now at each step we have a lower bound of 1/2 on the probability
of termination so the expected number of iterations will be less than or equal to 2.

Algorithm A(p) :

Generates a random bit b

o Ifp>1/2

— If b=1 return 1

— else return A(2(p — 1/2))
e Else

— If b=0 return 0
— else return A(2p)

Correctness : Let the binary representation of p be (0.p1ps...p;...). We return 1 at the i*" iteration
if and only if b =1 and p; = 1. So,
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(b) Algorithm : W.lo.g. assume n to be a power of 2. We will first partition the set into two sets of size 5
each. Let p be the combined probability of all the elements of the first partition. We will simulate A(p)
until we get any output. If the output is 1, we will throw the second partition and scale the probabilities
of the first partition appropriately to make the sum 1, and then repeat the whole process again. If the
output is 2, we will do the opposite. We will iterate until we get a singleton set. This last element left

will be the output.

Correctness : By using the analysis in part(a) and applying mathematical induction we can prove
that any of the n — 2 subsets (that can be created by the above process) is selected with the probability
equal to the sum of the probabilities of all its elements. Thus, each element is returned with the appro-
priate probability.

We perform the partitioning step [logn] times. Let X, be the number of iterations the algorithm
A takes between the i — 1" and the i*" partitioning. Using the same argument as in part(a) we can
show that V ¢ E[X;] < 2. Let X =3, X; be the total number of iterations. By linearity of expectation
E[X] < 2logn + 2.

Question 2 (Expectation and Tail Bounds, 25 points). Let U be a set of size 2n (for n some positive
integer). Let S and T be two uniformly chosen random subsets of U each of size n. Let X =|SNT].

(a) Compute the mean p = E[X]. [5 points]
(b) Compute Var(X). [5 points]

(c) Use the Chebyshev bound to compute an interval I so that X € I with probability at least 1 — n=1/2, [5
points]

(d) Compute the central fourth moment E[(X — pu)*] of X, and use it to find a smaller interval I so that
X € I with probability at least 1 —n='/2. [5 points]

(e) Can a better bound by obtained by applying a Chernoff bound? Why or why not? [5 points]

Solution 2

(a) Let X; 4 be the indicator random variable of the event i € A (where A € {S,T}), i.e.

1 i€ A
Xpa=4q, 'S0
’ 0 otherwise

and let X; be the indicator random variable of the event ¢ € SN T, i.e.

1 4 T
X, = 1€8 ﬂ.
0 otherwise

2n—1
E[X,s] = E[Xi.z] = ¢ (';;1)) — 1 E[X,] = E[X; s X; 7] = E[X; s]E[X; ] = 1/4 (as the events of choosing
S and T from U are independent). The random variable X = |S N T| can be expressed by the sum
Z?L X;. Thus, by the linearity of expectation E[X] = n/2.
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(¢) X can take values from the interval [0,n] with E[X] = n/2. We want to find an interval I of the form
[n/2 — x,n/2 + x] such that X lies in I with probability at least 1 — ﬁ Using n/4 as an upper bound
on Var(X) and applying the Chebyshev bound, we get

1
BlIX — | < ko] > 1 - —

k2

an—ﬁs%am—%

1

X — Z| < Vnvn —
Py | ny/n/ -~
P[|X—ﬁ|<”%]>1—i

2" 2~ n

n—n% n—l—n% 1
>1-— —

PIX €{ 5 g = ~



n3

Ewngmdmxﬂzﬂ%:Tj

E[X?] = E[X; X, X4]
=Y E[XisX;.sXesEIXi 1 X 7 Xe 7]

1,5,k

= E[XisX;5Xks]’
1,5,k

= > EXis?+3 Y EX;sXpsl®+ Y, E[XisX;sXks]?
i=j=k i=j#k it Akt

~ni(n+1)

C 4(2n—1)

EXY =Y E[X;sX;5XksX5]°
1,5,k,l
~ndnP4+n?—3n—1)
4(2n —1)(2n — 3)

E[(X — )] = B[X* —4X3u +6X2u? — 4Xp® + p*]
= E[X*] — 4uE[X®] + 64°E[X?] — 4p°B[X] 4 p*
B n?(3n —4)
16(2n — 1)(2n — 3)
3

_ 9.2
=" + O(n)

Using n2/16 as an upper bound on E[(X — p)%] and applying the Chebyshev bound, we get
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Using the fourth moment we got an interval of size ng, which is smaller than the size of the interval we
. . 6
got using variance (ns).

(e) Chernoff bound is useful when dealing with sum of random variables. In this case the variables X; s and
X, s are not independent and thus we can’t apply Chernoff bound.

Question 3 (Probability Amplification, 15 points). Suppose that for some decision problem, we have a
BPP algorithm, that on any instance computes the correct answer with probability at least 2/3. We wish
to improve the probability of error by running the algorithm n times on the same input using independent
randomness between trials and taking the most common result. Using the Chernoff bounds, give an upper
bound on the probability that this new algorithm produces the incorrect result.



Solution 3 Let X; be the indicator random variable of the success of the i*" iteration of the algorithm, i.e.

¥ {1 it" iteration gives correct answer
=

0 otherwise

and let X = > | X; be the sum of all these n independent random variables. E[X;] = 2/3, so by the
linearity of expectation, we get E[X] = 2n/3. As we choose to go by the majority our failure probability is
defined by the event X < n/2, i.e., majority of the iterations gave the wrong answer. Using Chernoff bound
we get,

P[X <n/2] =P [X <E[X](1-1/4)] < [ei x (Z) 4] o < (0.99)™,

which is exponentially small. Any value of E[X] greater than 2/3 will only make this error probability
smaller.

Question 4 (Complexity Theory, 20 points). Recall that NP is the class of languages L so that there is a
short proof of membership in L. In particular, a language L is in NP if and only if there exists a polynomial
time, deterministic algorithm A(x,s) so that

x € L <= There exists s so that A(z,s) accepts.

(a) Show that NP D RP. [5 points]
(b) Show that if BPP O NP that NP = RP. [15 points]

Solution 4

(a) Any language L € RP has a randomized polynomial time algorithm A which accepts any input = € L
on more than 1/2 of its random strings, and rejects any input = ¢ L on all its random strings. Treating
these random strings as certificates we get an N P algorithm for L, proving RP C NP.

(b) For proving NP = RP it’s enough to give an RP algorithm for the N P-complete problem SAT, i.e.,
it’s enough to design a randomized algorithm which satisfies the following three properties :

1. Runs in time polynomial in the size of the input (boolean) formula;
2. Rejects with probability 1 if the formula is unsatisfiable; and
3. Accepts with probability greater than 1/2 if the formula is satisfiable.

If NP C BPP, there will be some BPP algorithm A for SAT. W.l.o.g. we can assume that it’s failure

probability is at most 2%, where n is the number of variables of the input formula.

Idea : We will try to construct a satisfying assignment by using the algorithm A as a black-box. If
the input formula ¢(z1,zo,...,z,) is satisfiable we know that there is at least one satisfying assign-
ment and that A will accept (w.h.p.). If A accepts, we will pick a variable z; and set its value to 0
and feed the modified formula to A (for example if ¢p(x1,x2,23) = (1 V x2) A 3, setting x2 = 0 gives
d(x1,0,23) = 21 A x3 and setting xo = 1 gives ¢(x1,1,23) = x3). If A accepts this modified formula we
know that (w.h.p.) there is a satisfying assignment with x; = 0, and if A rejects we know that (w.h.p.)
there is a satisfying assignment with z; = 1. Repeating this process n times we will get (w.h.p.) a
satisfying assignment for ¢. Since we want to reject with probability 1 in the case ¢ is unsatisfiable, we
will do a final check to see if actually A gave us the right answers all n+ 1 of the times. We will do so by
simply computing ¢ on this final assignment which we constructed, and then rejecting if ¢ is not satisfied.

Algorithm : For any input formula ¢(x1,xs,...,2,) the RP algorithm will run as follows :



— Run A(p(x1, 29, ...,2,)), reject if A rejects, else go to the next step.
— Fori=mntol, do

o run A(¢p(z1, 22, ..., Ti-1,0,a811,...,a,));
e if A accepts set a; = 0, else set a; = 1.

— Reject if ¢(aq,ag,...,a,) =0, else accept.

Correctness : The algorithm clearly satisfies property 1 and 2 since it runs A only n + 1 number of
times, and comes up with an actual satisfying assignment before accepting. For property 3 consider
the case when the formula is satisfiable and each of the n 4+ 1 simulations of the algorithm A gives us
the correct answer. The assignment (a1, as,...,a,) will actually be a satisfying assignment of ¢, and
thus we will accept. The probability of this not happening can easily be computed by a simple union
bound over the error probabilities of all the n + 1 steps, which is upper bounded by "Ttl Therefore, our
algorithm satisfies all the three properties and thus is an RP algorithm for SAT resulting in NP = RP.

Question 5 (Yao’s Principle for Distribution Testing, 20 points). In distribution testing, you are given n
independent samples from a distribution X that is guaranteed to either be in some family C1 of distributions or
some other family Co of distributions on the same domain. Your objective is to have a randomized algorithm
that for any X determines which family it is a member of with at least 2/3 probability over the set of samples
chosen. Show that this is always possible to do unless there is some ensemble £ of probability distributions
taken from C; UCsq (that is a probability distribution over probability distributions) so that if X is taken at
random from € and n independent samples are then chosen from X, there is no deterministic algorithm that
given these samples can determine whether X was taken from Ci or Co with 2/3 success rate or better.

Solution 5 Construct a matrix M, each of whose columns represents a deterministic algorithm (which
takes n points from the domain A as input, and outputs 1 or 2), and each of whose rows represents a
distribution from the set C; U Cy. Since for our purpose two different algorithms with the same “input to
output mapping” makes no difference, we can assume that the matrix is of finite size. For any 4, j fill the en-
try M (i, 7) by the success probability of the algorithm j, when the samples are drawn from the distribution i.

£ is the set of all distributions on the set C; UCs. Any element in £ can also be seen as a distribution
on the elements of the set A™.

Let D be the set of all deterministic algorithms, and let R be the set of all possible distributions on the set
D. In other words, let R be the set of all random algorithms.

By using the min-max theorem we get,

i Eiwe[Mi, j]] = in E;,[M]i,j]]
minmax Ko [M[i, j]] = max_ min Bjny [M[i, j]]
Let X be “the success probability of the best deterministic algorithm”, when the input (an element of the
set A™) is drawn from any distribution from the set £. From the condition given in the question, we know
that X > 2/3. Thus, the expression on the left-hand side is at least 2/3.

The expression on the right-hand side is precisely, “the success probability of the best randomized algo-
rithm”, when the input (an element of the set A™) is drawn from a distribution, chosen adversarially from
the set C; UCq. This is the value we wanted to be a constant strictly greater than 1/2. By the equality we
know that this is at least 2/3. Hence, proved.



