
CSE 203A Homework 2

Fall 2017

This homework is due in class Friday November 17th at the start of class. If you will miss class for some
reason, either get another student to turn your paper in for you or arrange some other method to get it to
me on time.

Please make sure that your homework is:

• Labelled with your name.

• Either clearly handwritten or typed.

• Stapled together and with page numbers if more than one page long.

You are encouraged to discuss these problems with fellow students, although I expect that your writeups
should be done individually. Intentionally searching for problem solutions online will be considered cheating.

Make sure to justify all of your answers with a mathematical proof. For algorithms you should both
prove correctness (with appropriately small probability of error) as well as appropriate bound on runtime.

Question 1 (Size of k-wise Independent Families, 20 points). We noted that there were k-wise independent
families of hash functions from h : [n]→ [m] of size 2O(k log(nm)). Here we will show that this is tight.

(a) Show that any k-wise independent hash family H of functions from a set S of size at least k to [m] has
|H| ≥ mk (Hint: consider the probability of h(x1) = h(x2) = . . . = h(xk) = 1) [10 points]

(b) Show that of n > k > 0 is an even number, that any k-wise independent hash family H from [n] to {±1}
must have |H| � (n/k)k/2. You may use the fact that if X1, . . . , Xn are i.i.d. ±1 random variables that

E
[
(
∑n

i=1 Xi)
k
]
≤ (nk)k/2. [10 points]

Question 2 (Multiple Stamp Collector, 20 points). Suppose that instead of trying to collect one of each of
n types of stamps, a collector is trying to collect at least k copies of each type (for some constant k). As
usual, the collector receives random stamps until this is achieved. Show that the expected number of stamps
required is n log(n) + kn log log(n) +Ok(n).

Question 3 (Two Dimensional Pattern Matching, 20 points). Let X be an n× n matrix and Y an m×m
matrix, each with entries in {1, 2, . . . , k}. Find a randomized algorithm to determine if there is a copy of Y
within X. In particular determine if there are m consecutive rows of X and m consecutive columns so that
the corresponding m ×m submatrix of X equals Y . Your algorithm should run in time O(n2) and have a
2/3 probability of success. You can assume that you can perform arithmetic on number of size polynomial in
nmk in constant time.

Question 4 (Load Balancing with k-wise Independence, 20 points). Suppose that h is chosen from a k-wise
independent family of hash functions from [n] to [n].

(a) If k is constant, so that with at least 99% probability that no bin i has |h−1({i})| > Ckn
1/k for some

sufficiently large constant Ck. )NB: This is actually optimal under just k-wise independence.) [10 points]

(b) Show that if k � log(n)/ log log(n) that with at least 99% probability that no bin i has |h−1({i})| > k.
[10 points]
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Question 5 (High Probability Collision Bound, 20 points). Suppose that h : [n]→ [n] is a uniform random
function. Let Ch be the number of pairs of x 6= y so that h(x) = h(y). Show that Ch ≤ 2n with high
probability, that is with probability at least 1− exp(−nc) for some c > 0.

Question 6 (Extra credit, 1 point). Approximately how much time did you spend working on this homework?
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