CSE 203A Homework 1

Fall 2017

This homework is due in class Friday October 27th at the start of class. If you will miss class for some
reason, either get another student to turn your paper in for you or arrange some other method to get it to
me on time.

Please make sure that your homework is:

e Labelled with your name.
e Either clearly handwritten or typed.
e Stapled together and with page numbers if more than one page long.

You are encouraged to discuss these problems with fellow students, although I expect that your writeups
should be done individually. Intentionally searching for problem solutions online will be considered cheating.

Make sure to justify all of your answers with a mathematical proof. For algorithms you should both
prove correctness (with appropriately small probability of error) as well as appropriate bound on runtime.

Question 1 (Producing Unusual Probability Distributions, 20 points). Often it is assumed that your random
algorithm is given access only to a string of uniform random bits. However, it is sometimes necessary to
generate (or approximate) samples from other probability distributions.

(a) Suppose that you want to simulate a biased coin. In particular, you would like to produce a random
variable that returns 1 with probability p and 0 otherwise for some specified 0 < p < 1. Show how to
generate a sample from this distribution using an expected O(1) uniform random bits. [10 points]

(b) Suppose instead that you need to simulate an explicitly given probability distribution on {1,2,3,...,n}
(so you are given the probability that your output should be i for each i as an explicit real number).
Show how to simulate a sample from this distribution using an expected O(log(n)) bits (in fact a careful
analysis should allow you to use only logy(n) + O(1) bits). [10 points]

Question 2 (Expectation and Tail Bounds, 25 points). Let U be a set of size 2n (for n some positive
integer). Let S and T be two uniformly chosen random subsets of U each of size n. Let X = |SNT|.

(a) Compute the mean p = E[X]. [5 points]
(b) Compute Var(X). [5 points]

(c) Use the Chebyshev bound to compute an interval I so that X € I with probability at least 1 — n=1/2, [5
points]

(d) Compute the central fourth moment E[(X — p)*] of X, and use it to find a smaller interval I so that
X € I with probability at least 1 —n='/2. [5 points]

(e) Can a better bound by obtained by applying a Chernoff bound? Why or why not? [5 points]

Question 3 (Probability Amplification, 15 points). Suppose that for some decision problem, we have a
BPP algorithm, that on any instance computes the correct answer with probability at least 2/3. We wish
to improve the probability of error by running the algorithm n times on the same input using independent
randomness between trials and taking the most common result. Using the Chernoff bounds, give an upper
bound on the probability that this new algorithm produces the incorrect result.



Question 4 (Complexity Theory, 20 points). Recall that NP is the class of languages L so that there is a
short proof of membership in L. In particular, a language L is in NP if and only if there exists a polynomial
time, deterministic algorithm A(x,s) so that

x € L <= There exists s so that A(x, s) accepts.

(a) Show that NP D RP. [5 points]
(b) Show that if BPP D NP that NP = RP. [15 points]

Question 5 (Yao’s Principle for Distribution Testing, 20 points). In distribution testing, you are given n
independent samples from a distribution X that is guaranteed to either be in some family C1 of distributions or
some other family Co of distributions on the same domain. Your objective is to have a randomized algorithm
that for any X determines which family it is a member of with at least 2/3 probability over the set of samples
chosen. Show that this is always possible to do unless there is some ensemble £ of probability distributions
taken from Cy; UCsq (that is a probability distribution over probability distributions) so that if X is taken at
random from £ and n independent samples are then chosen from X, there is no deterministic algorithm that
given these samples can determine whether X was taken from Ci or Co with 2/3 success rate or better.

Question 6 (Extra credit, 1 point). Approzimately how much time did you spend working on this homework?



