Question 1 (Matrix Rank, 40 points). .

(a) Let G be a random graph with n vertices on each side where each left verter is attached to Clog(n)
random vertices on the right (for C a sufficiently large constant). Show that with at least 99% probability
that G has a perfect matching. Hint: you will likely want to use the Marriage Lemma, which in this case
states that G will have a perfect matching unless there is some set S of right vertices with fewer than |S|
vertices on the left that connect to it.

(b) Let A be an nxk (n > k) matriz over some finite field F. Give an RP algorithm to test whether A is full
rank using O(nklog(k)+k>) time, and prove correctness of your algorithm. You may use the result from
part (a), even if you did not complete that part. You may also assume that |F| is sufficiently large. Hint:
Construct some k x k matriz B so that B is probably full rank if A is. Note: with some improvements
the runtime can be improved to O(nk + MM (k)), where MM (k) is the matriz multiplication time for
k x k matrices.

Solution:

(a) We show that for C sufficiently large that there for all sets S of vertices on the right, that they
connect to at least |S| distinct vertices on the left. Let m = C'log(n). Now for |S| = k < n/2, we note that
the probability that a given vertex on the left connects to S is

1= =[S]/n)(A =[S]/(n=1))--- (A= [S|/(n=m+1)) 21— (1 —=[S]/n)™ =1 —exp(—m|S|/n).

For |S| < 10n/m, this is Q(m|S]|/n), therefore the expected number of vertices connecting to S is Q(m|S]).
By the Chernoff bounds, the number of vertices connecting to S is at least half its expectation (and thus
more than |S|) except with probability exp(—Q(m|S])) < n~I5I1-1.

For n/2 > |S| > 10n/m, the expected number of vertices on the left that don’t connect to S is at most
nexp(—m|S|/n) < (n—|5])/10. Therefore, by Chernoff again, the probability that more than n—|S| elements
don’t connect to S is at most e~ 215D < ¢=n,

Finally, for |S| > n/2, the expected number of vertices not connecting to S is at most 1/n?(¢). So

once again by Chernoff, the probability that more than n — |S| vertices don’t connect to S is at most
n—UC—ISD) < p—(n—ISH-1,

Therefore by a union bound, the probability that there isn’t a perfect matching is at most

7; (Z) (e—n + n_k—l + ’n,n—k_l < (2/@)77, + Q/len: <Z)n_k < (2/€)n + 2(1 + 1/71)”/7’?, <0.01.
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(b) Let m be a sufficiently large constant multiple of log(k). We construct a k X k matrix B by taking
each row of A and adding random multiples of it to m random rows of B. In particular, for each i and
j < Clog(k), we add the ith row of A times x; ; to the h; ; row of B, where h; ; is a random element of [k]
and z; ; a random element of F. We then check to see if B is full rank. We note that the time that this takes
is O(nlog(k)k) to construct B and O(k®) to find the rank of B by row reduction. Furthermore, since rows
of B are all in the span of the rows of A, B can be full rank only if A is full rank. In order to prove that
this algorithm is in RP, it suffices to show that there is a constant probability that B is full rank if A is.

Assume that A is full rank. Let r; be the ith row of A. Since some k rows are linearly independent,
we may assume without loss of generality that r1,...,7; are. We note that once the h;; are fixed, that
the determinant of B is some polynomial P(z; ;) of degree at most k. By the Schwartz-Zippel Lemma, this
means that unless P is identically 0, that B is full rank with probability at least 1 — k/|F| > 0.99. We have
left to show that with high probability over the choice of h; ; that P is not identically zero.

To show this, consider the bipartite graph G on [k]| x [k], where ¢ connects to the h; ;. By part (a), this
graph has a prefect matching i — (i) with at least 99% probability. We note that if the z; ;) are 1 and
all other x; ; are 0, that B has rows ry,...,7, and thus is invertible. Therefore, if this happens, P is not
identically 0 (as it is non-zero at this input). This completes our proof.



Question 2 (Expander Walk Commute Time, 30 points). Let G be a d-regular, connected graph on n vertices
where the second largest eigenvalue of the adjacency matriz of G is at most d/2. Show the commute time
between any pair of vertices of G is O(n). You may prove a bound of O(nlog(n)) for partial credit. Hint: Use
an argument similar to the one we used to analyze the application of expanders to probability amplification.
In particular, show that h,, is the total weight of e, (I — PD)~Y, where P is the transition matriz of the
random walk and D is a particular diagonal matriz, and use eigenvalues of P to analyze this.

Solution: It suffices to show that h,, = O(n) for all u,v € G. Let Xy, X1,... be the random walk
starting at u. For each ¢, let p!, be the probability that X; = w and that none of Xo, X1,...,X; are equal

to v (i.e. that we are at w at time ¢ having not yet reached v). It is easy to see that pi! = %Z(w’w)er;
if w # v and 0 otherwise. Therefore,
L = ptAD
d

where A is the adjacency matrix of G and D is the diagonal matrix that is 0 on the entry corresponding to
v and 1 elsewhere on the diagonal. Therefore, it is easy to see that

' =p’(AD/d)".

We note that the h, , is the expected number of steps until we reach v, which is the sum over ¢ of the
probability that it takes at least ¢ steps. This is

o o
Z ') = Zpt
t=0 t=0

We let a = p°(I — AD/d)~t. We let a = b+ ¢ where b is a multiple of (1,1,...,1) and c is orthogonal.
We need to prove that |[b]; = O(n) or that |bla = O(y/n). To do this, we note that a(AD/d) = a — p°. We
note that this implies two things. Firstly, the sum of entries of a(AD/d) is the sum of entries of a minus
the v-entry of a(A/d). This implies that the v-entry of a(A/d) is at most 1. This in turn implies that
a=a(AD/d) + p° = a(A/d) — ze, + p° for some 0 < x < 1. This implies that |a — a(4/d)|s = O(1). On
the other hand, a — a(A/d) = ¢ — ¢(A/d), and since ¢ is in the span of eigenvectors of A with eigenvalue at
most d/2, we have that |a — a(A/d)|2 > |c|2/2. Thus, we must have |c|s < 2. On the other hand, the v-entry
of a(A/d) is the v-entry of b plus the v-entry of ¢(A/d), which is at most |¢(A/d)|2 < 1. Since the v-entry of
a(A/d) is at most 1, we must have that the v-entry of b is at most 2, and therefore, the sum of the entries
of b is at most 2n. This completes our proof.

=p’(I = AD/d)™"}1.

S (AD/d)

1 1



Question 3 (Streaming Algorithm for Approximate Median, 30 points). Design a streaming algorithm that
given a stream i1,ia,...,im € [n] and some € > 0 returns an x so that with at least 2/3 probability between
(1/2 —€)m and (1/2+ €)m of the ij are bigger than x. Your algorithm should run in O(log(n)/e? +log(m))
memory. Prove the correctness of your algorithm. Hint: maintain a list of elements so that after t updates,
your list is a uniform random list of k elements of i1, ..., 1.

Solution: Our algorithm is as follows:

e Initialize

— Let k be a sufficiently large multiple of ¢2.

element of [n] U {0}, each initialized to (.

Maintain k registers Xq,..., X each storing an

— Set a counter t to 0.
e Update(i):

— Increment .
— Ift <k set X; to 1.
— Otherwise, with probability k/t, set a random X to 1.

e Query:
— Return the medial (non () value of Xj.

The required memory is clearly klog(n) + log(m), which is sufficient. To analyze this, we note that if
m < k, we deterministically get the true median. If m > k£ we claim by induction on ¢ that the set of X; at
time ¢ is a uniform random subset of i1, s, ...,4; of size k. This is obvious for ¢ = k. Assuming it’s true, for
t — 1, we note that a random subset of iy, s, ...,%; contains i; with probability k/¢. If it does contain it, it
is 7; along with a random k-subset of i1, ...,7;—1 minus one element, and otherwise is a random k-subset of
i1,...,1t—1. By the inductive hypothesis, our algorithm gives us this distribution.

Given this, we note that our output will have the appropriate property as long as at least half of the
X are more than the (1/2 — e)m'" smallest i, and at least half of the X; are less than the (1/2 + ¢)m!"
smallest i;. Both of these happen with at least 9/10 probability by Chebyshev’s Inequality. This completes
our proof.



