AN ELEMENTARY DERIVATION OF THE
ASYMPTOTICS OF PARTITION FUNCTIONS

DANIEL M. KANE

ABSTRACT. Let S, = {an + b : n > 0} where n is an integer. Let P, ;(n) denote the number of
partitions of n into elements of S, ;. In particular, we have the generating function,

[e o] (e o] 1
Py p(n)g" = —_
nZ::O nl;[o (1 _ qan+b)

We obtain asymptotic results for P, ;(n) when gcd(a,b) = 1. Our methods depend on the combinatorial
properties of generating functions, asymptotic approximations such as Stirling’s formula, and an in depth
analysis of the number of lattice points inside certain simplicies.

1. INTRODUCTION AND STATEMENT OF RESULTS.

For positive integers a and b, let S, , = {an—+b: n > 0} where n is an integer be the set of natural
numbers, at least b, that are congruent to a mod b. Let P, ;(n) denote the number of partitions of
n into elements of S, ;. In particular, we have the generating function,

(1.1) > Pasm)g"=]] m
n=0 n=0

A famous theorem of Hardy and Ramanujan is that when a =b =1

1 /5773
Pl,l(n) ~ 4n\/§eﬂ' 2”/3

as n — oo. Their proof (which marks the birth of the circle method) depends on properties of
modular forms. An asymptotic formula for P,;(n) for all pairs of a,b relatively prime was first
attained by Ingham (see [1]) and his proof was later refined by Meinardus in [3] and [4]. The correct
expression is:

Py p(n) ~T (é) b/a=19=(3/2)=(b/2a)3=(b/20) o = (1/2)+(b/20) =322 oy (W ?’Tn> .
a a
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2 DANIEL M. KANE

Later Erdos was able to study the asymptotics using elementary methods involving recursive formulas
for them. In particular, he showed in [5] that for some constant c,

N
Ppa(n) ~ ﬁeﬂ 23,

This proof was later refined by Don Newman in [2] to obtain to full asymptotics of P; 1(n).

Using different methods we obtain similar results for P, ,(n) to within a constant multiple when
ged(a, b) = 1. Our methods depend on the combinatorial properties of generating functions, asymp-
totic approximations such as Stirling’s formula, and an in depth analysis of the number of lattice
points inside certain simplicies.

In particular, we shall prove the following theorem:;

Theorem 1. If a and b are natural numbers and ged(a,b) = 1, then there are constants 0 < Cop <
C’j’b such that for all sufficiently large n

Cob ny/Zm Coty no/mm
€V < Pap(n) < —e™V e,
n 2a mn 2a

In fact, we shall compute such constants.

2. DEFINITIONS AND PRELIMINARY LEMMA

We will use the following definitions. For convenience, we let

C

(2.1) > F{an}ba}{zn})
{an}{bn}...{2n}

denote the sum of F' over sequences of natural numbers {a;}1<i<n, {bi}1<i<n, .-, {2 }1<i<n so that
condition C is satisfied.
For series f(q) and g(q) let

(2.2) f(a) <q 9(q)

mean that the coefficients of the Maclaurin series in ¢ of g(gq) are greater than or equal to the
corresponding coefficients of the series for f(g). Define f(q) ~4 9(q),f(q) <4 9(q), etc. similarly.
Furthermore, let

(2.3) gap(k)= > %

m(an+b)=k

where the sum is over non-negative integers n and natural numbers m so that m(an + b) = k. Let
Ny denote the set of non-negative integers. Let v = lim,, 00 (31 ; T — log(n)) = .577... be Euler’s

constant. Let n! =T(n+ 1) = [;* t"e~'dt. Recall Stirling’s formula, which states that

(2.4) n! ~n"e "V2mn.
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Lemma 2.1. Suppose that a(n, k) : Ng x R = RT and b(n, k) : Ng x R — Rt are maps for which
the following are true:

(1) Yoo ga(n, k) and Y, " b(n, k) converge for all k € R,

(2) “;((Z Z)) — 1’ < C(n) where lim,_,~C(n) =0,

(3) limg—oo % =0 and limy b(brgj—lk)k) = 0.

Then we have

Proof of Lemma 2.1. For any 1 > € > 0 find N so that n > N implies C'(n) < £. Find N, so that

i
a(n,k € €
for n < N and k > N, -20- < 2& For k > No, S0 a(n, k) < a(N,k)§ < 372 aln, k)5,

Find Nj similarly. Now, for k& > max(N,, Np)

S galn k) Y ja(nk) YR ya(n k) Xy b(nk)
ZZO:O b(nv k) ZZO:N a(nv k) ZZO:N b(nv k) Zzo:o b(na k) .

By looking at the absolute values of the logs of these fractions, we find that the difference between

this and 1 is at most
€\ 3
'(1i1> —1‘<e.

This proves the lemma.

O
This result will be used later in sections 6 through 9.

3. THE STRATEGY

In order to prove Theorem 1, we shall work to prove the following theorem,

Theorem 2. Ifa and b are natural numbers and if a < b, then there exist constants 0 < C’;b < C’;b
so that for all sufficiently large n we have

Cab x /75 Coy wym
——e"Via < ZPa,b(k) < —€e"Via,

nze k=1 nza
To prove Theorem 2, we begin with some important observations. Recall that,

(by (11)) Z Pa,b H 1 _ qan+b
n=0 =

n= O
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By taking the log of both sides we find that

log (Z Pa,b(mq”) = log (H (1—(];”+b)>

(by (2.3)) =) oas(n)g".
Exponentiating both sides of this and using the series expansion for e”, we find that

Z Pa, b(k')qk = e(zzo:o Ua,b(k)qk)
k=0

oo

"1
Uayb(k)qk> —.
0

k=

Equating coefficients, we find that,

Summing over k, the previous expression implies

o0 Z?:l z; <k p

k 1
Y Pasm)=> | Y [(oas(@) ]

m=0 n=0 {zn} =1
00 > ai(aBi+b)<k s n 1 1
AR (ER)

0o Do, ab<k n n
(3.1) =y > (H ai> % . '{(51,52, o Bn) € No)™ ) ai(af; +b) < k}
n=0 '

{an} i=1 " i=1

In the next few sections we shall study the last term of this expression,

{(B1, B2, Bn) €NG Y ai(af; +b) < k}
1=1

(3.2) {(51,52, ...,ﬁn) c (NO + %) . Z(alﬂz) < k— (b - %L) Zizl Oéi} .
=1

This is the number of half-integer lattice points within the n-dimensional simplex defined by the

equations z; > 0 (1 <i<n)and Y . ; a;z; < k_(b_leizl @

. In sections 4 and 5 we will compute
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upper and lower bounds respectively for (3.2). In section 6 we will incorporate this into (3.1) to
remove the 8 dependence. In sections 7 and 8 we will calculate upper and lower bounds respectively
on this new expression, removing the o dependence. In section 9 we shall come up with asymptotic
bounds for the expressions that came out of sections 7 and 8, proving Theorem 2 in the process.
Finally, in section 10 we will use Theorem 2 to prove Theorem 1.

4. UpPPER BouNDS For (3.2)

In this section we derive upper bounds for the number of half-integer lattice points within certain
right simplicies and hence obtain upper bounds for (3.2).

Lemma 4.1. For any sequence of positive real numbers {S;1<i<n if 1 <m <mn, then

(B%) o)

We note that this is equivalent to the statement that the number of half-integer lattice points
inside the right simplex with legs parallel to the axis, meeting at the origin, and of lengths S; is at
most the volume of the simplex plus the area of any one of the faces.

‘{(wl,...x) (N0+ ) zz:g—

Proof of Lemma 4.1. Let S be such a simplex. Let the plane z,, = 0 be N. Let the face of S
defined by S N N be F. Define a lattice prism to be the set of points defined by y; < x; < y; + 1
for 1 < i < n and i # m for some integers y;. Let the center of such a lattice prism be the point
(Y1 + 35 os Ym—1+ 5,0, Y1 + 55 ooy Yn + %) For a lattice prism L, with center C' define P(L) to be
the number of half-integer lattice points in S N L. Define V(L) to be the volume of SN L. Let the
area of F'N L be A(L). We wish to show that

(4.1) P(L) < A(L) + V(L).

If P(L) = 0, then the result follows trivially because P(L) = 0 < A(L) + V(L). Otherwise,
P(L) > 1so C + e, € S, where e, denotes the unit vector in the m direction. This implies
that C' € S. When a hypercube is cut by a plane, the half containing the center has the larger
volume (since it and its reflection about the center cover the cube). Therefore, A(L) > 1. The
height of S above the N is some linear function, M, of the position in the N plane. Since all lattice
points in S N L are in the same column, P(L) is the greatest integer k so that C' + e, (k — 1) € S.
Therefore P(L) is at most the height of S above N at C' plus one half, or P(L) < M(C)+ 1. Now,

= [prp M(z)dx. Since M is negative outside of F, V(L) > [, . M(z)dx. Since M is linear,
thls equals M(C) So, V(L) > M(C). This means that

P(L) < M(C) + % < V(L) + A(L),

proving (4.1).
By summing (4.1) over all lattice prisms, we get that

> PL)<) V(L) + Y AL).

L
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Each term in the first sum is the number of half-integer lattice points in S N L for any lattice prism

L. Since the lattice prisms tessellate space and do not overlap over any half-integer lattice point,
this is merely |{(z1, ..., zn) € (No + %)n : (1, ..., ) € S}|, which equals

{(z1, ... zn) € (N0+%)n- n 5 i<y,

The second term is the sum of the volumes of the intersections of S with all lattice prisms. Since
lattice prisms tessellate space and overlap only on surfaces of no volume, this is the volume of S,
which is (%) The last term is the sums of the areas of the intersections of F' with lattice
prisms. Again since lattice prisms tessellate space and since the intersection of their overlaps with

S . . .
F has smaller dimension, this is just the area of F', which is (ﬁ) Substituting in these

values, we get that

‘{(xl,...,mn) S (NO+%>TL Z::z_ <1} <

5. LOWER BOUNDS FoRr (3.2)

In this section, we derive lower bounds on the number of half-integer lattice points within a
simplex, and hence lower bounds on (3.2). We shall prove

Lemma 5.1. For positive real numbers S;, where 1 < i < n, we have

H?:l SZ n2 " 1
( n! ! 12i:215i2 '

This is to say that the number of half-integer (except for the first two coordinates) lattice points
within a simplex with sides along the axis that meet at the origin of length 5; , is at least the volume
of the simplex times some correction term. Call such points [-points.

n—2 n
1
‘{(xl,...,xn) e N2 x (NO n 5) 5 <1} >

Proof of Lemma 5.1. First note that in two dimensions the number of lattice points inside the
triangle with vertices (0,0), (x,0), and (0,y) is at least ZZ. This is true because all the unit squares
to the upper left of such lattice points, cover the trlangle

Let K = % Let S be such a simplex. Let N be the hyperplane defined by z; = x2 = 0. Let
F be the (n — 2)-dimensional face of S defined by S N N. Let a lattice prism be the set of points
defined by y; < x; < y; +1 (3 < i < n) for some integers y;. Let the center of such a lattice prism be

(0,0, yg—l—%, y4+%, ooy Yn+ %) For a lattice prism L with center C, let P(L) be the number of I-points
in LNS. Let V(L) be the volume of LN S. Let A(L) be the area of LN F. Let E(L) = %
Define the linear function M as M(z3,...,x,) =1—> 1 o 5. Note that the area of the section of S

of the form (a, b, x3, ..., x,) is KM?. We now wish to put upper bounds on E(L).
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First we will consider the case when C' € F. In this case, A(L) >
P(L) > KM?(C) because that is the area in the triangle above C. S

1 . . .
5. By our previous discussion,
O’

E(L) <2(V(L) - P(L))

<2 KM?(z)dx — 2K M?(O)
FNL

<2 KM?*(z)dz — 2K M*(C)
NNL

= 2/ lKMQ(Q:) + 11(1\42(20 —z) — KM?*(C)dx
NNL 2

= 2K %MQ(I) + %( (C) — M(z))* — M?*(C)dx
NNL
= 2K M?(z) — 2M (z)M(C) + M?*(C)dx
NNL
(5.1) = 2K (M(z) — M(C))?dz.
NNL

Notice that this value is independent of the choice of L.

Now, when C ¢ F, E(L) = %, which is the average area above points in LN F'. Notice that the
closer C'is to the boundary of F', the larger this is. Therefore, this is at most twice the volume above
a unit square centered on the boundary of F. This is less than the quantity in (5.1), so therefore,
(5.1) is an upper bound on E(L).

Let @ be the set of points where 21 = o = 0 and |z;| < % for 3 < i <n. We have that
n 2
X
F(L) <2K — | d
= Q (Z:: 5i> ’

_ ﬁs- (AEN [Nom) e 2
| i ol 2., —1/21—1/2°1—1/2
=3 1=3

+1/2|+1/2 ”|+1/2 :

1yl iyl Lyn i the difference of the evaluations of the expression between plus and minus

one half over all of the x;. The last factor here is a polynomial of degree n in the Si Furthermore,

where |

it is odd in every Si Therefore, all terms but those of the form % 11, Si cancel out. These terms
T h T

n

n—2
1,1,...1, 3) from each of the 2 terms. Therefore,

have a contribution of 2% . (

- 4K n! 2" 2 & 1 = 1
E<L>§(H51>'WE' w2 | wllg
=3 =3 v j=3
K1
= =2 @
6= S
1 1
5.2 < — —.
(5:2) < o 52

Let K/ = %8182 2?21 SLZQ
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By (5.2) we have E(L) < K'. Therefore, P(L) > V(L) — K'A(L). Summing over lattice squares
L, we get

> PL)=) V(L)-K'> A(L).

L

By our discussion in the previous section, these terms are the number of [-points in .S, the volume
of S, and K’ times the area of F respectively. Therefore,

6. SIMPLIFICATION OF (3.1)

We shall now use the results from the last two sections to simplify (3.1). Let C be the condition
that bZ?:l a; < k. Let C’ be C with the further condition that at most one o; equals one. Let C”
be C and that «; > 2 for all i« > 2. Let C"” be the condition C and not C’ or, in other words, C'
and at least two of the «; are equal to 1.

Let S, denote Y ., .

Recall, that expression (3.1) is

oo C n o
Z (H Ofiz) % | ‘{(617627“'7671) € (NO)” : Zai(aﬁi +b) = k}

n=0 \{a,} \i=1 i=1
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Notice that

ni; ({% (lf[l ai) % {(B1; Ba, s Bn) € (No)™ : gai(aﬁi +b) <k} | <

g:o ({%}” (ﬁl O%) % {(B1, B2, ..., Bn) € (Ng)™ : éai(aﬂi +b) <k} | =

g (:Z”}n 1}%) - ‘{(61,/32,...,6n> e <N0 i %) : :1 o) < EZLZBS)
(B Lemma 4D > (CZ ' (H %> (S) a1+ = arms) | <

[]e
 ~
R
3
-~
—=
~__—
VR
Q|
N————
3
B
Y
N
—_
+
w
|
=
| g
ol
S
o
Nyl
~
>
N——
[\

(Because (27:‘) < 4m) 0 (2 (n (;k

(6.1) O<k:e Qk(’éi“).
Let
(6.2) e (k) = keV 5
Now, let
< [ &L 1) k—(b—a/2)5\" 1
6.3 G(k) = = .
(6.3) () Z({} (_ o ( a > ()

By our prior discussion,

[ele) c' n n
31H=Y (Z (H C%) %-'{(61,52,...,571) e (No)" : 3 ai(af +b) < K}

n=0 \{a,} \i=1 "' i=1
(By Lemma 4.1)

> (CZ (H é) (k_ (b;a/z)SY (nl!)2 (H h e (bnaa/Q)S)) TOlam) <

) +0(a(k) <

(6.4)
3G(k) + O (e1(k)) .
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Now let us consider (3.2) under the condition that at least two of the c; (WLOG ay and «w) are
equal to 1.

(3:2) = |{(B1, B2, s Bn) € (No)" : Y ailafi +b) <k}
=1

n—2 n
= {(B1, B2, ..., Bn) € NZ x (No + 1) : Zaiﬁi < k—1-(b~ G/Q)S}
i=1

2 a

(By Lemma 5.1)

(A T (B () )

=1

Using this we find that

L (S (e 1\ (& L) 1 (k—1—(b—a/2)8\"?
B[R
)

4Gk —1) 40 (1 (k)
(6.5)
ng(k: 1) 40 (k).

Combining (6.4) and (6.5) we get

k
(6.6) 3G() + 0 (1 (k) > 3 Puy(i) > gG(k 1) 10 (e (k).
=0
Let
B w2k
Y= %6a

The summand in G(k) is
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If we sum this over n € N where n < ,/y — 2y%/8 or n > VY + 2y3/8 we get at most
ida3/8 i4-qy3/8
y\/g i( y ) +y N <y_2y7/8+y3/4>z Y _
12 7/8 3/4 ~
(V)2 \ & \y +2y7/8 + y¥/ y

(By (2.4)) 2V (1 - y—l/s)

O <€2\/§7y1/4>.

3/8

~

Let
62(k) — 62\/g_y1/4 '

Then we have that

C n n
6  cm= Y (3 (H%) <k—(b;a/2)5) (n1!)2 + 0 (es()).

In—y/yl<y3/8 \{ai} \i=1

7. UPPER BOUNDS ON G(k)

We have from (6.7) that

C n n
cwm=- Y (T (H%) (k—(b;a/ms) <n1!)2 +0(ea(k).

[n—yl<y®/s \{ou} \i=1

We will examine the summand for n such that |n — /y| < 2y3/8. This is

ZC: f[i k—(b—a/2)S\" 1 —ZC: ﬁi K\"(,_ (b—a/2)S\" 1
L1 a2 a (nh2 Lla2 ) \a k (n!)?
{oi} \i=1 F {o;} \i=1 ¢
(1 E\" _ne—azs 1
< — =~ -
<2 (I3 () e
—i 1 e [
B o\ a? a) (n!)?
co  _mboa/2)i\ " n
e” F k 1
: < cE il .

Let

11
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This converges absolutely for |z| < 1. Furthermore we have that

" —log(1—1)
h(m)—/o — dt

(Because h(1) = ((2) = %2)

w2 /1 g(l—1)

— dt

6

2 1
SF / —log(1 —t)d

w2
:F—l—(l—x)log(l—x)—f—(l—x).

Let m = (2 — 1). Using this we find that
a 2

< (y+ MO (”<b - a/:z)) e a/2>)” .
_ (1 —i—mglog (M) +mg)” (582
<oy los(EE ) pm sy <§;2

Now since ”72 =140 (yil/s), we have that

k (n!)?

<(52) () o
< (6ae(b — a/2)>mn_m y"

2 (nh)?”

m(1l y71/8 "
(7.1)§<n<b_a/2)) o ))em(”O(y‘”S)) Y

So it turns out that

(7.2) G(k) SN i n~" (i] 2

where

N, =

T2

<6ae(b— a/2)>(3‘§)_
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8. LOWER BOUNDS ON G(k)

We have from (6.7) that

C n n
cwm=- Y (T (H%) (k—(b;a/ms) (n1!)2 +0(ea(k).

In—yal<y3/8 \{a;} \i=1

We will examine the summand for n such that |n — \/y| < 2y3/8. This is

Colm 1N (k- (b—a/28\" 1 STk h—a28) 1
Z<H¥>< (a /)) (n!)QZZ (H (aaiz/) >(n!)2

{an} \i=1 ¢ {an} \i=1
(By the Arithmetic-Geometric Mean Inequality)
ai<ib n
— k—n(b—a/2)a; 1
22301 o )mw
{an} i=1
kb n
“~k—n(b—a/2)i 1
1 =
(8 ) — azQ (n|)2
Notice that
K k_ k
~k—n—0a/2)i k1 n(b-a/2) il
ai? a2 a L g
=1 1=1 i=1
(Remembering that m = 2 — 1)
>E ™ _nb —nm | lo L +
(Remembering that y = ZF)
o~ (55)
=y— — —nmlog | — | —nmy
nb

yonb mm (RN nm Ty
ay Ty o \nb y ') )

Now, since Z—;’ + ™% log (&) + my =0 (@) and since %2 =140 (y1/%),

—(l-l-O(y_l/S))(g-i-m log(k)—m log(nb)+m~y)+O (Lgi(n) ) y"

(8.1) >e e

,%Ei_ge_m'y (n_b) v

13
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where

Therefore, by (6.7)

ln—\/yl<2y3/8

But since n_m% < %, by previous arguments we have that

(8.2) ) > N, Z n- (e2(k)).

9. FINAL ANALYSIS OF G(k) AND PROOF OF THEOREM 2

Let

= Z_:ln_
By (7.2) and (8.2) we have
(9-1) NoF(y) + O (e2(k)) S G(k) S N1 F(y).

We now use Lemma 2.1 and (2.4) to find that

n=1 %
') 2n+m-—+1 n
=3 @0t m ot 1/2) 2 n+m+1/2 Y
= n 2m
e 2n+m+1
o 2m+1 y"
— 2 1 2 2n—m 122n+m—|—1 1 2nd
;( n+m+1/2) + in e o
Z(2n+m+ 1/2) 2n—m—1 2n+m+1/2(2ﬂ_) 1/22m+1(2ﬂ_) 1/2(4y)
n=1
2n+m+1/2
(9.2) L ymm/a-1ys Z @vy)
\/_ — (2n+m+ 1/2)"

If
»2n+m+1/2

- Z K
— (2n+m+1/2)!

then (9.2) implies that
F(y) -~ W_l/Qy_b/QaH(Q\/g).
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This leaves us to find an asymptotic formula for H(z).
Notice that H(z) is uniquely defined by the differential equation with initial conditions

Zm—|—1/2
(m+1/2)!
And H(0) = H'(0) = 0. The solution to this equation is

1 z tm+1/2 —t 1 z tm+1/2 t
H(z) / —edt——ez/ -
0 0

H"(2) - H(2) =

“2° Jy mr120Y 2 (m+1/2)]
1 z tm+1/2€—t

— T2 dt O( m+3/2>
2° /0 i T
62’

(9.3) ~ g
Proof of Theorem 2. Combining (9.2) and (9.3) we get that

Fly) ~ (ﬁ) 2T

Substituting y = k;g—z, it turns out that
F(y) ~ Nk~ %™V,

where

b
1 w2\ 2a
Nyg=—|(—]) .
’ 2ﬁ<6a>

Note that for large k that this is much bigger than either ¢; or €. Combining this with (9.1) we get
that
NoNsk~%5e™VE < G(k) < Ny Nsk~ 3 e™Vie,

Now since F(kg) ~ F((k— 1)%), by (6.6) we have that

k
2N2N3’f_“‘b“€” 0 <Y Paa(i) S 3Ny Nyk~ %5 e™V 30 .
i=1
This proves the theorem for any constants
% b/a—1/2
Cc-, < s 1 7T_2 e 4o (b/a=1/2)y Ga (6/a=1/2)
a,b 6 2\/7_'(' 6a b7T2
and

o+ >3 1 7r_2 % 6ae(b—a/2) (a-2)
ab = "9/ \ 6a w2 '

U
Remark: Note that when a =1 and b =2, Y| P, (i) = P1,1(n). So we have just proved that

'0036'“6”\/M§P1,1(n) < 5.4...67r /—2n/3‘
n n

While Hardy and Ramanujan’s asymptotic formula gives

14...
_671'\/2n/3 ~ Pl,l(n)-

n
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10. PROOF OF THEOREM 1

Notice that since for a and b relatively prime, any natural number larger than 2b(a + b) can be
written uniquely as the sum of a multiple of b less than a(a + b) plus a multiple of a + b less than
b(a + b) plus a multiple of b(a + b),

q2a(a+b) _ (1 + qb + q2b 4o+ qb(aerfl))(l + qa+b + q2(a+b) 4o+ q(a+b)(a71)) - 1
1—q ~° 1 — golatb) “T1-q
Recall that <, says that the coefficients of one series are bigger than the corresponding coefficients
of the other. This last expression implies that
q2b(a+b) - 1 - 1
(1= q)(1 —g"t®)) = (1 —¢b)(1 —¢q*?) =7 (1 - g)(1 — g*lat®))’
We also have that

b(a+b) 1 1
a < < .
bla+b)(1—q)? =7 (1-q)(1—¢") =7 b(a +b)(1 - q)?

And since
I Pl(q)

1—q 1—qott’
where Pl(q) is a polynomial with PI(1) = a + b, we have that

1 1
WU g S T e YT g ey

where Q1(q) and Q2(q) are polynomials in ¢ the sum of whose coefficients are b with highest degree
at most 3b(a + b).

Proof of Theorem 1. By (10.1) we have

bg3blatt) X 1 > 1 b 1
ql _ 1 — a+nb Sq H 1 — a+nb Sq 1 — H 1— a+nb’
a q 0 q q-- q
or that
n—3b(a+b)

b Z Pa,a—&—b(i) S Pa,b(n) S bz Pa,a+b(i)~
i=1 i=1

By Theorem 2, we have for any positive constants satisfying

2\ S (b/a+1/2)
C_ < b§ _1 7T_ e_aT_H) 6_(b/a‘+1/2)’7 60/
@b =762/ \ 6a (a+b)mr?
and s D
Ct > 3pt 72\ # (6ae(b+a/2)\+ )
a,b 2/ \ 6a 72 .
that +
o _ C _
—ip eV < Pyp(n) < —ZpemV
n 2a n 2a

for all sufficiently large n.
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