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Fluid: numerical methods



Time Splitting
• Time splitting
• Advection ‣ in 1D

‣ in nD
• Eulerian fluid solvers
• Particle in Cell
• Vortex methods
• Lattice Boltzmann method



Time splitting

• For each time step:

®
@ u
@ t + u ·ru= �rp
r · u= 0

<latexit sha1_base64="4hS5of1DoEFHm+AMX28HkxAReIw="></latexit>

Incompressible Euler equation

‣ Pressure project
‣ Solve advection equation @ u

@ t +ruu= 0
<latexit sha1_base64="jX98n5alENFhuxuWAjaOr0TUOmY="></latexit>

u u�r��1r · u
<latexit sha1_base64="ELCGWYy3ANudr3zqP1DYnQSa1LQ="></latexit>



Time splitting (Strang splitting)

• For each time step:

®
@ u
@ t + u ·ru= �rp
r · u= 0

<latexit sha1_base64="4hS5of1DoEFHm+AMX28HkxAReIw="></latexit>

Incompressible Euler equation

‣ Pressure “reflect”
‣ Solve advection equation @ u

@ t +ruu= 0
<latexit sha1_base64="jX98n5alENFhuxuWAjaOr0TUOmY="></latexit>

for half timestep

‣ Solve advection equation @ u
@ t +ruu= 0

<latexit sha1_base64="jX98n5alENFhuxuWAjaOr0TUOmY="></latexit>

for half timestep

‣ Pressure project
[Zehnder, Narain, Thomaszewski 2018 
“Advection-Reflection Solver”]

Wikipedia: Strang splitting

u⇤ = u�r��1r · u
u 2u⇤ � u

<latexit sha1_base64="SFZnoIFsPm3/I6YEfRYM8Q09Ycw="></latexit>



Time splitting (Strang splitting)

®
@ u
@ t + u ·ru= �rp
r · u= 0

<latexit sha1_base64="4hS5of1DoEFHm+AMX28HkxAReIw="></latexit>

Incompressible Euler equation

div-free subspace

@ u
@ t +ruu= 0

<latexit sha1_base64="jX98n5alENFhuxuWAjaOr0TUOmY="></latexit>

Solve

Pressure 
projection

div-free subspace

Projection method 
(Chorin 1967)

Reflection method 
(Strang 1968) 
(Zehnder et al 2018)

Pressure 
projection

Pressure 
reflection

Less splitting error  
with little additional cost

@ u
@ t +ruu= 0

<latexit sha1_base64="jX98n5alENFhuxuWAjaOr0TUOmY="></latexit>

Solve



Advection
• Time splitting
• Advection ‣ in 1D

‣ in nD
• Eulerian fluid solvers
• Particle in Cell
• Vortex methods
• Lattice Boltzmann method



Advection

• A time dependent scalar function     is advected by     iff
<latexit sha1_base64="liv+30UoiGpjKTctTEoM/ct2T3k="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

@
@ t f + v ·r f = 0

<latexit sha1_base64="+0haEeg5d5KIyjp4s7Zdw52x8g8="></latexit>

@
@ t f +Lv

fcn
f = 0

<latexit sha1_base64="Irdajj2rfwbxD5EIsphOKDE4qKc="></latexit>

Lie derivative

• Equivalently, if                          is the flow map generated by v't : W !W
<latexit sha1_base64="wNlvunRojCAREhW1Qme4wa9YBzE="></latexit>

• Let      be a time-independent vector field over the world coordinatev
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit> W

<latexit sha1_base64="fHJQhLvUp9WYvw8+Yvh0jjFeUqI="></latexit>

'̇ = v �', '0 = idW
<latexit sha1_base64="ZhK/gmEhGbFgNq8ZgBVA52AQzOo="></latexit>

then an advected function satisfies
ft('t(X )) = f0(X )

<latexit sha1_base64="attkzgSp3tiAKMgRcVIMZ5t+dxQ="></latexit>

ft(x) = f0( t(x))
<latexit sha1_base64="YUNz7gXnUxP0bVu7zanKQ4m+Hm8="></latexit>

or

@
@ t f + d f πv∫= 0

<latexit sha1_base64="np43zYbsxI8+iT7UzzlS1gnchj4="></latexit>

or
or

and let                       (inverse flow map) t := '�1
t

<latexit sha1_base64="mYC15hAH6HJOrgmJqMlSwnevLeA="></latexit>



Advection

• A time dependent scalar function     is advected by     iff
<latexit sha1_base64="liv+30UoiGpjKTctTEoM/ct2T3k="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

@
@ t f +Lv

fcn
f = 0

<latexit sha1_base64="Irdajj2rfwbxD5EIsphOKDE4qKc="></latexit>

Lie derivative

• Let      be a time-independent vector field over the world coordinatev
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit> W

<latexit sha1_base64="fHJQhLvUp9WYvw8+Yvh0jjFeUqI="></latexit>

ft('t(X )) = f0(X )
<latexit sha1_base64="attkzgSp3tiAKMgRcVIMZ5t+dxQ="></latexit>

ft(x) = f0( t(x))
<latexit sha1_base64="YUNz7gXnUxP0bVu7zanKQ4m+Hm8="></latexit>

f0 = '⇤t
fcn

ft
<latexit sha1_base64="cSsta4Q4mIWZYbQSjKsEnJ2qxm4="></latexit>

ft = ⇤t
fcn

f0
<latexit sha1_base64="6CTbZpF9O11ni5ldf1Cp0MQz7bo="></latexit>



Advection

• A time dependent scalar function     is advected by     iff
<latexit sha1_base64="liv+30UoiGpjKTctTEoM/ct2T3k="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

@
@ t f +Lv

fcn
f = 0

<latexit sha1_base64="Irdajj2rfwbxD5EIsphOKDE4qKc="></latexit>

Lie derivative

• Let      be a time-independent vector field over the world coordinatev
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit> W

<latexit sha1_base64="fHJQhLvUp9WYvw8+Yvh0jjFeUqI="></latexit>

f0 = '⇤t
fcn

ft
<latexit sha1_base64="cSsta4Q4mIWZYbQSjKsEnJ2qxm4="></latexit>

ft = ⇤t
fcn

f0
<latexit sha1_base64="6CTbZpF9O11ni5ldf1Cp0MQz7bo="></latexit>

• In fact:                          , ⇤t = e�tLv
<latexit sha1_base64="U6z3rnf7mpi8AZoO0rEXHksPKbM="></latexit>

'⇤t = etLv
<latexit sha1_base64="RISgjn7QKKaRD7V4e0YmULKbabE="></latexit>



Lie advection

• A time dependent vector      (resp. covector   )is advected by     ifw
<latexit sha1_base64="9f/Ucuv6IdVuMS0EPAOhy1wKetc="></latexit>

↵
<latexit sha1_base64="n91jepygfYN0WhN/HDEOn/c2oiY="></latexit> v

<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

• Let      be a time-independent vector field over the world coordinatev
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit> W

<latexit sha1_base64="fHJQhLvUp9WYvw8+Yvh0jjFeUqI="></latexit>

@
@ t w+Lv

vec
w= 0

<latexit sha1_base64="BIL1IStIGa4a8+heKPr07slPuIE="></latexit>

w0 = '⇤t
vec

wt
<latexit sha1_base64="DDZCO5NdsnrXvDPcHLgSro++thc="></latexit>

wt = ⇤t
vec

w0
<latexit sha1_base64="xn4wzItPxch/RmOi5VBizEf/PcE="></latexit>

↵0 = '⇤t
covec
↵t

<latexit sha1_base64="wnhNopXlxGYPFeIi4OYB//3g3LY="></latexit>

@
@ t↵+ Lv

covec
↵= 0

<latexit sha1_base64="0FdyQw1p5Z/5odr4rYONTJqfIHE="></latexit>

↵t =  ⇤t
covec

↵0
<latexit sha1_base64="B6JQQ0VfX4X0FbDi9WrkV2pqgVE="></latexit>

• In fact:                          , ⇤t = e�tLv
<latexit sha1_base64="U6z3rnf7mpi8AZoO0rEXHksPKbM="></latexit>

'⇤t = etLv
<latexit sha1_base64="RISgjn7QKKaRD7V4e0YmULKbabE="></latexit>

• If both a vector and a covector is being (Lie)-advected, then their 
dual pairing (as a scalar function) is advected.

• Advected covector has conserved line integrals:
R
't (C)

↵t =
R

C ↵
<latexit sha1_base64="0XW2IEG+he5kFBrLyMUCx5khr+8="></latexit>



Lie advection

• A time dependent vector      (resp. covector   )is advected by     ifw
<latexit sha1_base64="9f/Ucuv6IdVuMS0EPAOhy1wKetc="></latexit>

↵
<latexit sha1_base64="n91jepygfYN0WhN/HDEOn/c2oiY="></latexit> v

<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

• Let      be a time-independent vector field over the world coordinatev
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit> W

<latexit sha1_base64="fHJQhLvUp9WYvw8+Yvh0jjFeUqI="></latexit>

@
@ t w+Lv

vec
w= 0

<latexit sha1_base64="BIL1IStIGa4a8+heKPr07slPuIE="></latexit>

w0 = '⇤t
vec

wt
<latexit sha1_base64="DDZCO5NdsnrXvDPcHLgSro++thc="></latexit>

wt = ⇤t
vec

w0
<latexit sha1_base64="xn4wzItPxch/RmOi5VBizEf/PcE="></latexit>

↵0 = '⇤t
covec
↵t

<latexit sha1_base64="wnhNopXlxGYPFeIi4OYB//3g3LY="></latexit>

@
@ t↵+ Lv

covec
↵= 0

<latexit sha1_base64="0FdyQw1p5Z/5odr4rYONTJqfIHE="></latexit>

↵t =  ⇤t
covec

↵0
<latexit sha1_base64="B6JQQ0VfX4X0FbDi9WrkV2pqgVE="></latexit>

• In fact:                          , ⇤t = e�tLv
<latexit sha1_base64="U6z3rnf7mpi8AZoO0rEXHksPKbM="></latexit>

'⇤t = etLv
<latexit sha1_base64="RISgjn7QKKaRD7V4e0YmULKbabE="></latexit>

• In Euler equation
®
@ u
@ t + u ·ru= �rp
r · u= 0

<latexit sha1_base64="4hS5of1DoEFHm+AMX28HkxAReIw="></latexit>

u is advected as function 
instead of vector

• There’s covector-form of Euler equation where u is covector-advected.



Numerical method overview

• In fact:                          , ⇤t = e�tLv
<latexit sha1_base64="U6z3rnf7mpi8AZoO0rEXHksPKbM="></latexit>

'⇤t = etLv
<latexit sha1_base64="RISgjn7QKKaRD7V4e0YmULKbabE="></latexit>

• Numerical methods for advection:

• Eulerian method: approximate exp(derivative) or the 
 pullback operator.

• Lagrangian method: set quantities on particles (or other geometry),  
and let particle move by    . v

<latexit sha1_base64="y1njpKxqAoLFCpuu+b+cgsONuKY="></latexit>

• We’ll first look at Eulerian method in 1D and then back to 2D 3D

• Then we talk about particle methods (Lagrangian method)



Advection in 1D
• Time splitting
• Advection ‣ in 1D

‣ in nD
• Eulerian fluid solvers
• Particle in Cell
• Vortex methods
• Lattice Boltzmann method



1D Advection of function

@
@ t u(t, x) + a @@ x u(t, x) = 0

<latexit sha1_base64="k1N474R733ZF5WXOgrYsXUm0JtI="></latexit>

• Advection equation with flow velocity a = a(x)
<latexit sha1_base64="tERzhMXB4a2pAy2HQeCUQAwU/kY="></latexit>

u̇+ au0 = 0
<latexit sha1_base64="7i2lqiEoJbP7KQVhfmoSffx2LuY="></latexit>• In short:

• Let        denote the approx. sol. at i-th gridpoint and n-th timestep.un
i

<latexit sha1_base64="hw0AeQ/7iW1pEm+OtD8bvt/+/1E="></latexit>



Central difference method
u̇+ au0 = 0

<latexit sha1_base64="7i2lqiEoJbP7KQVhfmoSffx2LuY="></latexit>

• Let        denote the approx. sol. at i-th gridpoint and n-th timestep.un
i

<latexit sha1_base64="hw0AeQ/7iW1pEm+OtD8bvt/+/1E="></latexit>

• A straightforward approach:

un+1
i = un

i � a�t
2�x (u

n
i+1 � un

i )
<latexit sha1_base64="awdRgdGQxEMKYM1i7znorOyA6Ds="></latexit>

• (von Neumann) stability analysis: plug in un
i = rne iki

<latexit sha1_base64="q9NnjT91sr4On+a37TXYRpes6RM="></latexit>

Check whether                for all |r| 1
<latexit sha1_base64="RgKBzTb4LdGzaQf1hdh2xbrrNBQ="></latexit>

k
<latexit sha1_base64="/0KjTRajFVltAtlI6VA4tCJ6owk="></latexit>

Each      determines a rate k
<latexit sha1_base64="/0KjTRajFVltAtlI6VA4tCJ6owk="></latexit>

r = rk 2 C
<latexit sha1_base64="0jEQl0DOrsGImM6L2blmPK/CvXg="></latexit>

• For this method: r = 1� i a�t
�x sin(k)

<latexit sha1_base64="P0d8maWM5Tp6soFdtJ1Z7OopaRw="></latexit>

unconditionally unstable!



Central difference method
u̇+ au0 = 0

<latexit sha1_base64="7i2lqiEoJbP7KQVhfmoSffx2LuY="></latexit>

• Let        denote the approx. sol. at i-th gridpoint and n-th timestep.un
i

<latexit sha1_base64="hw0AeQ/7iW1pEm+OtD8bvt/+/1E="></latexit>

• This can still be stable using ODE solvers like RK4 or 
symplectic Euler or backward Euler.

• We can study the numerical error by the modified equation

• As an ODE d
d t ui = � a

2�x (ui+1 � ui)
<latexit sha1_base64="j/gISJYulNzHL6xGDgIixnZvBLo="></latexit>

(expand the spatial shifts by Taylor expansion; the resulting PDE 
is satisfied more accurately by the numerical solution than the original 
PDE)

u̇= �au0 � �x2

12 au000
<latexit sha1_base64="0CgAMgGavIEjxgJ65KO2qJgh6T4="></latexit> numerical dispersion



Numerical artifacts

numerical dissipation/diffusion/viscosity numerical dispersion



Lax–Friedrichs method
u̇+ au0 = 0

<latexit sha1_base64="7i2lqiEoJbP7KQVhfmoSffx2LuY="></latexit>

un+1
i = un

i � a�t
2�x (u

n
i+1 � un

i )
<latexit sha1_base64="awdRgdGQxEMKYM1i7znorOyA6Ds="></latexit>

conditionally stable

• Lax–Friedrichs un+1
i = 1

2 (u
n
i�1 + un

i+1)� a�t
2�x (u

n
i+1 � un

i )
<latexit sha1_base64="Q4CaCri8TyynGIk9zowu89nEwWw="></latexit>

• A straightforward approach:

• (von Neumann) stability analysis: r = cos(k)� i a�t
�x sin(k)

<latexit sha1_base64="lZx1IQUUm/y6OQM1Ti31vf50vYo="></latexit>

Stable if and only if | a�t
�x | 1

<latexit sha1_base64="nfurfJsyaZaQBH5oW+SN2jpw2JM="></latexit>

• Modified equation: u̇= �au0 + �x2

2�t u00
<latexit sha1_base64="xKA5KeJE6zODETbHZjLrpeDuJjk="></latexit>

numerical diffusion



Upwind method
u̇+ au0 = 0

<latexit sha1_base64="7i2lqiEoJbP7KQVhfmoSffx2LuY="></latexit>

• Upwind method

numerical diffusion

if a > 0
<latexit sha1_base64="KNOewV0A30h+M4ZLS/5WBNxB0sc="></latexit>

un+1
i = un

i � a�t
�x (u

n
i � un

i�1)
<latexit sha1_base64="q80D5mKUlBfBDTxhnY7D0jSmY3M="></latexit>

if un+1
i = un

i � a�t
�x (u

n
i+1 � un

i )
<latexit sha1_base64="vzhf+rG7wSSRhOSTTcnFCj8ngTQ="></latexit>

a < 0
<latexit sha1_base64="l0fi6w9Jk1vKyeMfAN3ekGAByMM="></latexit>

• Stable if and only if                     (CFL condition)| a�t
�x | 1

<latexit sha1_base64="nfurfJsyaZaQBH5oW+SN2jpw2JM="></latexit>

• Modified equation: u̇= �au0 + �x
2 u00

<latexit sha1_base64="vG3/y6m8F5YTO+VRT5r1wESevpI="></latexit>

• It follows the idea un+1 = ⇤�tu
n

<latexit sha1_base64="S+MJ9KJpnSmLrUvMkhYm/kAUrY4="></latexit>

un+1
i = un(xi � a�t)

<latexit sha1_base64="7F14UQpIOzu65mNsbP9zJ5crUS8="></latexit>

i.e.



Courant–Friedrichs–Lewy condition

• Stable if and only if                     (CFL condition)| a�t
�x | 1

<latexit sha1_base64="nfurfJsyaZaQBH5oW+SN2jpw2JM="></latexit>

• Rule of thumb: computational information speed > physical information 
speed.

�x
�t � a

<latexit sha1_base64="vTteUP7tQasgGNjewCyQrpTVzAA="></latexit>



Semi-Lagrangian scheme
u̇+ au0 = 0

<latexit sha1_base64="7i2lqiEoJbP7KQVhfmoSffx2LuY="></latexit>

• Semi-Lagrangian scheme

• Unconditionally stable.

• Modified equation: Same as upwind method.

un+1
i = un(xi � a�t)

<latexit sha1_base64="7F14UQpIOzu65mNsbP9zJ5crUS8="></latexit>

where the RHS is evaluated with some interpolation method on 
the cell that contains the backtraced particle  �t(xi) = xi � a�t

<latexit sha1_base64="DqghEfY5AdKIBUo0ZM/BR7k+ask="></latexit>



Advection in nD
• Time splitting
• Advection ‣ in 1D

‣ in nD
• Eulerian fluid solvers
• Particle in Cell
• Vortex methods
• Lattice Boltzmann method



Semi-Lagrangian scheme

• Equation: ḟ +Lv f = 0
<latexit sha1_base64="YWxrgKnoM7YGsLTsiDmL3AxJj5o="></latexit>

• Approximate                                with some interpolationf n+1 = ⇤�t f n
<latexit sha1_base64="x8Ni7+2Ps9TBXPfrchUCiIcv7tk="></latexit>

• For scalar functions f n+1
i = Interpolate( f n, xi ��tvi)

<latexit sha1_base64="BZCdrQ+4YTKmVmZ7JLFO6S8gAZ8="></latexit>

One can replace this backtracing by  
an RK4 integration

• (For Lie advection of vectors or covectors, some stretching by  
the flow map Jacobian is needed)

• Let us call one semi-Lagrangian step f n+1 =A sL
v,�t( f

n)
<latexit sha1_base64="rniYKLcjmiQX+T1eZJaVxYwkrqY="></latexit>



MacCormack / BFECC

• Back-and-forth error correction and compensation (BFECC)

• Numerical diffusion is removed, but numerical dispersion shows up.

A BFECC
v,�t :=A sL

v,�t � (A sL
v,�t)

1
2 (A sL

�v,�t �A sL
v,�t � 1)

<latexit sha1_base64="fptQV8FcckK18Ox2t7zbVzZsgkI="></latexit>

optional. Without it, it’s called modified MacCormack.

• Let us call one semi-Lagrangian step f n+1 =A sL
v,�t( f

n)
<latexit sha1_base64="rniYKLcjmiQX+T1eZJaVxYwkrqY="></latexit>

• By combining the semi-Lagrangian steps, we can bootstrap a higher 
order method.



MacCormack / BFECC
• Back-and-forth error correction and compensation (BFECC)

‣ Sometimes this modification will create spatial oscillation  
(dispersion error)

A BFECC
v,�t :=A sL

v,�t � (A sL
v,�t)

1
2 (A sL

�v,�t �A sL
v,�t � 1)

<latexit sha1_base64="fptQV8FcckK18Ox2t7zbVzZsgkI="></latexit>

numerical dissipation numerical dispersion



MacCormack / BFECC
• Back-and-forth error correction and compensation (BFECC)

‣ Sometimes this modification will create spatial oscillation  
(dispersion error)

A BFECC
v,�t :=A sL

v,�t � (A sL
v,�t)

1
2 (A sL

�v,�t �A sL
v,�t � 1)

<latexit sha1_base64="fptQV8FcckK18Ox2t7zbVzZsgkI="></latexit>

‣ Limiter: If the value of the field after BFECC is lying outside of 
some convex hull of the neighborhood values of stable  
semi-Lagrangian, blend with or use the stable semi-Lagrangian  
result.

‣ You can detect and cutoff the overshoots using limiter.



Eulerian Fluid Solvers
• Time splitting
• Advection ‣ in 1D

‣ in nD
• Eulerian fluid solvers
• Particle in Cell
• Vortex methods
• Lattice Boltzmann method



Full fluid solver: Mix and match
• Stable Fluids (Stam 1999): 

‣ Semi-Lagrangian + Projection

• Mac-Cormack/BFECC (2003): 

‣ MC + Projection
• Circulation-preserving simplicial fluids (Elcott et al 2007)
‣ Vorticity Lie advected as a 2-form or vector using semi-Lagrangian 

+ streamfunction solve (like projection)
• Reflection (Zehnder et al 2018)
‣ sL + R, MC + R

• Covector fluids (Ours 2022)
‣ Velocity covector advected as a covector, with BFECC, projection.



Diffusion can still occur in time splitting

BiMocqMC+R

CF+MCM (Ours)

SF+RSF

MC Elcott et al. CF (Ours)

De
ns

ity



De
ns

ity BiMocqMC+R

CF+MCM (Ours)

SF+RSF

MC Elcott et al. CF (Ours)

Vo
rti

cit
y



Particle in Cell
• Time splitting
• Advection ‣ in 1D

‣ in nD
• Eulerian fluid solvers
• Particle in Cell
• Vortex methods
• Lattice Boltzmann method



Hybrid of Lagrangian and Eulerian
• Discretize material space as particles M = {1, . . . , #particles}

<latexit sha1_base64="y+ucdPHDyQayoD6ZkC+qX85jgvw="></latexit>

Each particle              has a mass         that is fixed over time.mp
<latexit sha1_base64="JkYdtQSCucznjgwptQl8EctJOFU="></latexit>

p 2 M
<latexit sha1_base64="EOIo55Q22gk4mDrUQc5+33l5xAU="></latexit>

• The particle location is our flow map � : M !W = R3
<latexit sha1_base64="eLRveOkfDyVrNkT4lHc1qRvalcw="></latexit>

• Computing pressure projection is difficult using this particle method 
(require near-neighbor search)

• Put a grid for the Eulerian coordinate.

• Device an interpolation scheme transferring functions on particle 
and functions on grid (pullback of zero-form).



Advection
• Denote Eulerian function and its Lagrangian twin 

• Advection step: Do it in Lagrangian coordinate

f : W ! R
<latexit sha1_base64="YKzBiAiusUApHQF95c6wAo5BXHc="></latexit>

f̂ : M ! R
<latexit sha1_base64="dLQ4kraNEZy/8T4wcZXLicotH/U="></latexit>

f̂ = �⇤
0-form

f = f ��
<latexit sha1_base64="QmO5ZQfUjccNz/k0HL1nJIz1lec="></latexit>

@
@ t f̂ = 0

<latexit sha1_base64="ucgYLOZiw74zJYqOqUy4B81O13o="></latexit>

@
@ t� = u ��

<latexit sha1_base64="Ecn7YiH8n1gCcvEUmaXgKVxs9y8="></latexit>

Much easier 
No diffusion

@
@ t f + Lu

0-form
f = 0

<latexit sha1_base64="tDw/uAjpo3x+XPxIELuxkvGD97E="></latexit>

Numerical diffusion



Particle in cell (material point method)
• Beginning of each iteration:  

Each particle has a velocity vp
<latexit sha1_base64="M9GUejrdSarXPsPkjesd5QC3ihQ="></latexit>‣ Advection step

@
@ t� = u ��

<latexit sha1_base64="/y7DJwvezKb7+D56Asi3FyvQM60="></latexit>

u = P2G(v)@
@ t� = v

<latexit sha1_base64="UFZ1dQVytqgzM3K0+TnBmesY0YM="></latexit>

or

‣ Transfer to grid
u = P2G(v)

‣ Pressure projection
u = PressureSolve(u)

‣ Transfer back to particle
v = G2P(u)

• End of iteration

(transfer has lots of diffusion)



FLIP (fluid implicit particle) solver
• Beginning of each iteration:  

Each particle has a velocity vp
<latexit sha1_base64="M9GUejrdSarXPsPkjesd5QC3ihQ="></latexit>‣ Advection step

@
@ t� = u ��

<latexit sha1_base64="/y7DJwvezKb7+D56Asi3FyvQM60="></latexit>

u = P2G(v)@
@ t� = v

<latexit sha1_base64="UFZ1dQVytqgzM3K0+TnBmesY0YM="></latexit>

or

‣ Transfer to grid
u = P2G(v)

‣ Pressure projection
u’ = PressureSolve(u)

‣ Transfer the incremental effect of pressure back to particle
v += G2P(u’-u)

• End of iteration



Particle–Grid transfer
• Consider a basis function for each grid point

Ni(x)
<latexit sha1_base64="zO2xCwz4x/VwCoHl/g7A7NHltpo="></latexit>

i 2 Grid
<latexit sha1_base64="cO5O5MeaEOAbSeoxGeRdj7n/gBA="></latexit>

x 2 R3
<latexit sha1_base64="Vnusti+cZkj8xHURN3GilRoqF7w="></latexit>

‣ Local:                     when x is far away 
from the grid point i.

Ni(x) = 0
<latexit sha1_base64="hP1tOKAEIj09z3uK5IvgoTPWsb8="></latexit>

‣ Partition of unity (add up to 1)P
i2Grid Ni(x) = 1(x) = 1

<latexit sha1_base64="prd1NeNTUlvCTLoJfYJh0pBnnQQ="></latexit>

‣ (Nonnegative                    )Ni(x)� 0
<latexit sha1_base64="yLefSx59ac7XgQ0U17vwDPAIo+o="></latexit>

• Usually it’s just the product of B-spline basis from each dimension

• Lagrange interpolation basis is also a candidate choice



Particle–Grid transfer
• Grid to Particle

f̂p ⇡
P

i2Grid fiNi(�p)
<latexit sha1_base64="ovlBtS7ijGlC4Mhh++5ECSE138E="></latexit>

• Particle to Grid

fi ⇡
P

p2M f̂pmpNi(�p)P
p2M mpNi(�p)

<latexit sha1_base64="AZqNoibUvMEHQ334jII1hY8ShqE="></latexit>



Affine Particle–Grid transfer
• Affine Grid to Particle

f̂p ⇡
P

i2Grid fiNi(�p)
<latexit sha1_base64="ovlBtS7ijGlC4Mhh++5ECSE138E="></latexit>

• Affine Particle to Grid

fi ⇡
P

p2M ( f̂p +‘r fpπxi ��p∫)mpNi(�p)P
p2M mpNi(�p)

<latexit sha1_base64="0xj6PFjZkWwViE8wRJVMqDIVAAs="></latexit>

‘r fp ⇡ argmin
A

X

i2Grid

�����

P
p2M ( f̂p +Aπxi ��p∫)mpNi(�p)P

p2M mpNi(�p)
� fi

�����

2

<latexit sha1_base64="sxfkf2z4uOcyN1WFICpEdX2J4OY="></latexit>



Affine Particle–Grid transfer
• Affine Grid to Particle

f̂p ⇡
P

i2Grid fiNi(�p)
<latexit sha1_base64="ovlBtS7ijGlC4Mhh++5ECSE138E="></latexit>

• Affine Particle to Grid

fi ⇡
P

p2M ( f̂p +‘r fpπxi ��p∫)mpNi(�p)P
p2M mpNi(�p)

<latexit sha1_base64="0xj6PFjZkWwViE8wRJVMqDIVAAs="></latexit>

‘r fp ⇡ BD�1
<latexit sha1_base64="RjvuCkrwKCO9wUQbBIo2nMMKeIg="></latexit>

B=
P

i2Grid Ni(�p) fi(xi ��p)¸
<latexit sha1_base64="QlIrfHtb0YW3a/MipCV0t7C3rus="></latexit>

D=
P

i2Grid Ni(�p)(xi ��p)(xi ��p)¸
<latexit sha1_base64="1Rb2TndazFlx4v7gFKT+b3elrwQ="></latexit>



Vortex methods
• Time splitting
• Advection ‣ in 1D

‣ in nD
• Eulerian fluid solvers
• Particle in Cell
• Vortex methods
• Lattice Boltzmann method



Vortex in Fluids



Vortex in Fluids



Vortex in FluidsVortex in Fluids



Kelvin Circulation Theorem
• Let                           be the flow map for an incompressible Euler fluid.�t : M !W

<latexit sha1_base64="10LUg2nlDFLBGfS/ZtzEPjiV7Xo="></latexit>

• That is,                                and @
@ t�t = ut ��t

<latexit sha1_base64="dtQyGHwrVmoIH7tP6tqzxzqkvFc="></latexit>

@
@ t ut +rut

ut = �rpt
<latexit sha1_base64="CwGjw/SNhgl8XqmAQkKGUlT46sM="></latexit>

• Lemma.  For each fixed material vector     at a point             , the inner 
product between the velocity and the pushforward vector at the particle 
has rate of change

a
<latexit sha1_base64="ImghyNXCEUtmOBLWk1txhveVyx8="></latexit>

X 2 M
<latexit sha1_base64="HRxK44GiEMmq7tsqMPkDSJhuq30="></latexit>

d
d t hut(�t(X)), d�taiW =

<latexit sha1_base64="TJ9CCkOPjoArUToL3QK9P/CdvVk="></latexit>

a
<latexit sha1_base64="i1APPe3a00eE+WwDTiXpEJKgnY4="></latexit>

M
<latexit sha1_base64="K7QAQF80kDAS8mwhixBMfv3TQX8="></latexit>

X
<latexit sha1_base64="29FgmSsrinVS005mDJbJ3DOHK2I="></latexit>

W
<latexit sha1_base64="5MZ/k82h86Udl6TWh+5feUtfYng="></latexit>

ut
<latexit sha1_base64="JhEI7OiU95yNx8v+9y7lrLnVKqo="></latexit>

�t(X)
<latexit sha1_base64="WqXxRKhHl2jL+KZC1yvcW71lRvs="></latexit>

d�ta
<latexit sha1_base64="arTNJAdyYsSKmbNrJjCEiPPdQFo="></latexit>

�hr(pt � 1
2 |ut |2), d�taiW

<latexit sha1_base64="XaTZUysHOE41fk+p0Ko9zXbyMi0="></latexit>



Kelvin Circulation Theorem

• Theorem.  For each fixed material curve    , the line integral of velocity 
along the flowing curve                      has rate of change

�
<latexit sha1_base64="zjN+Hvogs5poXJHNqfzJKH+vANg="></latexit>

�t = �t(� )
<latexit sha1_base64="Lw3S/Bndx348ez6tBieXJQRhrdg="></latexit>

d
d t hut(�t(X)), d�taiW =

<latexit sha1_base64="TJ9CCkOPjoArUToL3QK9P/CdvVk="></latexit>

�hr(pt � 1
2 |ut |2), d�taiW

<latexit sha1_base64="XaTZUysHOE41fk+p0Ko9zXbyMi0="></latexit>

d
d t

R
�t
hut , d`ti= �(pt � 1

2 |ut |2)
��
@ �t

<latexit sha1_base64="FXQ3N+OYja5ElJnvBI5gawVuey4="></latexit>

M
<latexit sha1_base64="K7QAQF80kDAS8mwhixBMfv3TQX8="></latexit>

�
<latexit sha1_base64="zjN+Hvogs5poXJHNqfzJKH+vANg="></latexit>

W
<latexit sha1_base64="5MZ/k82h86Udl6TWh+5feUtfYng="></latexit>

ut
<latexit sha1_base64="JhEI7OiU95yNx8v+9y7lrLnVKqo="></latexit>�t

<latexit sha1_base64="rR5cnF77BumGsBcBbkk0Hgb3fCo="></latexit>



Kelvin Circulation Theorem
• Theorem.  For each fixed material curve    , the line integral of velocity 

along the flowing curve                      has rate of change
�

<latexit sha1_base64="zjN+Hvogs5poXJHNqfzJKH+vANg="></latexit>

�t = �t(� )
<latexit sha1_base64="Lw3S/Bndx348ez6tBieXJQRhrdg="></latexit>

d
d t

R
�t
hut , d`ti= �(pt � 1

2 |ut |2)
��
@ �t

<latexit sha1_base64="FXQ3N+OYja5ElJnvBI5gawVuey4="></latexit>

M
<latexit sha1_base64="K7QAQF80kDAS8mwhixBMfv3TQX8="></latexit>

�
<latexit sha1_base64="zjN+Hvogs5poXJHNqfzJKH+vANg="></latexit>

W
<latexit sha1_base64="5MZ/k82h86Udl6TWh+5feUtfYng="></latexit>

ut
<latexit sha1_base64="JhEI7OiU95yNx8v+9y7lrLnVKqo="></latexit>�t

<latexit sha1_base64="rR5cnF77BumGsBcBbkk0Hgb3fCo="></latexit>

• Theorem.  The line integral (circulation) of velocity along a flowing  
closed curve is conserved!

d
d t

H

�t
hut , d`ti= 0

<latexit sha1_base64="AfAksUiH7YLraWcFLjdokn2pIuQ="></latexit>



Kelvin Circulation Theorem

W
<latexit sha1_base64="5MZ/k82h86Udl6TWh+5feUtfYng="></latexit>

ut
<latexit sha1_base64="JhEI7OiU95yNx8v+9y7lrLnVKqo="></latexit>�t

<latexit sha1_base64="rR5cnF77BumGsBcBbkk0Hgb3fCo="></latexit>

• Theorem.  The line integral (circulation) of velocity along a flowing  
closed curve is conserved!

d
d t

H

�t
hut , d`ti= 0

<latexit sha1_base64="AfAksUiH7YLraWcFLjdokn2pIuQ="></latexit>

• Theorem.  The vorticity flux through a flowing surface is conserved.

wt := curlut
<latexit sha1_base64="ueMCKBwIxtsZ03vCSSwo8trCAIQ="></latexit>

d
d t

RR
�t

wt · nt dAt = 0
<latexit sha1_base64="RWgjit6LQ5AV/Jk3GSmt3igAl4w="></latexit>

�t
<latexit sha1_base64="DNH+nZHkLwOLe/fKX0EuoUp/3e0="></latexit>



Kelvin Circulation Theorem

W
<latexit sha1_base64="5MZ/k82h86Udl6TWh+5feUtfYng="></latexit>

ut
<latexit sha1_base64="JhEI7OiU95yNx8v+9y7lrLnVKqo="></latexit>�t

<latexit sha1_base64="rR5cnF77BumGsBcBbkk0Hgb3fCo="></latexit>

�t
<latexit sha1_base64="DNH+nZHkLwOLe/fKX0EuoUp/3e0="></latexit>

• Theorem.  In 2D, the vorticity function 
is purely advected by the flow

wt := @1u2
t � @2u1

t
<latexit sha1_base64="aDSMubvVJA4TRYpT84Ad/N6wSiU="></latexit>

@
@ t w+ ut ·rwt = 0

<latexit sha1_base64="YzqNGV5FC+MR0wDXomhrnlTtQfg="></latexit>

wt ��t = w0
<latexit sha1_base64="hg3GEVyl5qvFkdK62O7enYH9ZXY="></latexit>

• Theorem.  In 3D, the vorticity vector field  
is pushed forward by the flow

wt := curlut
<latexit sha1_base64="ueMCKBwIxtsZ03vCSSwo8trCAIQ="></latexit>

@
@ t w+ ut ·rwt �wt ·rut = 0

<latexit sha1_base64="uLUnjGBIJZprHpZxY4pDnjDd4AA="></latexit>

�t
⇤

vec
wt =w0

<latexit sha1_base64="vZsCPVBtf3ugZgZMlfWFZ00gdoQ="></latexit>

@
@ t w+ [ut ,wt] = 0

<latexit sha1_base64="SgL/sW1JpwxLIEru4xWU/D4q+W4="></latexit>

or

vortex stretching



Discretize Vortex equation

• (Vortex particle method in 3D makes little sense)

• Vorticity in 2D: point vortices wt ��t = w0
<latexit sha1_base64="hg3GEVyl5qvFkdK62O7enYH9ZXY="></latexit>

• Vorticity in 3D: vortex filaments. �t
⇤

vec
wt =w0

<latexit sha1_base64="vZsCPVBtf3ugZgZMlfWFZ00gdoQ="></latexit>



Biot–Savart velocity 

• For 2D

u(x) =
1

2⇡

Z

supp(w)

w(y)R90�(x� y)
|x� y|2 dAy

<latexit sha1_base64="xCHjXxCjg0qNO8Ovr2xCmnim4cI="></latexit>

u(x) =
1

4⇡

Z

supp(w)

w(y)⇥ (x� y)
|x� y|3 dVy

<latexit sha1_base64="Tb7yJwiJB2bb1J2SGbBxBvqya4I="></latexit>

• For 3D

• The following are the divergence-free velocity field reconstructed 
from its vorticity.



2D Vortex particle system
• Each particle has a fixed vorticity strength p

<latexit sha1_base64="SirXyFZHn2Grccvr+kcQzRUOI2Q="></latexit>

‣ Strength can be positive or negative. 

• Also evaluate velocity for any passively advected smoke/dye by

vx =
X

q2VortexParticles

q

2⇡

Rotate90�(x��q)
|x��q|2

<latexit sha1_base64="tVyz9ZT76vSS+MabsO7U2dbocGQ="></latexit>

• The 2D position of each particle 
d
d t
�p =
X

q2VortexParticles
q 6=p

q

2⇡

Rotate90�(�p ��q)
|�p ��q|2

<latexit sha1_base64="mApN1sZjz9faflDD3FFoQynDHSM="></latexit>

• Solve ODE by RK4



2D Vortex particle system



2D Vortex particle system



3D vortex filament
• Filament based smoke (see e.g. Weissmann 2010)

photograph simulation

http://diglib.eg.org/handle/10.2312/8252



3D vortex filament
• Limitation: Filament length can grow 

exponentially, need reconnection, which  
is hard

‣ Variants: “Vortex segment clouds”  
[Xiong 2021]

‣ Variants: “Implicit vortex filaments”  
[Ishida 2022]

‣ (MPM + vortex segment?)



3D vorticity equation

• Most papers solve it by splitting advection and stretching
@w
@ t
+ruw=rwu

<latexit sha1_base64="bS2x9XHHxI9KN+stGpl+un2sLnI="></latexit>

• Better way: Do a semi-Lagrangian pullback for 2-form 
[Elcott et al 2007 “Stable and circulation 
 preserving simplicial fluids”]



Lattice Boltzmann Method
• Time splitting
• Advection ‣ in 1D

‣ in nD
• Eulerian fluid solvers
• Particle in Cell
• Vortex methods
• Lattice Boltzmann method



Statistical model
• Continuum mechanics is only a macroscopic model 

as a global deformable body

• Mesoscopic (kinetic, statistical) model 

• Microscopic: Individual molecules

‣ Each world-point has one averaged velocity

‣ Each of 10^23 of molecules has its velocity

‣ Each world-point has a probability distribution of velocities



Statistical model
• The state of the system is a probability measure 

over the tangent bundle
f (x,v, t)

<latexit sha1_base64="A5hYbhwtWn5beglY0n4RtKr9Ijg="></latexit>

TW
<latexit sha1_base64="be9enI1uxtuWbjsPhxXGdB2+yAI="></latexit>

• The mass density ⇢(x,t) =
R

v2TxW f (x,v, t)
<latexit sha1_base64="WLTK0VTk6OlgULOMsAWrTBs4pE8="></latexit>

• The momentum density (⇢u)(x,t) =
R

v2TxW v f (x,v, t)
<latexit sha1_base64="CNcOFBlw54E1+40YJ2RFlxIpscI="></latexit>

• Internal energy e(x,t) =
R

v2TxW
1
2 |v� u|2 f (x,v, t)

<latexit sha1_base64="onnmPhHdofo1Rn93nkvgNLBnO7U="></latexit>

= 3kT (x,t)
2

<latexit sha1_base64="/TjTu62PZ4Wru0Y43ZftrUfcrmQ="></latexit>

• Stress-energy tensor ⌃(x,t) =
R

v2TxW (v� u)(v� u)¸ f (x,v, t)
<latexit sha1_base64="rAZXfcHpQkYp9l7asUfrCklkwig="></latexit>



Boltzmann equation
• Boltzmann equation

‣ The probability distribution is advected by its own velocity

‣ There can be pointwise operator Q modeling the internal collision  
that mutates the distribution (obeying some conservation law)

‣ There can also be external force that accelerate velocity

@
@ t f (x,v, t) + v · @@ x f (x,v, t)

<latexit sha1_base64="DxzCoRG2bAMa8AKGV193/xZslcc="></latexit>

+gext · @@ v f (x,v, t)
<latexit sha1_base64="g/NdXlkLmvySLCHLiQzMqwgFChI="></latexit>

=Q( f )(x,v,t)
<latexit sha1_base64="RZxQBhMpaLqi6ssTZoBNz5tllMA="></latexit>



Lattice Boltzmann method
• Discretize the tangent bundle as lattice with discrete velocity directions.

• Probability density are numbers assigned on each of these 
 27 x (#grid pts) stencils

• Advection: exact exchange of probability (because velocity 
points onto another lattice grid)

• Model collision operator, with physics and numerical consideration


