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Helmnholtz decomposition

Helmholtz (1858) discovered the following vector field decomposition

n R*, R’

['(TR") = (curl-free VF) & (div-free VF)
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Helmnholtz decomposition

e Helmholtz (1858) discovered the following vector field decomposition
n R*, R’

['(TR") = (curl-free VF) & (div-free VF)
| |
im(grad) im(curl) in 3D

im(R*® grad) in 2D

e This decomposition is orthogonal.

e Given a vector field, we can remove the im(grad) part by the
pressure projection (with a Poisson solve).

e One can also directly construct the divergence-free part using
either a Biot—Savart integral or a streamfunction Poisson solve.



Pressure projection

e Let & be any vector field on a domain W.
e Thereis a scalar field [P, unigue up to additive constant, so that
u==e'!" p

satisfies .
L au=0 INnW
nau=0 on!W

e Solve the Poisson problem



Marker and Cell (MAC grid)
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e Define pressure and “label for obstacle” in cells, and velocity (as flux)
on cell walls.

e (Grad p and divergence are both naturally defined.

e Build gradient and divergence matrix: they are transpose of
each other.



Spectral method

e On a periodic domain (no boundary) of size (L,, L,, L3)

. 1 2u 14U 14U
Solve Poisson problem | u= f —+ —+ — = f
I x2 ly2 172

e Discretize both u and f on regular grid with resolution ( Ny, N5, N5 )

e Apply Fast Fourier Transform (FFT)

1 N 1° N 1° Ni!1

. 2. |(11k1+12k2+13k3)
U(J1, )2, J3) = N,N,N; k=0 k=0 k,=0 0(K, Ko, Ks) €

! N1| 1! N2| 1! N | | 2] I(Jlkl_l_ 12k2+ J3k3)
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Spectral method

e Differential operators become componentwise multiplication:

W21k,

# Ll O I kl < N]_/ 2
L u(k) = pyo(k) 0=, 0 <= Ny/ 2
| $2i("N) 5 N
L, 1 1

e Poisson solve also becomes componentwise multiplication.



Spectral method: obstacle treatment

e FFT only works on periodic domain.

e To add obstacles, one can repeat the following

> Pressure project
> Set velocity in obstacle to zero

e |t is an alternating orthogonal projection to two linear subspaces:
the div-free subspace, and the zero-in-obstacle subspace.

e The alternating projection will converge to their intersection.



Biot—Savart integral

['(TR") = (curl-free VF) & (div-free VF)
| |
im(grad) im(curl) in 3D
im(R”" grad) in2D
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e Directly compute the divergence-free part



Biot—Savart integral

e et W Dbe the vorticity field.
e If the fluid domain is the entire | 3
then there is a unique divergence-free velocity, decay to zero at infinity:

1 ] ! } |
uX)= - W(y) " (><3 y) 4y,
4 supp(w) |X yl
o For2D . !
1 w(y)R® (x" y)
u(x) = — LTS LA
2! X" y|?

supp(w)



Biot—Savart integral

e When vorticity is concentrated into codimension-2
geometry (vortex filament in 3D or point vortex in 2D)

> Filament must be closed, W|th a fixed ’\
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Biot—-Savart integral: obstacle treatment

e |f there are obstacles, the Biot—Savart integral does not obey the
no-through boundary condition.

e |n that case modify the Biot—Savart field with a gradient field
l.e. a pressure projection.

> Solve the Laplace problem in the outer domain with Neumann
boundary condition.

» Classically this is done with boundary element method.

> One can also turn this into an interior domain problem by

a Kelvin transformation. Wikipedia: Kelvin transform

[Nabizadeh, Ramamoorthi, Chern 2021
“Kelvin tranform for simulations in infinite domain”}



Stream function

e Jo reconstruct velocity from vorticity, make the ansatz
u=1" 1 in 3D
u=1 RO #!I in 2D

e This stream-function (vector potential) satisfies

I = w

e To make the equation having unique solution:
(!II!II#!! al — W | !II — W

and | Is normal to the boundary



Stream function

e Jo reconstruct velocity from vorticity, make the ansatz
u=1" 1 in 3D
u=1 RO #!I in 2D

e In2D 1 | = w
' = 0 on the boundary

e Beware the result could be incorrect if there are multiple
boundary components, or that the domain is non-simply-connected.

[Yin, Nabizadeh, Wu, Wang, Chern 2023
“Fluid cohomology’]



Helmnoltz—Hodge—Morrey—rriedricns

* |n general, we have the following orthogonal decomposition
t="! p+!" | +h in 3D

g=! p" R 1 +h  in2D

with I  normal to the boundary
' = 0 on the boundary

1 &h=0




