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Elasticity: Part 2



Finite Element Elasticity
• Finite element elasticity

• More on Stress–Strain relation



Finite element simulation
• Discretize the deformable body by triangle mesh (2D) or  

tetrahedral mesh (3D)  (n = dim(M) )

• Each vertex i stores a fixed rest position      (material coordinate)  
and a variable world position       (representing value of flow map)xi

<latexit sha1_base64="kvyW6WZqf0B1a2b1CR28BuWEJ3I="></latexit>

Xi
<latexit sha1_base64="ZvsCy0Hrp0rqQOfu0PmLqpIvREQ="></latexit>

Xi
<latexit sha1_base64="ZvsCy0Hrp0rqQOfu0PmLqpIvREQ="></latexit> xi

<latexit sha1_base64="kvyW6WZqf0B1a2b1CR28BuWEJ3I="></latexit>



Linear interpolation
• The data on the vertices can be linearly interpolated into a  

piecewise linear flow map.

X0
<latexit sha1_base64="EdjrGcMyhYf0TspZN7xYdD8LdJg="></latexit>

X1
<latexit sha1_base64="ts4Khr/MQqjcPwf47e8XrU9DBg0="></latexit>

Xn
<latexit sha1_base64="N+Wj6lfEroUDr0T1/feJMaZoxNg="></latexit>

Y
<latexit sha1_base64="pyklTsap9BIATtEC0YQlMjmlqyw="></latexit>

x0
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<latexit sha1_base64="l3xNoKN2ez4h3Aqi2oNrK+913JY="></latexit>

y
<latexit sha1_base64="4bNBULyo/rZvPjKvYeHqq6CNcJY="></latexit>
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<latexit sha1_base64="0+X+z4FBxCNRRNIKDllqNUmwrus="></latexit>



Deformation gradient
• The data on the vertices can be linearly interpolated into a  

piecewise linear flow map. |
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<latexit sha1_base64="0+X+z4FBxCNRRNIKDllqNUmwrus="></latexit>

• The deformation gradient is a piecewise constant matrix
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<latexit sha1_base64="RoL0XNN3/BlituhpdOE9PyvPgT8="></latexit>



Deformation gradient
• If              is the area normal of the opposite face of j-th vertex 

and       is the volume of the cell. Then

x0
<latexit sha1_base64="psMWWCWR9nYP9MCG3BDf7EfGA74="></latexit>
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<latexit sha1_base64="Yw7XONZslypIXtwEORWrTZK6wAQ="></latexit>

xn
<latexit sha1_base64="l3xNoKN2ez4h3Aqi2oNrK+913JY="></latexit>
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V
<latexit sha1_base64="5f9Tcb9W/NWG4L2alLEzqURb85k="></latexit>
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<latexit sha1_base64="EdjrGcMyhYf0TspZN7xYdD8LdJg="></latexit>
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<latexit sha1_base64="ts4Khr/MQqjcPwf47e8XrU9DBg0="></latexit>
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<latexit sha1_base64="N+Wj6lfEroUDr0T1/feJMaZoxNg="></latexit>
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<latexit sha1_base64="N003B9HtOzyzOqjvFUWAldoDA6o="></latexit>
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<latexit sha1_base64="FxCa1cjx6N+rT7/ZO9h55jUxskA="></latexit>

c
<latexit sha1_base64="VgnK0IMhCHUbinVIWFfMLXb8RdM="></latexit>
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Strain and stress computation
• Now in each cell we have deformation gradient F

<latexit sha1_base64="k8RVNTnlN2WBTOw9VY9Xrl2KFFM="></latexit>

• We can compute the Cauchy–Green tensor per cell C= F¸F
<latexit sha1_base64="ZS/7vgJ8mwZhl4pwQu1qxZwJbCM="></latexit>

• Like the smooth theory, build E= 1
2 (C� I)

<latexit sha1_base64="AaUY6MV5CwVGrebI9yGOkMHk/1M="></latexit>

• Look up some stress–strain relation

S= 2µE+� tr(E)I
<latexit sha1_base64="WM8vpv4qeV5N8fjP7LKr7pSiHxA="></latexit>

x
<latexit sha1_base64="X8fAcaZpfXKsDy5Zq2buqCYemcg="></latexit>

per vtx F
<latexit sha1_base64="k8RVNTnlN2WBTOw9VY9Xrl2KFFM="></latexit>

per cell C
<latexit sha1_base64="Xm8sZYYrW8esmV4zhooG+sqYSvM="></latexit>

per cell

S
<latexit sha1_base64="g7Ez1t09B5uDP2MYRuda5hZh1Mo="></latexit>

per cell



Stress computation
• Now in each cell we have deformation gradient F

<latexit sha1_base64="k8RVNTnlN2WBTOw9VY9Xrl2KFFM="></latexit>

• We can compute the Cauchy–Green tensor per cell C= F¸F
<latexit sha1_base64="ZS/7vgJ8mwZhl4pwQu1qxZwJbCM="></latexit>

• Like the smooth theory, build E= 1
2 (C� I)

<latexit sha1_base64="AaUY6MV5CwVGrebI9yGOkMHk/1M="></latexit>

• Look up some stress–strain relation

S= 2µE+� tr(E)I
<latexit sha1_base64="WM8vpv4qeV5N8fjP7LKr7pSiHxA="></latexit>

x
<latexit sha1_base64="X8fAcaZpfXKsDy5Zq2buqCYemcg="></latexit>

per vtx F
<latexit sha1_base64="k8RVNTnlN2WBTOw9VY9Xrl2KFFM="></latexit>

per cell C
<latexit sha1_base64="Xm8sZYYrW8esmV4zhooG+sqYSvM="></latexit>

per cell

S
<latexit sha1_base64="g7Ez1t09B5uDP2MYRuda5hZh1Mo="></latexit>

per cellP
<latexit sha1_base64="VMMnn2OZ/+q9wK2dtjsKu2nFoF8="></latexit>

per cell

• 1st-Piola stress

P= FS
<latexit sha1_base64="D9NfB0FnWQBUPV/dU+aE68r1xNU="></latexit>

• Compute force by taking  
adjoint of gradient per vtx�f

<latexit sha1_base64="VtXH6qkiiHWAjowfHQu8BUCYCtU="></latexit>



Total force computation
• The differential of     with respect to xF

<latexit sha1_base64="k8RVNTnlN2WBTOw9VY9Xrl2KFFM="></latexit>

x0
<latexit sha1_base64="psMWWCWR9nYP9MCG3BDf7EfGA74="></latexit>
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X1<latexit sha1_base64="ts4Khr/MQqjcPwf47e8XrU9DBg0="></latexit>

Xn
<latexit sha1_base64="N+Wj6lfEroUDr0T1/feJMaZoxNg="></latexit>

n1<latexit sha1_base64="N003B9HtOzyzOqjvFUWAldoDA6o="></latexit>

A1<latexit sha1_base64="FxCa1cjx6N+rT7/ZO9h55jUxskA="></latexit>

c
<latexit sha1_base64="VgnK0IMhCHUbinVIWFfMLXb8RdM="></latexit>

• Adjoint: accumulate traction force to vertex

fv =
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<latexit sha1_base64="wRTPnCJ1W56kF2x5/s3RKWZrZK0="></latexit>
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<latexit sha1_base64="IN4jdS/fGdbqc/ds7rnMab6IrE8="></latexit>



Equation of motion

x0
<latexit sha1_base64="psMWWCWR9nYP9MCG3BDf7EfGA74="></latexit>

x1<latexit sha1_base64="Yw7XONZslypIXtwEORWrTZK6wAQ="></latexit>
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<latexit sha1_base64="wRTPnCJ1W56kF2x5/s3RKWZrZK0="></latexit>

mvẍv = fv
<latexit sha1_base64="UFIzlF4l+8kTAe8HWnoGsMcY/jI="></latexit>



Mass computation
• The total mass of each vertex should be  

proportional to the vertex volume approximated  
by

mv =
P

c�v
1

n+1 Vc
<latexit sha1_base64="bTbRi2tDFgXAXJFgyOsWKLGznY4="></latexit>

• This is called lumped mass



Time integration

• RK4 or Symplectic Euler method

• Implicit Euler (with incremental potential): stable

‣ Just need to evaluate force            given current position(fv)v
<latexit sha1_base64="Xc2UQELzDEM7H5HjelKTvRCKs1c="></latexit>

(xv)v
<latexit sha1_base64="lk9ZT0OZyth5jo7XusRvPe4bHqs="></latexit>

mvẍv = fv + fext
v<latexit sha1_base64="QrZB+GidbKhY3KEiXwZ0TNJhSnQ="></latexit>

‣ Stepsize �t = O(edge lengths)
<latexit sha1_base64="F3Jk2DZUi0VyEXLZdWJm8oCL2/Q="></latexit>

x(n+1) = argmin
x2Rm

P
v

mv
2�t2 |xv � xpred

v |2 + U(x)
<latexit sha1_base64="QBXDuyVL+oMJdpFObKUgWvSgt5I="></latexit>



Time integration

• Implicit Euler (with incremental potential): stable

‣ For gradient descent (or Newton) method with line search

x(n+1) = argmin
x2Rm

P
v

mv
2�t2 |xv � xpred

v |2 + U(x)
<latexit sha1_base64="QBXDuyVL+oMJdpFObKUgWvSgt5I="></latexit>

‣ Need evaluation of differential of potential
‣ Need evaluation of U(x) =

P
c U(F¸F)V c

<latexit sha1_base64="gEnxe6ZEx1SfvRetMw2L/11qtDg="></latexit>

(same as force evaluation)

‣ Need an (approximated) Hessian for the potential



Time integration
‣ Need an (approximated) Hessian for the potential

x
<latexit sha1_base64="X8fAcaZpfXKsDy5Zq2buqCYemcg="></latexit>

per vtx F
<latexit sha1_base64="k8RVNTnlN2WBTOw9VY9Xrl2KFFM="></latexit>

per cell C
<latexit sha1_base64="Xm8sZYYrW8esmV4zhooG+sqYSvM="></latexit>

per cell

S
<latexit sha1_base64="g7Ez1t09B5uDP2MYRuda5hZh1Mo="></latexit>

per cellP
<latexit sha1_base64="VMMnn2OZ/+q9wK2dtjsKu2nFoF8="></latexit>

per cellper vtx�f
<latexit sha1_base64="VtXH6qkiiHWAjowfHQu8BUCYCtU="></latexit>

[grad]
<latexit sha1_base64="8oqgrj0otJU3T1OK2/KhS26JbcM="></latexit>

[div]
<latexit sha1_base64="ygf6NvXUrnX+3hdDaiVrMib8ODk="></latexit>
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<latexit sha1_base64="v83H5Z8ixeI5vqaoo2SWHD1GflM="></latexit>

can serve as an  
approximated Hessian

Laplacian

‣ True Hessian: replace the central term by the cell-wise Hessian  
of the energy

F(·)
<latexit sha1_base64="+GZKfUaElLk0iFsv6gITYOwQLVo="></latexit>

F¸(·) + (·)¸F
<latexit sha1_base64="JjyzEubSiULfIFdwgk/1D939nDc="></latexit>



More on Stress–Strain 
relation

• Finite element elasticity

• More on Stress–Strain relation



Designing potential energy
• Given the Cauchy–Green

• Design a potential energy function

‣ (as endomorphism that measures the deviation between  
induced metric from the world and the pre-defined material  
metric)

C= F¸F
<latexit sha1_base64="3HFVtdB5vHKCFm5GDyvM3hLD8pE="></latexit>

]M C = ]M F ⇤[W F 2 � (End(T M))
<latexit sha1_base64="a0UthR6/YuiKpG/PNS2NTxm5H8k="></latexit>

U(C)
<latexit sha1_base64="J5zvGLrJyEaWlxu457qTboQWvZE="></latexit>

‣ Note that it’s a function on symmetric matrices
‣ The energy is said to be isotropic if

U(C) = U(R¸CR)
<latexit sha1_base64="aU3tP7zxbu9giEzCkRSbKm4ljTw="></latexit>

for rotation matrices R
<latexit sha1_base64="ji3TpHEtIziHGQXTiWcRmIDmAE0="></latexit>

R⇤[M R= [M
<latexit sha1_base64="N8MeWIu4YRuzR3tsTvDre6kNIqY="></latexit>



Designing potential energy
• If the material is isotropic U(C) = U(R¸CR)

<latexit sha1_base64="aU3tP7zxbu9giEzCkRSbKm4ljTw="></latexit>

then the energy is only a function of the eigenvalues  
(modulo permutation)

eigenvalues(C) = {�1,�2,�3}
<latexit sha1_base64="d8Lbb6SZw2Q+ZKePjxFOvNds/OQ="></latexit>

• By the way, these eigenvalues are the square of the eigenvalues 
of Y in polar decomposition                ; equivalently, square of  
singular values of F.  They are the square of principal stretching.

F= RY
<latexit sha1_base64="PqKTmqjhxO4MyDFebQt/hwSuaUE="></latexit>



Designing potential energy
• Can we model U like                                        ?U(C) = u(�1,�2,�3)

<latexit sha1_base64="2kKu6kej6jOV6GhHsksSMwKb1D8="></latexit>

‣ Generally this wouldn’t respect symmetry under label permutation

‣ View the eigenvalues as the roots of a polynomial, and use the  
coefficient of the polynomial as our parameters

{�1,�2,�3}= roots(t3 � I1 t2 + I2 t � I3; t)
<latexit sha1_base64="NPvwtCBAmolM61gQi2zqdzDBFk0="></latexit>

‣ These coefficients are called the “invariants”: 
I1 = �1 +�2 +�3

<latexit sha1_base64="92Tbj1FAw/h4ke/PjWEEyckzh7E="></latexit>

I2 = �1�2 +�2�3 +�1�3
<latexit sha1_base64="1xYLaP1DkoB5QNFo58/EbMR+DYY="></latexit>

I3 = �1�2�3
<latexit sha1_base64="Y0Xg0sEyEnKtZX7XZ3iXtk78ZGs="></latexit>

‣ Characteristic polynomial t3 � I1 t2 + I2 t � I3 = det(tI�C)
<latexit sha1_base64="snbtQ8eydt7fttafLC4SswFLMiU="></latexit>

= tr(C)
<latexit sha1_base64="TaPek4CWgqdIwptsTe58fdWYBzg="></latexit>

= 1
2 (tr(C)

2 � tr(C2))
<latexit sha1_base64="ismH5gI1s0nl3FRMNPDEPv6xSz8="></latexit>

= det(C)
<latexit sha1_base64="aoglrkAhHGo++EeZauH3Wv1vlD0="></latexit>



Designing potential energy

• We model U(C) = w(I1, I2, I3)
<latexit sha1_base64="IVKwfOrKr3AZCX6jF5MusAKfpIY="></latexit>

I1 = �1 +�2 +�3
<latexit sha1_base64="92Tbj1FAw/h4ke/PjWEEyckzh7E="></latexit>

I2 = �1�2 +�2�3 +�1�3
<latexit sha1_base64="1xYLaP1DkoB5QNFo58/EbMR+DYY="></latexit>

I3 = �1�2�3
<latexit sha1_base64="Y0Xg0sEyEnKtZX7XZ3iXtk78ZGs="></latexit>

= tr(C)
<latexit sha1_base64="TaPek4CWgqdIwptsTe58fdWYBzg="></latexit>

= 1
2 (tr(C)

2 � tr(C2))
<latexit sha1_base64="ismH5gI1s0nl3FRMNPDEPv6xSz8="></latexit>

= det(C)
<latexit sha1_base64="aoglrkAhHGo++EeZauH3Wv1vlD0="></latexit>

• For example neo-Hookean model

w(I1, I2, I3) =
µ
2 (I1 � 3� ln I3) +

�
2 (
p

I3 � 1)2
<latexit sha1_base64="wZnIbWETlEiC1srrEn01gvWaa5Q="></latexit>

‣ How do you do chain rule?  (Blackboard)

U(C) =
�
�
2 tr(E)2 +µ tr(E2)

�
dVM

<latexit sha1_base64="Pzd7EAcCkHkPBk9nixh/2EKzi64="></latexit>

• Approximately 

how much material respond to  
1D stretch and volume change



• One can measure Young’s modulus E, and Poisson ratio

Designing potential energy

• Lamé constants

⌫
<latexit sha1_base64="L5uJyT0T37c1RXV/2NqhQNMWSoQ="></latexit>

E= F/A
�`/`

<latexit sha1_base64="eEvgbRcQFB3E//IzkZroyy4Ptlw="></latexit>

F/A
<latexit sha1_base64="Bb4VOBGuyAcSMyITkWJHwlvX07Y="></latexit>

�`
<latexit sha1_base64="gg1AkJA+TbP+uvJiD1eWQiEqW80="></latexit>

<̀latexit sha1_base64="ZQRA9LZ8YoApYi+t9xb1J3CS6RQ="></latexit>

⌫= ��L0
�L

<latexit sha1_base64="dL1sKyFimLeTryXqmuHbteTLZ2w="></latexit>

� = E⌫
(1+⌫)(1�2⌫)

<latexit sha1_base64="fsmqSfTJEJubSlBuxWw9j9wlZMA="></latexit>

µ= E
2(1+⌫)

<latexit sha1_base64="pPFK4g8PByFb4fl/dQM35QPyH3E="></latexit>

similar to spring  
constant 

usually between 0 and 0.5; it could be  
negative.


