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Dissipative System

• Stability of Euler integrators
• Incremental variational principle
• Adding dissipation

• Optimization

• Dissipative system

• Higher order method



Dissipative system
• Hamilton’s least action principle always give us conservative forces.
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• D’Alembert principle is a generalization of least action that allows  
any force, but it is more like “just adding an additional term”
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Dissipative system
• Can’t dissipative forces be written as derivative of a function?

• Rayleigh (1873) observed the following

mq̈= � @ V
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‣ Suppose we have some linear viscous force

conservative 
force

damping force 
linear in velocity

‣ This (linear) damping is actually the variation of some  
(quadratic) function:
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function



Rayleigh’s Euler–Lagrange Equation

‣ The equation of motion is given by the classical EL-eq with  
the derivative of dissipation but only with respect to velocity

• Rayleigh: Given kinetic energy               , potential energy           , 
and a dissipation function

K(q, q̇)
<latexit sha1_base64="yhd1AGRsVleZXuzligkrPPq/FVs="></latexit>

V (q)
<latexit sha1_base64="KyHAGpeuPPSBxhXo5bo5m1xzL00="></latexit>

R(q, q̇)
<latexit sha1_base64="2+WxYyQjlZYowJf8FIb5/8+k55g="></latexit>

d
d t
@ K
@ q̇
� @ K
@ q
= �@ V

@ q
� @ R
@ q̇

<latexit sha1_base64="n+swxrkUakYihRdS/628VLUBbTU="></latexit>

change of  
momentum

fictitious  
force

conservative 
force

dissipative 
force



Rayleigh’s Euler–Lagrange Equation
d
d t
@ K
@ q̇
� @ K
@ q
= �@ V

@ q
� @ R
@ q̇

<latexit sha1_base64="n+swxrkUakYihRdS/628VLUBbTU="></latexit>

change of  
momentum

fictitious  
force

conservative 
force

dissipative 
force

‣ Originally Rayleigh only considered quadratic R.

‣ After 1970’s (Moreau) it’s discovered that other non-quadratic R 
can recover nonlinear forces like Coulomb friction and plasticity.

‣ Related: Helmholtz’s minimal dissipation principle,  
Onsager’s maximal dissipation principle.

‣ There is a natural time discretization: incremental potential 
(Kane, Marsden, Ortiz, West 1999)



Rayleigh’s Euler–Lagrange Equation
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‣ Conditions:
q̇ 7! R(q, q̇)
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Energy dissipation
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‣ Energy law (recall Noether’s theorem for time independence)
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‣ If K and R are quadratic in    , then q̇
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‣ To design dissipation, just model the rate of energy dissipation.



Interpret the equation in discrete setting
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• In the discrete setting, let us first focus on the  
backward Euler method.

• For simplicity of exposition, we assume K(q, q̇) = 1
2 q̇¸Mq̇
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Stability of Symplectic Euler 
and Backward Euler

• Stability of Euler integrators
• Incremental variational principle
• Adding dissipation

• Optimization

• Dissipative system

• Higher order method



Back to F=ma

• Suppose the inertia is independent of q
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• Suppose the space of positions is given by 
where each point has coordinate

Q = Rm
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• Suppose we have a potential energy U = U(q1, . . . ,qm)
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• Then the equation of motion is
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Symplectic & Backward Euler
• Discretize time                     .  Call state at n-th time step q(n)
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• Approximate 2nd time derivative
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• Euler methods: Given                       solve forq(n�1),q(n)
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‣ Symplectic (explicit)
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‣ Backward (implicit)



Symplectic & Backward Euler

‣ Symplectic (explicit)
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‣ Backward (implicit)

• Stability analysis on a test equation (A-stability)

M�1dU |q =!2q
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q = a cos(!t) + b sin(!t)
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Symplectic & Backward Euler

‣ Symplectic (explicit)

‣ Backward (implicit)

• Stability analysis on a test equation (A-stability)

M�1dU |q =!2q
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Symplectic & Backward Euler

‣ Symplectic (explicit)

‣ Backward (implicit)

• Stability analysis on a test equation (A-stability)

M�1dU |q =!2q
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Symplectic & Backward Euler

‣ Symplectic (explicit)

‣ Backward (implicit)
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Symplectic & Backward Euler

‣ Symplectic (explicit)

‣ Backward (implicit)
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- determinant = 1 (area preserving)

- Both |eigenvalues|=1 when �t2!2 < 4
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(conditional stability)

- determinant < 1 (shrinking)
- All |eigenvalues|<1 for all �t2!2
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Incremental Variation 

• Stability of Euler integrators
• Incremental variational principle
• Adding dissipation

• Optimization

• Dissipative system

• Higher order method



Backward Euler
• Backward Euler
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• This is actually an optimality condition
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Backward Euler
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Minimal incremental potential principle
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• Physical system decides its new velocity by

‣ Inertia: 
It doesn’t want to be different from the 
old velocity (deviation measured by 
the inertia metric)

‣ The new velocity is also penalized with 
potential energy of the resulting new position.



Minimal incremental potential principle

q(n)
<latexit sha1_base64="0LgxVxS3XDel+NcwcDeojX4txTE="></latexit>

q(n�1)
<latexit sha1_base64="PUSodAKEShWE+YwahErWQKWFBQc="></latexit>

qpred
<latexit sha1_base64="s5Ue+5WPuzQH1scUpo8YBvPArVc="></latexit>

q(n+1)
<latexit sha1_base64="x+AJDevRBL/T88ZsI4O8+Xu93Fs="></latexit>

vold
<latexit sha1_base64="rzW1u0DNKI3Sh6YAw4CEAakoAzU="></latexit>

vnew
<latexit sha1_base64="Wvay6RUanHg3XJZVJ5ErdeFY0OI="></latexit>

vnew = argmin
v2Rm

1
2 |v� vold|2M + U(q(n) +�tv)

<latexit sha1_base64="o/i0Aqg50uF/tzHSg/oGXgpt6ck="></latexit>

• Physical system decides its new velocity by

‣ Every time step just requires a  
good numerical optimizer

‣ Collision and contact: 
(Incremental potential contact 2020) 
Just build smooth barrier functions in potential and 
perform optimization properly



Minimal incremental potential principle
‣ Collision and contact: 

(Incremental potential contact 2020) 
Just build smooth barrier functions in potential and 
perform optimization properly



Minimal incremental potential principle



Dissipation in Incremental 
Variational Formulation

• Stability of Euler integrators
• Incremental variational principle
• Adding dissipation

• Optimization

• Dissipative system

• Higher order method



Dynamical system with dissipation
• Recall the backward Euler update on conservative system is

q(n+1) = argmin
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• Add dissipation by adding a Rayleigh dissipation function
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effective incremental potential• Equivalently

vnew = argmin
v2Rm

1
2
|v� vold|2M + U(q(n) +�tv) +�t R(q(n),v)

<latexit sha1_base64="56GcmSe/m+jWYb5WfuKdFExILQI="></latexit>

qpred := 2q(n) � q(n�1)
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Dynamical system with dissipation

• Writing the system in F=ma:

M
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Dynamical system with dissipation

• Example: Quadratic dissipation (lubricated friction, viscosity)

M
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Quasi-static system
• To study dissipative system, we often consider a quasi static regime
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• Quasi-static: inertia is negligible.

• Dissipative force is in balance with potential force and external force:
@ R
@ v
= �@ U

@ q
+ fext
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• For quadratic R, this determines a terminal velocity.
• Traditional way of studying general force: relation between f,q,v
• (Ir)reversible process: f_ext is (not) a function of q



Dry friction



Dry friction

• The force      at contact lies in a friction cone 
(in the dual space at contact)

fc
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• Law of friction: 
‣ Amonton’s 1st law: Friction force is  

proportional to the normal force

‣ Amonton’s 2nd law: Friction force is  
independent of contact area

‣ Coulomb’s law: Once the motion starts, 
the friction force is independent of the  
sliding speed



Dry friction
• At each point of contact, we have  

an outward normal (covector) n
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• The relative velocity between contact  
should satisfy 
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• The normal and tangential part of the 
contact force, and tangent velocity:
|fk| µf?
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|fk|< µf? , vk = 0
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• When tangent velocity is nonzero, tangent force 
is in the same direction with it

↵fk = [R3v, ↵� 0
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Classical approach for contact
• Establish the points      of contact

p1
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pi
<latexit sha1_base64="av6TW3ZeV8bCzqJ0nQeX7fDW3Po="></latexit>

(c,R) 2Q
<latexit sha1_base64="+ZQUB1XZk4jFO9ccBtE0SNXUs/4="></latexit>

(p1, · · · ,pk) 2 R3 ⇥ · · ·⇥R3
<latexit sha1_base64="cGeShfHcH/cbcz3ZqQJaHeHufs4="></latexit>

space of contactparameters for motion
�

<latexit sha1_base64="gzpXWpWN6kViSBEatRbtqw2gMMM="></latexit>

(f1, . . . , fk) 2 C1 ⇥ · · ·⇥ Ck

⇢ R3⇤ ⇥ · · ·R3⇤
<latexit sha1_base64="72JbUSvHGK0qHIre0TBLBHndh2E="></latexit>

d�⇤
<latexit sha1_base64="ISc79b3flp4sbbzCox2/pZi7pGg="></latexit>

(ċ, Ṙ) 2 T(c,R)Q
<latexit sha1_base64="wCmHb2GAq2KAIRM1fm5axCZP1Sg="></latexit>

(ṗ1, · · · , ṗk) 2 R3 ⇥ · · ·⇥R3
<latexit sha1_base64="23BBq2/AYeT1lafNdwLSIrZGHFk="></latexit>

M�1
<latexit sha1_base64="nAE/qO4LTC/R9Uy/yXTEPth6x8A="></latexit>

(c̈, R̈) 2 T(c,R)Q
<latexit sha1_base64="8Gxol0Uplw0PFJ1T4iSvGBz2BJM="></latexit>

T ⇤(c,R)Q
<latexit sha1_base64="alRQ03FVqWsd5w0xjsqB4vU30Vc="></latexit>

• Solve for velocity and contact force together so that all contact 
conditions are satisfied.

d�
<latexit sha1_base64="0BWruzZKk61dxS+vxtM4v6TMCIg="></latexit>



Dry friction

• Siggraph 2022 course on contact and friction
https://siggraphcontact.github.io/



Dissipation function for dry friction

• Variational approach to dry friction

M
vnew � vold

�t
= �@ U

@ q
� @ R
@ v

<latexit sha1_base64="nRj/mfu8D3ZTuMYsPvNB5CEsuck="></latexit>

R(v) = µ|v|
<latexit sha1_base64="08yyTajK4l9c1BoddFyGG63LX2w="></latexit>

• In incremental potential contact paper, it is also smoothed out



Higher Order Method

• Stability of Euler integrators
• Incremental variational principle
• Adding dissipation

• Optimization

• Dissipative system

• Higher order method



Newmark algorithm

• Make a better prediction using acceleration information

• Recall backward Euler method is equivalent to

q(n+1) = argmin
q2Rm

1
2�t2 |q� qpred|2M + U(q) +�tR(q(n), q�q(k)

�t )
<latexit sha1_base64="9eCztztNXNK9Gk9D08UQ2w/XD1g="></latexit>

qpred := 2q(n) � q(n�1)
<latexit sha1_base64="oJUYiNrCUTX8Ib0NeeW4RaWhfrs="></latexit>

where

• Source: Kane, Marsden, Ortiz, West 1999 “Variational Integrators 
and Newmark Algorithm for Conservative and Dissipative Systems.”



Newmark algorithm
• Let incremental potential be

Ũ (n)(q(n+1)) = U(q(n+1)) +�t R((1� s)q(n) + sq(n+1), q(n+1)�qn

�t )
<latexit sha1_base64="mVvSamSKu1VU2R96SfCu3VDawGA="></latexit>

• Velocity can be kept track of by
v(n) = v(n�1) +�t

�
(1� �)a(n�1) + �a(n)

�
<latexit sha1_base64="nK6x8OO1HVdwOzj/W1IH9QKCQIs="></latexit>

• The prediction of next time step
q(n+1)

pred := q(n) +�t v(n) + �t2

2 (1� 2�)a(n)
<latexit sha1_base64="PzfnRC2ERygXPIYR9O6MDkzUxf8="></latexit>

• The acceleration at current time can be read off from
a(n) =M�1 @ Ũ (n�1)(q(n))

@ q(n)
<latexit sha1_base64="U07zWDEtfk7r/bvLBcqTg6DJzUI="></latexit>

• Solve q(n+1) = argmin
q2Rm

1
2�t2 |q� qpred|2M + � Ũ (n)(q)

<latexit sha1_base64="7Trm3b5tCQpir/B7WC5oPKJczy4="></latexit>



Numerical Optimization

• Stability of Euler integrators
• Incremental variational principle
• Adding dissipation

• Optimization

• Dissipative system

• Higher order method



Optimization problem

• Using smooth barrier and dissipation function, every time step 
boils down to one unconstrained optimization problem

minimize
x2Rm

L(x)
<latexit sha1_base64="0onUruDrYpqcoj7732csCOMzpzU="></latexit>

• Here      may be velocity or positionx
<latexit sha1_base64="+xSMns4viz/cDR1fuI3Hg6G47ac="></latexit>

q(n+1) = argmin
q2Rm

1
2�t2 |q� qpred|2M + U(q)

<latexit sha1_base64="Tj/yo9il/aai1rsIZbDgdB6EpzY="></latexit>

vnew = argmin
v2Rm

1
2 |v� vold|2M + U(q(n) +�tv)

<latexit sha1_base64="o/i0Aqg50uF/tzHSg/oGXgpt6ck="></latexit>

• Note that the initial guess (from the state of previous time frame) for 
optimization is usually very close to the optimizer.



Optimization problem

• Using smooth barrier and dissipation function, every time step 
boils down to one unconstrained optimization problem

minimize
x2Rm

L(x)
<latexit sha1_base64="0onUruDrYpqcoj7732csCOMzpzU="></latexit>

x(n+1) x(n) �↵](dL)x(n)
<latexit sha1_base64="8u14ExiRzJA7rZLTbI7x/PbL1Tc="></latexit>

• Use gradient descent using some metric [= H
<latexit sha1_base64="EXGi15TeZJHxgKNU/K8ej4aO6ic="></latexit>

= x
(n) �↵H

�1

ñ @L/@ x1

...
@L/@ xm

ô

<latexit sha1_base64="krgkDSP40WpR6b/B4V+ejxEWM0U="></latexit>

• We have to choose a good      and step sizeH
<latexit sha1_base64="kULuslnSygFFuGLYYLJ84XZJZgw="></latexit>

↵> 0
<latexit sha1_base64="vlBRQHXeu2AnyErpMJU24atLN7Q="></latexit>



Optimization problem

x(n+1) x(n) �↵](dL)x(n)
<latexit sha1_base64="8u14ExiRzJA7rZLTbI7x/PbL1Tc="></latexit>

= x
(n) �↵H

�1

ñ @L/@ x1

...
@L/@ xm

ô

<latexit sha1_base64="krgkDSP40WpR6b/B4V+ejxEWM0U="></latexit>

• Classic gradient descent H= I
<latexit sha1_base64="P09zbWqfOka0tHv9FCzeS9zxccg="></latexit>

• Newton’s method H= HessL
<latexit sha1_base64="hMXbx59a7tQpCwNlPOpHFHO1zSI="></latexit>

• Quasi-Newton’s method (approximated Hessian)



Line search

x(n+1) x(n) �↵](dL)x(n)
<latexit sha1_base64="8u14ExiRzJA7rZLTbI7x/PbL1Tc="></latexit>

= x
(n) �↵H

�1

ñ @L/@ x1

...
@L/@ xm

ô

<latexit sha1_base64="krgkDSP40WpR6b/B4V+ejxEWM0U="></latexit>

• Use line search for choosing ↵
<latexit sha1_base64="6gfnQ9GyWjNtlMCPsA8S/cLToSg="></latexit>

p= H
�1dL

<latexit sha1_base64="aQFCMj7ZDvMFeaqxAcVxaIJ6bDQ="></latexit>• Call                        ; backtracking line search:

• Also make sure that this stepping doesn’t pass through a  
barrier


