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Variational integrator

e Variational integrators are numerical integrators for conservative
systems derived from discrete Hamilton’s least action principle.

e \ariational integrators obey symplecticity and momentum
conservation.



Recall continuous theory

e Continuous theory




Recall continuous theory

e Let Q denotes the space of generalized positions (e.g. Q = R™)
e AlLagrangian is a function L: —> R

each element takes the form
(q,v) where g€ Q,ve T,Q

e Define the action for each path q: [O, T] — Q

S(q(-)) := [, L(q(r),q(r))dt

e Hamilton’s least action principle 95 — 0

0q

— —— — — =0 Euler-Lagrange equation



Viomentum

* In this Lagrangian framework we call p = % (Ll the momentum
e Note that p = g—é s its differential of L(q,-): T,Q — R

So the type of momentum is covector P € T; Q

e Themap f:TQ—T"Q
f:(q,q — (q, 5 (q, q))

reads off momentum from velocity

d 10L
o EL eq EP fq 6’q



Continuous Noether’s theorem

e Theorem
A continuous symmetry of the system induces a conservation law.

e Continuous symmetry: Suppose X is a vector field on Q so that

f_s 8205((1+8X0q) =0 forallg
e This implies (3—(LI|X) + <3_(L1|X> — 0
= (51X + 7 (5X — (F5X) =0



|_louville theorem (symplecticity)

e If there is a loop of initial conditions (qg,Pg)li=0. O € [0, 27)

e The EL eq will evolve the loop over time (qq(t), pe(t))

e The loop has an “enclosed area” (t) = fﬁ (P dq9>

d _
e Theorem —! (t)=20
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Discrete theory

e Discrete theory




Discrete Lagrangian

e Let h denotes discrete timestep.

e Adiscrete Lagrangian is a function L,: Q! Q" |
approximating the total action between two positions.

> Example: trapezoidal rule. Suppose original problem is

L(q,9)= F|d]°! U(q)

g ' I—(q(), OI1!hOIO) n I—(QL O|1!h(3|0)

— m_h|Q1! Yo |2 | hU(%)"' U(q,)
2 h ' 2

e Discrete total action of a path

SH(d0,d1,92,--+,0n) = | ::I:Iol L (Dk» Ok 1)

Lh(o.q1)




Discrete Lagrangian

(G, 0:) = IR 1 e

2
Sh(90. 1,02, - - -,OIN) — k—o Lh(Qk’Qk+1)
e Discrete Hamilton’s principle % = 0,1 kK

e |n the above example, we obtain

q_l_ | Zq +q| :
klh%: L au(qgy) =: F(gy)

Explicit timestep marching: (Jy; 1, k) "# (di, As1)
Oee1 = 20k ! Qi1+ h—r;F(qk) Stormer—Verlet method



RK4 vs Stormer—Verlet (2body problem)

Runge—Kutta 4 Stormer-Verlet method



RK4 vs Stormer—Verlet (pendulum)

4th order Runge—Kutta Variational integrator
exact trajectories on

position—momentum plane
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Iheory on variational integrators

e Consider discrete Lagrangian and action L,: Q! Q" |
" N!I'1
Sh(do 91,02, ---,0N) = =g Ln(Ak, Ak+1)

e Discrete Euler—Lagrange equation:

D, Ly (Qur 1,9k) + D Lp(0k, Qk+1) = O

where D. denotes partial differential on the i-th slot.



Iheory on variational integrators

D, Ly (ki 1,9k) + D Lp(Qk, Ok+1) = O

e Think of “reading off momentum from velocity” P = g—fl

f:(q~(q,5(q9)
e Define f,f,: Q! Q" T7"Q
f1:(d..92) " (q,# D, L(01,05))
f2:(q1,02) " (d2, D, L(071,02))

e Then discrete EL is the marching:

(Aks Ak+1) = f1! - f2(Ak 1, dk)



Momentum variable

marching on the QxQ space

(Qr 1, 0k) ¢ > (Ok+1, Ok+2)

R A
(Qir 15 Pt 1) Foeeeeeee > (Qi, Pi) e > (Qk+ 11 Pr+1)

marching on the qp space




Another example: midpoint rule

e Midpoint rule approximation

Lh(%,fh) — hL(%;%, CI1!hCIo) = mThlqllh%lZ! hU(CIo"Z'Ch)

M — 1 !f(OIk! 1+0|k)_|_ f(Qk+qk+1)"

e Fleg MM 2 = 5 > 5

o Equivalently

| ! Lot
mqklhqk: P+ 11 Pi

2 . .. . .
i) Pr f(qk+1+Qk) implicit midpoint method
h 2



Theorems of variational integrators

P
e Discrete Liouville theorem —=
Marching on the gp space preserves =§\
N
the enclosed area of marched loop. ﬁhﬂy .

N\

If the discrete Lagrangian has a continuous symmetry

D1 L(g1,02) X" + 1D, L(01,02)1X"=0 1 q,0," Q
then !'p, | X" is conserved (constant independent of k).

e Discrete Noether theorem

e Time reversal symmetry If L(Q4,0,)="! L(Q,,04)
then the integrator is time-reversal symmetric.



