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Variational integrator

e Variational integrators are numerical integrators for conservative
systems derived from discrete Hamilton’s least action principle.

e \ariational integrators obey symplecticity and momentum
conservation.



Recall continuous theory

e Continuous theory




Recall continuous theory

e Let Q denotes the space of generalized positions (e.g. Q = R™)
e AlLagrangian is a function L: —> R

each element takes the form
(q,v) where g€ Q,ve T,Q

e Define the action for each path q: [O, T] — Q

S(q(-)) := [, L(q(r),q(r))dt

e Hamilton’s least action principle 95 — 0

0q

— —— — — =0 Euler-Lagrange equation



Viomentum

* In this Lagrangian framework we call p = % (Ll the momentum
e Note that p = g—é s its differential of L(q,-): T,Q — R

So the type of momentum is covector P € T; Q

e Themap f:TQ—T"Q
f:(q,q — (q, 5 (q, q))

reads off momentum from velocity

d 10L
o EL eq EP fq 6’q



Continuous Noether’s theorem

e Theorem
A continuous symmetry of the system induces a conservation law.

e Continuous symmetry: Suppose X is a vector field on Q so that

f_s 8205((1+8X0q) =0 forallg
e This implies (3—(LI|X) + <3_(L1|X> — 0
= (51X + 7 (5X — (F5X) =0



|_louville theorem (symplecticity)

e If there is a loop of initial conditions (qg,Pg)li=0. O € [0, 27)

e The EL eq will evolve the loop over time (qq(t), pe(t))

e The loop has an “enclosed area” (t) = fﬁ (P dq9>

e Theorem %Q(t) =0
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Discrete theory

e Discrete theory




Discrete Lagrangian

e Let h denotes discrete timestep.

e Adiscrete Lagrangianis a function L;: Q X Q — R
approximating the total action between two positions.

» Example: trapezoidal rule. Suppoge orig’i#a.l %roblem IS
L(q,q) = 31q|"—U(q)

h —_— —_

2 (L(qo, 52) + L(qy, 12))

mh | d1—90 |2 _h U(q0)+U(q;)
2 h 2

e Discrete total action of a path

N—1
Sh(q09 q;, q29°-°9q_N) — k=0 Lh(qka qk-l—l)

L,(4q0,q1)




Discrete Lagrangian

L. (qp,q;) = mTh 9o |2 _p, U((lo)erU(Ch)

N—1
Sh(q(), q;, q29---qu) — k=0 Lh(qkn qk-l—l)

oSp __

* Discrete Hamilton’s principle 2t = 0, Vk

e |n the above example, we obtain

—2q; + Qi
il — 22 T Skl h(ik Bl —dU(qy) = F(qy)

Explicit timestep marching: (q._1, qr) — (Qr, Q1)
dir1 = 245 — Qi1 + %F(qk) Stormer—Verlet method



RK4 vs Stormer—Verlet (2body problem)

Runge—Kutta 4 Stormer-Verlet method



RK4 vs Stormer—Verlet (pendulum)

4th order Runge—Kutta Variational integrator
exact trajectories on

position—momentum plane
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Iheory on variational integrators

e Consider discrete Lagrangian and action Ly : Q X Q — R
- N-1
Sh(q(), q;, q29°°-9qN) — k=0 Lh(qkz qk-l—l)

e Discrete Euler—Lagrange equation:

DsLy(Qr_1,9x) + D1Lp(Qk, Qr1) =0

where D; denotes partial differential on the i-th slot.



Iheory on variational integrators

Dy Ly (Qy—1, k) + D1 Lp(Q; Qie11) =
e Think of “reading off momentum from velocity” P =

f:(q,q)~— (q, (q, q))

8L

e Define f1,f,:QxQ—T*Q

f1:(q1,9) — (qy,—D;L(q;,95))
f2:(q1,92) — (92, D5 L(q;,95))

e Then discrete EL is the marching:

(Ak> Qier1) = fl_l o fo(Qr—1,9qx)



Momentum variable

marching on the QxQ space

> (ka qk+1) AELERLELEEL > (Qk+1: (Ik+2)

N N

(Qp1, Prq) boeeeeeeess > (Qu, Pr) b > (Qrs15 Prs1)

marching on the qp space




Another example: midpoint rule

e Midpoint rule approximation

Ly(qo, @) = hL (350, A7) = B |2 _ ppy(Serd)

Qi1 — 29k + Qg B .
e EL eq m% — %(f(qk 2‘|‘qk)_|_f(qk+2(lk )

e Equivalently

m —
h 9 : o _ _
PPk _ ¢ ( Qi +qk) Implicit midpoint method

h

{ Qi1 9% __ Pr+11TPx
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Theorems of variational integrators

P
e Discrete Liouville theorem —=
Marching on the gp space preserves =§\
N
the enclosed area of marched loop. ﬁhﬂy q

N\

If the discrete Lagrangian has a continuous symmetry

(D1L(q1,95)1X) +(D,L(q:,9,)|X) =0 Vq;,9, €Q

then (p;.|X) is conserved (constant independent of k).

e Discrete Noether theorem

e Time reversal symmetry If L(q,,q,) =—L(q,,q;)
then the integrator is time-reversal symmetric.



