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Variational integrator

• Variational integrators are numerical integrators for conservative  
systems derived from discrete Hamilton’s least action principle.

• Variational integrators obey symplecticity and momentum  
conservation.



Recall continuous theory 

• Continuous theory

• Discrete theory



Recall continuous theory

• Let       denotes the space of generalized positions (e.g.                )Q
<latexit sha1_base64="GqVbN2Qvyc8w9BIyiTqOI48tT9I="></latexit>

Q = Rm
<latexit sha1_base64="AUUmA2sfK+da9x469jAAyeb/NpM="></latexit>

• A Lagrangian is a function L : TQ! R
<latexit sha1_base64="IIdBQ3SqMu+KN+p8Pi18tdu8n3I="></latexit>

each element takes the form 
         where (q,v)

<latexit sha1_base64="vCCvHG+ykj5F2VxgR2qa047V+/M="></latexit>

q 2Q,v 2 TqQ
<latexit sha1_base64="zopImFcz+uSd3BIC8If2UPCQSGk="></latexit>

• Define the action for each path

S(q(·)) :=
R T

0 L(q(t), q̇(t)) d t
<latexit sha1_base64="sUHmFnjs1FzjmMsTYnWucixeidA="></latexit>

q: [0, T]!Q
<latexit sha1_base64="gyg/NVwPldjmod+ikjMi4nxbjRY="></latexit>

• Hamilton’s least action principle �S
�q = 0

<latexit sha1_base64="jAHLcr6/ofoFDjjKBW0tUB0gXq0="></latexit>

=)
<latexit sha1_base64="BqmUs2JUNkkQyT5U7Ie0tisfiX8="></latexit>

d
d t
@ L
@ q̇
� @ L
@ q
= 0

<latexit sha1_base64="Zw2v/2CZzvAy3QAjdtdm/BgosWs="></latexit>

Euler–Lagrange equation



Momentum

• In this Lagrangian framework we call                the momentump= @ L
@ q̇

<latexit sha1_base64="khDHV0SRZYAb9obMxBiq/7tIFNo="></latexit>

• Note that                 is its differential ofp= @ L
@ q̇

<latexit sha1_base64="khDHV0SRZYAb9obMxBiq/7tIFNo="></latexit>

L(q, ·): TqQ! R
<latexit sha1_base64="IXHbhXNw7D6VHrVClFtryVlSJPo="></latexit>

So the type of momentum is covector p 2 T ⇤q Q
<latexit sha1_base64="FLo1KduPvpD2it4se1t0sIJd2nA="></latexit>

• The map f : TQ! T ⇤Q
<latexit sha1_base64="CzxAoRf4PHJd3/G1ocTW5ImWr3U="></latexit>

f : (q, q̇) 7! (q, @ L
@ q̇ (q, q̇))

<latexit sha1_base64="b0Q+tXN2jbxZcLMUAl34ghYupbc="></latexit>

reads off momentum from velocity

• EL eq d
d t p= f �1

q
@ L
@ q

<latexit sha1_base64="lAqj3qhtElrrQWrR3EbiBuzrnxw="></latexit>



Continuous Noether’s theorem

• Theorem  
A continuous symmetry of the system induces a conservation law.

• This implies h @ L
@ q |Xi+ h @ L

@ q̇ |Ẋi= 0
<latexit sha1_base64="6U+qgkkJKqxEL5cMlbmFmjrMs44="></latexit>

• Continuous symmetry: Suppose      is a vector field on      so thatX
<latexit sha1_base64="qKVbgd8sSzI0EALt5XBHam711zQ="></latexit> Q

<latexit sha1_base64="Xpa+35YAvMqj9XZxri3ozurMVeI="></latexit>

d
d"

��
"=0 S(q+ "X � q) = 0

<latexit sha1_base64="2b6gzyuV6fnnvWBoTL5H0QsE0bc="></latexit>

for all q

=)
<latexit sha1_base64="BqmUs2JUNkkQyT5U7Ie0tisfiX8="></latexit>

h @ L
@ q |Xi+ d

d t h @ L
@ q̇ |Xi � h d

d t
@ L
@ q̇ |Xi= 0

<latexit sha1_base64="OZdHoQAu5LkI3InRrfjmT5V18rA="></latexit>

EL eq
=)

<latexit sha1_base64="BqmUs2JUNkkQyT5U7Ie0tisfiX8="></latexit>

d
d t h @ L

@ q̇ |Xi= 0
<latexit sha1_base64="UwejtxioqKdS0wQAvb6t1f/Vrj4="></latexit>



Liouville theorem (symplecticity)

• If there is a loop of initial conditions                        , (q✓ ,p✓ )|t=0
<latexit sha1_base64="Pf7rax/yj/3/mZh/NHUiEJupOOM="></latexit>

✓ 2 [0, 2⇡)
<latexit sha1_base64="5kzK7V7yom4BxttRaZNZKKfIA/k="></latexit>

• The EL eq will evolve the loop over time (q✓ (t),p✓ (t))
<latexit sha1_base64="MZZ8skYn70ABdVsj2DqtmsnA8Xc="></latexit>

• The loop has an “enclosed area” ⌦(t) =
H

hp✓ | dq✓
d✓ i d✓

<latexit sha1_base64="Uy8BiCFolSFefhgt4guLEA3Gtfc="></latexit>

• Theorem d
d t⌦(t) = 0

<latexit sha1_base64="jZoTr4L+1+Ot8tqEd57MszD4dhc="></latexit>

q
<latexit sha1_base64="Q72/7iPTGTs6ymTY2qzR46uXXIg="></latexit>

p
<latexit sha1_base64="xdH/PRVb77F5fPoGw57Bi+DeCY4="></latexit>



Discrete theory

• Continuous theory

• Discrete theory



Discrete Lagrangian
• Let      denotes discrete timestep.h

<latexit sha1_base64="0G6Kupe4HzEQiHV9LXErwSSHGNg="></latexit>

• A discrete Lagrangian is a function  
approximating the total action between two positions.

Lh : Q⇥Q! R
<latexit sha1_base64="Dxqt2/0dGWb+x4ULiDLsVvajY4U="></latexit>

‣ Example: trapezoidal rule.  Suppose original problem is
L(q, q̇) = m

2 |q̇|2 � U(q)
<latexit sha1_base64="MP7FZzIzVMdMUJZQJ7XrJnh2G/4="></latexit>

= mh
2 |

q1�q0
h |2 � h U(q0)+U(q1)

2
<latexit sha1_base64="WRuP06mznG2uY93wlRU2H8sGWJY="></latexit>

• Discrete total action of a path

= h
2

�
L(q0, q1�q0

h ) + L(q1, q1�q0
h )
�

<latexit sha1_base64="V/KGDxOlhnNkmIG89nXqjTbGvP8="></latexit>

Lh(q0,q1)
<latexit sha1_base64="geXuja3Za0fCkwkUY7XWAzaAtT4="></latexit>

Sh(q0,q1,q2, . . . ,qN ) =
PN�1

k=0 Lh(qk,qk+1)
<latexit sha1_base64="1eQ+Icw/lyUWf50lJ8IisFH0mK8="></latexit>



Discrete Lagrangian

= mh
2 |

q1�q0
h |2 � h U(q0)+U(q1)

2
<latexit sha1_base64="WRuP06mznG2uY93wlRU2H8sGWJY="></latexit>

Lh(q0,q1)
<latexit sha1_base64="geXuja3Za0fCkwkUY7XWAzaAtT4="></latexit>

• Discrete Hamilton’s principle @ Sh
@ qk
= 0, 8k

<latexit sha1_base64="sp8wUsH3xpvAO4AESLKJP1pZtec="></latexit>

Sh(q0,q1,q2, . . . ,qN ) =
PN�1

k=0 Lh(qk,qk+1)
<latexit sha1_base64="1eQ+Icw/lyUWf50lJ8IisFH0mK8="></latexit>

Störmer–Verlet method

• In the above example, we obtain

m
qk+1 � 2qk + qk�1

h2
= �dU(qk) =: F(qk)

<latexit sha1_base64="CWoBsoe95jiuSsAa6JfSryxOGjM="></latexit>

Explicit timestep marching: (qk�1,qk) 7! (qk,qk+1)
<latexit sha1_base64="IQd1SjI/ByjKdhw9rZj59KlgXFk="></latexit>

qk+1 = 2qk � qk�1 +
h2

m F(qk)
<latexit sha1_base64="QZxe7MyPSQjC5Y3DUgW3lc3GbtA="></latexit>



RK4 vs Störmer–Verlet (2body problem)

Störmer–Verlet methodRunge–Kutta 4



RK4 vs Störmer–Verlet (pendulum)

�t = 0.9
<latexit sha1_base64="H7st7UI8ebK+pGdc3Oz8yxKR6UA="></latexit>

�t = 0.1
<latexit sha1_base64="cjKMgPC+Rierv9lsaoJKEmlw9eg="></latexit>

4th order Runge–Kutta Variational integrator

q
<latexit sha1_base64="Q72/7iPTGTs6ymTY2qzR46uXXIg="></latexit>

p
<latexit sha1_base64="xdH/PRVb77F5fPoGw57Bi+DeCY4="></latexit>

exact trajectories on  
position–momentum plane



Theory on variational integrators

• Discrete Euler–Lagrange equation:

• Consider discrete Lagrangian and action Lh : Q⇥Q! R
<latexit sha1_base64="Dxqt2/0dGWb+x4ULiDLsVvajY4U="></latexit>

Sh(q0,q1,q2, . . . ,qN ) =
PN�1

k=0 Lh(qk,qk+1)
<latexit sha1_base64="1eQ+Icw/lyUWf50lJ8IisFH0mK8="></latexit>

D2 Lh(qk�1,qk) + D1 Lh(qk,qk+1) = 0
<latexit sha1_base64="l4H2PTNAF2MurhnwhJB3axQiaQs="></latexit>

where       denotes partial differential on the i-th slot.Di
<latexit sha1_base64="VarDUiSysNnknKOR+YIvVIf33bc="></latexit>



Theory on variational integrators

D2 Lh(qk�1,qk) + D1 Lh(qk,qk+1) = 0
<latexit sha1_base64="l4H2PTNAF2MurhnwhJB3axQiaQs="></latexit>

• Think of “reading off momentum from velocity” p= @ L
@ q̇

<latexit sha1_base64="khDHV0SRZYAb9obMxBiq/7tIFNo="></latexit>

f : (q, q̇) 7! (q, @ L
@ q̇ (q, q̇))

<latexit sha1_base64="b0Q+tXN2jbxZcLMUAl34ghYupbc="></latexit>

• Define

f1 : (q1,q2) 7! (q1,�D1 L(q1,q2))
<latexit sha1_base64="D/I454efnaU4LlXf4kFO8yHdG+Y="></latexit>

f2 : (q1,q2) 7! (q2, D2 L(q1,q2))
<latexit sha1_base64="SSnWjWAEMiIClwWEkSCkYY8hyfE="></latexit>

f1, f2 : Q⇥Q! T ⇤Q
<latexit sha1_base64="M5Y8W9DAhNjNuZpp7baCQt+7KPs="></latexit>

• Then discrete EL is the marching:
(qk,qk+1) = f �1

1 � f2(qk�1,qk)
<latexit sha1_base64="cdwyyFOI0VeJ0HuaryQ/ooP03EM="></latexit>



Momentum variable

(qk�1,qk)
<latexit sha1_base64="Dbo87dLmZxgOejnk8yVvVQim8iI="></latexit>

(qk,qk+1)
<latexit sha1_base64="KAJDz//AoCx5ZKZ5BUNLhTfCD9Y="></latexit>

(qk+1,qk+2)
<latexit sha1_base64="Kc5KjY4X5vCs0lBG91pMMdh4DhM="></latexit>

(qk�1,pk�1)
<latexit sha1_base64="GY7+tKN6/hRqEHAwaH5vniL2g1g="></latexit>

(qk,pk)
<latexit sha1_base64="94dU8THvX0qr6+AorBdItBZM2i8="></latexit>

(qk+1,pk+1)
<latexit sha1_base64="zmTzyslWtm6m9ElNB0pG8JS0e1k="></latexit>

f1
<latexit sha1_base64="OhP96k5gN4wzXUb5xMqmbt4dXWg="></latexit>

f2
<latexit sha1_base64="3eipMeREucR/sHFcoJtcy8lkIcM="></latexit>

f1
<latexit sha1_base64="OhP96k5gN4wzXUb5xMqmbt4dXWg="></latexit>

f2
<latexit sha1_base64="3eipMeREucR/sHFcoJtcy8lkIcM="></latexit>

f1
<latexit sha1_base64="OhP96k5gN4wzXUb5xMqmbt4dXWg="></latexit>

marching on the qp space

marching on the QxQ space



Another example: midpoint rule

• Midpoint rule approximation

Lh(q0,q1)
<latexit sha1_base64="geXuja3Za0fCkwkUY7XWAzaAtT4="></latexit>

= hL( q0+q1
2 , q1�q0

h )
<latexit sha1_base64="tgMpEWqgiTEo/lFr1KulB+k8DFI="></latexit>

= mh
2 |

q1�q0
h |2 � hU( q0+q1

2 )
<latexit sha1_base64="RG9+YIQ5ZK6Ve05JVKl7iykBiqU="></latexit>

• Equivalently
®

m qk+1�qk
h = pk+1+pk

2
pk+1�pk

h = f( qk+1+qk
2 )

<latexit sha1_base64="zbeKch46sVtq1fN42rF/6BDUZ7Q="></latexit>

• EL eq m
qk+1 � 2qk + qk�1

h2
= 1

2

�
f( qk�1+qk

2 ) + f( qk+qk+1
2 )
�

<latexit sha1_base64="4X2+IOOONscV7ehHaEUjdAqmWjU="></latexit>

implicit midpoint method



Theorems of variational integrators
• Discrete Liouville theorem  

Marching on the qp space preserves 
the enclosed area of marched loop. q

<latexit sha1_base64="Q72/7iPTGTs6ymTY2qzR46uXXIg="></latexit>

p
<latexit sha1_base64="xdH/PRVb77F5fPoGw57Bi+DeCY4="></latexit>

• Discrete Noether theorem
If the discrete Lagrangian has a continuous symmetry
hD1 L(q1,q2)|Xi+ hD2 L(q1,q2)|Xi= 0

<latexit sha1_base64="MWnrqkV5MyLEAlgNrOHjRdZd8H8="></latexit>

then              is conserved (constant independent of k).hpk|Xi
<latexit sha1_base64="9sEVjMx6GwN+gS9OqpfZvdfkRa4="></latexit>

8q1,q2 2Q
<latexit sha1_base64="IK8cn+NTRQrmrNaddyG6Tu3VDnw="></latexit>

• Time reversal symmetry If L(q1,q2) = �L(q2,q1)
<latexit sha1_base64="LU0fqqH47eMifMAnYT0Wf1ckX28="></latexit>

then the integrator is time-reversal symmetric.


