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Fluid: Part 2



Pressure Projection
• Pressure projection
• Time splitting
• Advection
• Particle in cell
• Vortex methods
• Lattice Boltzmann methods



Helmholtz decomposition
• Helmholtz (1858) discovered the following vector field decomposition 

in R2,R3
<latexit sha1_base64="WTeIGMiQZ1GSeFufVvyo5KRfrNw="></latexit>

� (TRn) = (curl-free VF)� (div-free VF)
<latexit sha1_base64="JbT47nyTyRkr/ZPLm9wmHD+2ir0="></latexit>

im(grad)
<latexit sha1_base64="cOZT0bfg+eRhlL6OAed61eqE0s4="></latexit>

=<latexit sha1_base64="ObN3gOFruFvQXO6bfAu3qoF+zmg="></latexit>
im(curl)

<latexit sha1_base64="kiNHh4CBD68GE09XFqbKuvS/Qdk="></latexit>

=<latexit sha1_base64="ObN3gOFruFvQXO6bfAu3qoF+zmg="></latexit>
in 3D

im(R90� grad)
<latexit sha1_base64="LrwZ8COX1e7jeJIUA98Q/qfetaY="></latexit>

in 2D

=<latexit sha1_base64="ObN3gOFruFvQXO6bfAu3qoF+zmg="></latexit> +
<latexit sha1_base64="m6cBfsjYYMMXDRDeaJLSE8IETYg="></latexit>
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in 2D

• This decomposition is orthogonal.

• Given a vector field, we can remove the im(grad) part by the  
pressure projection (with a Poisson solve).

• One can also directly construct the divergence-free part using  
either a Biot–Savart integral or a streamfunction Poisson solve.



Pressure projection
• Let        be any vector field on a domain      .ũ

<latexit sha1_base64="l3s063RijUyQpn/42aNYmOzIfZE="></latexit>

W
<latexit sha1_base64="fHJQhLvUp9WYvw8+Yvh0jjFeUqI="></latexit>

• There is a scalar field     , unique up to additive constant, so thatp
<latexit sha1_base64="yvM9ZZPG1imGpkOYaFVG4zpbNXc="></latexit>

satisfies
u= ũ�rp

<latexit sha1_base64="TOiEV34RCOwCRdTVJxBhLdgACdc="></latexit>

®
r · u= 0 in W
n · u= 0 on @W

<latexit sha1_base64="0Xw9EGUYYGbBWm1sLY2FDZ2ek+k="></latexit>

• Solve the Poisson problem ®
�p =r · ũ in W
@ p
@ n = n · ũ on @W

<latexit sha1_base64="BmhMu63EK3uu8yV/X8sfy1D5jHI="></latexit>



Marker and Cell (MAC grid)

• Define pressure and “label for obstacle” in cells, and velocity (as flux) 
on cell walls.

• Grad p and divergence are both naturally defined.

• Build gradient and divergence matrix: they are transpose of  
each other.



Spectral method

• Apply Fast Fourier Transform (FFT)
u( j1, j2, j3) =

1
N1N2N3

PN1�1
k1=0

PN2�1
k2=0

PN3�1
k3=0 û(k1, k2, k3) e

2⇡i( j1k1
N1
+ j2k2

N2
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N3
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<latexit sha1_base64="UCY3ae8UrvOfl6ZYhMNDzbXLvzM="></latexit>

• Discretize both u and f on regular grid with resolution (                     )N1, N2, N3
<latexit sha1_base64="tSL/blC2NaCYHjz0jc8zy1F3FgY="></latexit>
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N3
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<latexit sha1_base64="4sG2oqg+6GMQkqTyvqIaAK61xE8="></latexit>

• On a periodic domain (no boundary) of size (L1, L2, L3)
<latexit sha1_base64="KdUCelvBgyJkCIfFDabT+mMe8dE="></latexit>

�u= f
<latexit sha1_base64="OTKi5gM1cN2CWfWqyBWhIIOuyUI="></latexit>

@ 2u
@ x2

+
@ 2u
@ y2

+
@ 2u
@ z2

= f
<latexit sha1_base64="ntFcUxaItL/YsDuR0d+pO/vvWjg="></latexit>

Solve Poisson problem



Spectral method

• Differential operators become componentwise multiplication:

‘@
@ x u(k) = p1û(k)

<latexit sha1_base64="PLsgae4bkBmoWA48UOakYQCxkI0="></latexit>

p1 =

8
><
>:

2⇡ik1
L1

0 k1 < N1/2
0 k1 = N1/2
2⇡i(k1�N1)

L1
k1 > N1/2

<latexit sha1_base64="Q9+IqHjRHQeYW21ERocB9svRcIA="></latexit>

• Poisson solve also becomes componentwise multiplication.



Spectral method: obstacle treatment

• FFT only works on periodic domain.

• To add obstacles, one can repeat the following 

‣ Pressure project

‣ Set velocity in obstacle to zero

• It is an alternating orthogonal projection to two linear subspaces: 
the div-free subspace, and the zero-in-obstacle subspace.

• The alternating projection will converge to their intersection.



Biot–Savart integral
� (TRn) = (curl-free VF)� (div-free VF)

<latexit sha1_base64="JbT47nyTyRkr/ZPLm9wmHD+2ir0="></latexit>

im(grad)
<latexit sha1_base64="cOZT0bfg+eRhlL6OAed61eqE0s4="></latexit>

=<latexit sha1_base64="ObN3gOFruFvQXO6bfAu3qoF+zmg="></latexit>
im(curl)

<latexit sha1_base64="kiNHh4CBD68GE09XFqbKuvS/Qdk="></latexit>

=<latexit sha1_base64="ObN3gOFruFvQXO6bfAu3qoF+zmg="></latexit>
in 3D

im(R90� grad)
<latexit sha1_base64="LrwZ8COX1e7jeJIUA98Q/qfetaY="></latexit>

in 2D

=<latexit sha1_base64="ObN3gOFruFvQXO6bfAu3qoF+zmg="></latexit> +
<latexit sha1_base64="m6cBfsjYYMMXDRDeaJLSE8IETYg="></latexit>

• Directly compute the divergence-free part



Biot–Savart integral

• Let        be the vorticity field.  w
<latexit sha1_base64="UApCAE+cMuAtbOx8/Yg8No30vtc="></latexit>

• If the fluid domain is the entire R3
<latexit sha1_base64="yriudDN+P+jnAyDbaHKk8PxYxII="></latexit>

then there is a unique divergence-free velocity, decay to zero at infinity:

u(x) =
1

4⇡

Z

supp(w)

w(y)⇥ (x� y)
|x� y|3 dVy

<latexit sha1_base64="Tb7yJwiJB2bb1J2SGbBxBvqya4I="></latexit>

• For 2D

u(x) =
1

2⇡

Z

supp(w)

w(y)R90�(x� y)
|x� y|2 dAy

<latexit sha1_base64="xCHjXxCjg0qNO8Ovr2xCmnim4cI="></latexit>



Biot–Savart integral
• When vorticity is concentrated into codimension-2  

geometry (vortex filament in 3D or point vortex in 2D)

u(x) =


4⇡

Z

�

T(y)⇥ (x� y)
|x� y|3 dsy

<latexit sha1_base64="qrm6cN1nuhNUaByZE4T34c0ZmtE="></latexit>

‣ Filament must be closed, with a fixed 
strength =
H

any loop
around �

u[
<latexit sha1_base64="6uRT4gNikDw3eho64MoQvLO6ZVc="></latexit>

‣ In 2D:

u(x) =
X

i

i

2⇡
R90�(x� y)
|x� y|2

<latexit sha1_base64="RN/t/AWzGi04mNiY7K01mGEyfhg="></latexit>

R
C u[ =

expectation of
crossing #

from a random
orthogogrpahic view

<latexit sha1_base64="S1c9oMEsh7AGAYjWobNcMNO8uzw="></latexit>



Biot–Savart integral: obstacle treatment

• If there are obstacles, the Biot–Savart integral does not obey the 
no-through boundary condition.

• In that case modify the Biot–Savart field with a gradient field  
i.e. a pressure projection.

‣ Solve the Laplace problem in the outer domain with Neumann 
boundary condition.

‣ Classically this is done with boundary element method.

‣ One can also turn this into an interior domain problem by 
a Kelvin transformation. Wikipedia: Kelvin transform

[Nabizadeh, Ramamoorthi, Chern 2021 
“Kelvin tranform for simulations in infinite domain”]



Stream function

• To reconstruct velocity from vorticity, make the ansatz
u=r⇥ 

<latexit sha1_base64="GDHf30pbt6IW5G6BjgxDuFSOIpw="></latexit>

u= �R90�r 
<latexit sha1_base64="O5WF1SL2p871EOpnvgYn+7VLB5I="></latexit>

in 3D
in 2D

• This stream-function (vector potential) satisfies

r⇥r⇥ =w
<latexit sha1_base64="bdkSNz1pBi/oNgN5IpPzFlo3psE="></latexit>

• To make the equation having unique solution:
(r⇥r⇥�rr·) =w

<latexit sha1_base64="Dc1Rqcuzcg1oAWCR1OpLvND23VA="></latexit>

�� =w
<latexit sha1_base64="Z0+Gr8M27mcBzyP7tOxY9oqR2bE="></latexit>

and       is normal to the boundary 
<latexit sha1_base64="DTYFx3gHN9D5sShwp01eJuDUcFs="></latexit>



Stream function

• To reconstruct velocity from vorticity, make the ansatz
u=r⇥ 

<latexit sha1_base64="GDHf30pbt6IW5G6BjgxDuFSOIpw="></latexit>

u= �R90�r 
<latexit sha1_base64="O5WF1SL2p871EOpnvgYn+7VLB5I="></latexit>

in 3D
in 2D

• In 2D

on the boundary
�� = w

<latexit sha1_base64="dorHaezQ/ZwzSGTiu53Uqos06RM="></latexit>

 = 0
<latexit sha1_base64="l2xNquRz0/W+fNHSD7GSrc3Sex0="></latexit>

• Beware the result could be incorrect if there are multiple  
boundary components, or that the domain is non-simply-connected.

[Yin, Nabizadeh, Wu, Wang, Chern 2023 
“Fluid cohomology”]



Helmholtz–Hodge–Morrey–Friedrichs

• In general, we have the following orthogonal decomposition

ũ=rp+r⇥ + h
<latexit sha1_base64="KKTIvMB8kbfcckGadsL7L19Cezo="></latexit>

in 3D

ũ=rp� R90�r + h
<latexit sha1_base64="VFUXQ/f3wxnXOGkoT6iCvoFBvSE="></latexit>

in 2D

on the boundary = 0
<latexit sha1_base64="l2xNquRz0/W+fNHSD7GSrc3Sex0="></latexit>

with       normal to the boundary 
<latexit sha1_base64="DTYFx3gHN9D5sShwp01eJuDUcFs="></latexit>

8
<
:

r · h= 0
r⇥ h= 0
n · h= 0 on boundary

<latexit sha1_base64="dGdI4j+9XATDPOwdv9z3pHcRzO8="></latexit>



Time Splitting
• Pressure projection
• Time splitting
• Advection
• Particle in cell
• Vortex methods
• Lattice Boltzmann methods



Time splitting

• For each time step:

®
@ u
@ t + u ·ru= �rp
r · u= 0

<latexit sha1_base64="4hS5of1DoEFHm+AMX28HkxAReIw="></latexit>

Incompressible Euler equation

‣ Pressure project
‣ Solve advection equation @ u

@ t +ruu= 0
<latexit sha1_base64="jX98n5alENFhuxuWAjaOr0TUOmY="></latexit>



Time splitting (Strang splitting)

• For each time step:

®
@ u
@ t + u ·ru= �rp
r · u= 0

<latexit sha1_base64="4hS5of1DoEFHm+AMX28HkxAReIw="></latexit>

Incompressible Euler equation

‣ Pressure “reflect”
‣ Solve advection equation @ u

@ t +ruu= 0
<latexit sha1_base64="jX98n5alENFhuxuWAjaOr0TUOmY="></latexit>

for half timestep

‣ Solve advection equation @ u
@ t +ruu= 0

<latexit sha1_base64="jX98n5alENFhuxuWAjaOr0TUOmY="></latexit>

for half timestep

‣ Pressure project
[Zehnder, Narain, Thomaszewski 2018 
“Advection-Reflection Solver”]

Wikipedia: Strang splitting



Advection
• Pressure projection
• Time splitting
• Advection
• Particle in cell
• Vortex methods
• Lattice Boltzmann methods



Advection

• Given a vector field       representing the velocity of a flowv
<latexit sha1_base64="y1njpKxqAoLFCpuu+b+cgsONuKY="></latexit>

• and a quantity       we want to advect↵
<latexit sha1_base64="474ariu6EFP/3yB4lwvmXKy974I="></latexit>

• We want to evolve      for a short time↵
<latexit sha1_base64="474ariu6EFP/3yB4lwvmXKy974I="></latexit>

@
@ t↵+ Lv

htypei
↵= 0

<latexit sha1_base64="7FNptE7IyHbR3mJ8XBjdMvtiGII="></latexit>

• Eulerian method: use pullback operator.

• Lagrangian method: set quantities on particles (or other geometry),  
and let particle move by    . v

<latexit sha1_base64="y1njpKxqAoLFCpuu+b+cgsONuKY="></latexit>

Lagrangian advection is essentially exact, but hard to do other things such as pressure solve
Eulerian advection’s pullback often requires interpolation, but easier for solving pressure



Eulerian advection (semi Lagrangian)
@
@ t↵+ Lv

htypei
↵= 0

<latexit sha1_base64="7FNptE7IyHbR3mJ8XBjdMvtiGII="></latexit>

• Use      to generate an inverse flow map, called “back trace”v
<latexit sha1_base64="y1njpKxqAoLFCpuu+b+cgsONuKY="></latexit>

• Suppose we are given        and want to find↵t
<latexit sha1_base64="O8KVFFT2RvYVndGEyaum40R52QM="></latexit>

↵t+�t
<latexit sha1_base64="pNTSb7/hr3eaKZQl0YP27CRsDUc="></latexit>

 (x) = x��tv|x
<latexit sha1_base64="zIEvdMsTpqT4/epx7ZXibqsNzRI="></latexit>

 (x) = RK4(�v;x;�t)
<latexit sha1_base64="fABXTru/7RrMNpBDi4sS4tfDaic="></latexit>

ODE 
func

initial  
condition

time span
or

• Then ↵t+�t =  ⇤
htypei

↵t
<latexit sha1_base64="jGOgIjxh8u1ZIoQIZFXfn3T0MGA="></latexit>

• This is also called the upwind advection scheme.



Eulerian advection (semi Lagrangian)

• Study the upwind scheme for 0-form in 1D 
(Blackboard)

@
@ t q+ v @@ x q = 0

<latexit sha1_base64="oEP3OeUTkGckg6odqs05JzQB0LQ="></latexit>

v > 0
<latexit sha1_base64="gYfVn2iDFBue/nYMGIac8b840Gw="></latexit>

constant in t and x

‣ Exact solution: translation

‣ Derive the modified equation 

q(t, x) = q(0, x � t v)
<latexit sha1_base64="ec1orD84xNPDKYE3jHWUZGVq2fk="></latexit>

‣ Derive the CFL condition (Courant–Friedrichs–Lewy)



Eulerian advection (semi Lagrangian)
• Back-and-forth error correction and compensation (BFECC)

A sL
v,�t↵⇡ D�t 

⇤
v,�t↵⇡ ⇤v,�tD�t↵

<latexit sha1_base64="SZsUrlbeJzJudiam3UJ0bKzUqY4="></latexit>

‣ Suppose          is a semi-Lagrangian advectionA sL
<latexit sha1_base64="8iHP0E9wOfO3mRbhnILJPEnsuFw="></latexit>

where                                              is some diffusion operator.D ⇡ e�t"L
<latexit sha1_base64="sfbqb+odFeYbyMAK8yo7oCirevo="></latexit>

⇡ 1+�t"L
<latexit sha1_base64="dGDvWCwzj1vryOR8qWUO4idJ4LY="></latexit>

‣ Remove the diffusion
A BFECC

v,�t :=A sL
v,�t � (A sL

v,�t)
1
2 (A sL

�v,�t �A sL
v,�t � 1)

<latexit sha1_base64="fptQV8FcckK18Ox2t7zbVzZsgkI="></latexit>

optional. Without it, it’s called modified MacCormack.

‣ The amount of diffusion is estimated as 1
2 (A sL

�v,�t �A sL
v,�t � 1)

<latexit sha1_base64="6P2L67gG9FVhSjaKit98oDBoO+k="></latexit>

‣ Then a forward-backward advection will extract twice the 
diffusion operator

A sL
�v,�t �A sL

v,�t ⇡ D2
<latexit sha1_base64="vrzhQNDtB5cOzHRbgBOBQHaZGEY="></latexit>

⇡ 1+ 2�t"L
<latexit sha1_base64="EAwyJnNy/QBbsfYA46qlZ9kApmo="></latexit>



Eulerian advection (semi Lagrangian)
• Back-and-forth error correction and compensation (BFECC)

‣ Sometimes this modification will create spatial oscillation  
(dispersion error)

A BFECC
v,�t :=A sL

v,�t � (A sL
v,�t)

1
2 (A sL

�v,�t �A sL
v,�t � 1)

<latexit sha1_base64="fptQV8FcckK18Ox2t7zbVzZsgkI="></latexit>

numerical dissipation numerical dispersion



Eulerian advection (semi Lagrangian)
• Back-and-forth error correction and compensation (BFECC)

‣ Sometimes this modification will create spatial oscillation  
(dispersion error)

A BFECC
v,�t :=A sL

v,�t � (A sL
v,�t)

1
2 (A sL

�v,�t �A sL
v,�t � 1)

<latexit sha1_base64="fptQV8FcckK18Ox2t7zbVzZsgkI="></latexit>

‣ Limiter: If the value of the field after BFECC is lying outside of 
some convex hull of the neighborhood values of stable  
semi-Lagrangian, blend with or use the stable semi-Lagrangian  
result 

‣ You can detect and cutoff the overshoots using limiter.



Diffusion can still occur in time splitting

• Even if the advection solver is perfect, the advection–projection 
time-splitting can still give rise to numerical diffusion

(blackboard)

• Solution: use reflection method, or covector formulation
[Nabizadeh, Wang, Ramamoorthi, Chern 2022 
“Covector Fluids”]

[Zehnder, Narain, Thomaszewski 2018 
“Advection-Reflection Solver”]



Diffusion can still occur in time splitting

BiMocqMC+R
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MC Elcott et al. CF (Ours)
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Particle in Cell
• Pressure projection
• Time splitting
• Advection
• Particle in cell
• Vortex methods
• Lattice Boltzmann methods



Hybrid of Lagrangian and Eulerian
• Discretize material space as particles M = {1, . . . , #particles}

<latexit sha1_base64="y+ucdPHDyQayoD6ZkC+qX85jgvw="></latexit>

Each particle              has a mass         that is fixed over time.mp
<latexit sha1_base64="JkYdtQSCucznjgwptQl8EctJOFU="></latexit>

p 2 M
<latexit sha1_base64="EOIo55Q22gk4mDrUQc5+33l5xAU="></latexit>

• The particle location is our flow map � : M !W = R3
<latexit sha1_base64="eLRveOkfDyVrNkT4lHc1qRvalcw="></latexit>

• Computing pressure projection is difficult using this particle method 
(require near-neighbor search)

• Put a grid for the Eulerian coordinate.

• Device an interpolation scheme transferring functions on particle 
and functions on grid (pullback of zero-form).



Advection
• Denote Eulerian function and its Lagrangian twin 

• Advection step: Do it in Lagrangian coordinate

f : W ! R
<latexit sha1_base64="YKzBiAiusUApHQF95c6wAo5BXHc="></latexit>

f̂ : M ! R
<latexit sha1_base64="dLQ4kraNEZy/8T4wcZXLicotH/U="></latexit>

f̂ = �⇤
0-form

f = f ��
<latexit sha1_base64="QmO5ZQfUjccNz/k0HL1nJIz1lec="></latexit>

@
@ t f̂ = 0

<latexit sha1_base64="ucgYLOZiw74zJYqOqUy4B81O13o="></latexit>

@
@ t� = u ��

<latexit sha1_base64="Ecn7YiH8n1gCcvEUmaXgKVxs9y8="></latexit>

Much easier 
No diffusion

@
@ t f + Lu

0-form
f = 0

<latexit sha1_base64="tDw/uAjpo3x+XPxIELuxkvGD97E="></latexit>

Numerical diffusion



Particle in cell (material point method)
• Beginning of each iteration:  

Each particle has a velocity vp
<latexit sha1_base64="M9GUejrdSarXPsPkjesd5QC3ihQ="></latexit>‣ Advection step

@
@ t� = u ��

<latexit sha1_base64="/y7DJwvezKb7+D56Asi3FyvQM60="></latexit>

u = P2G(v)@
@ t� = v

<latexit sha1_base64="UFZ1dQVytqgzM3K0+TnBmesY0YM="></latexit>

or

‣ Transfer to grid
u = P2G(v)

‣ Pressure projection
u = PressureSolve(u)

‣ Transfer back to particle
v = G2P(u)

• End of iteration

(transfer has lots of diffusion)



FLIP (fluid implicit particle) solver
• Beginning of each iteration:  

Each particle has a velocity vp
<latexit sha1_base64="M9GUejrdSarXPsPkjesd5QC3ihQ="></latexit>‣ Advection step

@
@ t� = u ��

<latexit sha1_base64="/y7DJwvezKb7+D56Asi3FyvQM60="></latexit>

u = P2G(v)@
@ t� = v

<latexit sha1_base64="UFZ1dQVytqgzM3K0+TnBmesY0YM="></latexit>

or

‣ Transfer to grid
u = P2G(v)

‣ Pressure projection
u’ = PressureSolve(u)

‣ Transfer the incremental effect of pressure back to particle
v += G2P(u’-u)

• End of iteration



Particle–Grid transfer
• Consider a basis function for each grid point

Ni(x)
<latexit sha1_base64="zO2xCwz4x/VwCoHl/g7A7NHltpo="></latexit>

i 2 Grid
<latexit sha1_base64="cO5O5MeaEOAbSeoxGeRdj7n/gBA="></latexit>

x 2 R3
<latexit sha1_base64="Vnusti+cZkj8xHURN3GilRoqF7w="></latexit>

‣ Local:                     when x is far away 
from the grid point i.

Ni(x) = 0
<latexit sha1_base64="hP1tOKAEIj09z3uK5IvgoTPWsb8="></latexit>

‣ Partition of unity (add up to 1)P
i2Grid Ni(x) = 1(x) = 1

<latexit sha1_base64="prd1NeNTUlvCTLoJfYJh0pBnnQQ="></latexit>

‣ (Nonnegative                    )Ni(x)� 0
<latexit sha1_base64="yLefSx59ac7XgQ0U17vwDPAIo+o="></latexit>

• Usually it’s just the product of B-spline basis from each dimension

• Lagrange interpolation basis is also a candidate choice



Particle–Grid transfer
• Grid to Particle

f̂p ⇡
P

i2Grid fiNi(�p)
<latexit sha1_base64="ovlBtS7ijGlC4Mhh++5ECSE138E="></latexit>

• Particle to Grid

fi ⇡
P

p2M f̂pmpNi(�p)P
p2M mpNi(�p)

<latexit sha1_base64="AZqNoibUvMEHQ334jII1hY8ShqE="></latexit>



Affine Particle–Grid transfer
• Affine Grid to Particle

f̂p ⇡
P

i2Grid fiNi(�p)
<latexit sha1_base64="ovlBtS7ijGlC4Mhh++5ECSE138E="></latexit>

• Affine Particle to Grid

fi ⇡
P

p2M ( f̂p +‘r fpπxi ��p∫)mpNi(�p)P
p2M mpNi(�p)

<latexit sha1_base64="0xj6PFjZkWwViE8wRJVMqDIVAAs="></latexit>

‘r fp ⇡ argmin
A

X

i2Grid

�����

P
p2M ( f̂p +Aπxi ��p∫)mpNi(�p)P

p2M mpNi(�p)
� fi

�����

2

<latexit sha1_base64="sxfkf2z4uOcyN1WFICpEdX2J4OY="></latexit>



Affine Particle–Grid transfer
• Affine Grid to Particle

f̂p ⇡
P

i2Grid fiNi(�p)
<latexit sha1_base64="ovlBtS7ijGlC4Mhh++5ECSE138E="></latexit>

• Affine Particle to Grid

fi ⇡
P

p2M ( f̂p +‘r fpπxi ��p∫)mpNi(�p)P
p2M mpNi(�p)

<latexit sha1_base64="0xj6PFjZkWwViE8wRJVMqDIVAAs="></latexit>

‘r fp ⇡ BD�1
<latexit sha1_base64="RjvuCkrwKCO9wUQbBIo2nMMKeIg="></latexit>

B=
P

i2Grid Ni(�p) fi(xi ��p)¸
<latexit sha1_base64="QlIrfHtb0YW3a/MipCV0t7C3rus="></latexit>

D=
P

i2Grid Ni(�p)(xi ��p)(xi ��p)¸
<latexit sha1_base64="1Rb2TndazFlx4v7gFKT+b3elrwQ="></latexit>



Vortex methods
• Pressure projection
• Time splitting
• Advection
• Particle in cell
• Vortex methods
• Lattice Boltzmann methods



Vortex in Fluids



Vortex in Fluids



Vortex in FluidsVortex in Fluids



Vorticity equation

• Pullbacks by flow maps preserve singularities.

• Singularities of a    -form are generically              -dimensional 
submanifolds.

k (n� k)

• Vorticity in 3D: vortex filaments.

• Vorticity in 2D: point vortices

@!
@ t + Lu

2-form
!= 0

<latexit sha1_base64="gtpt6ole9SZs7W6IaZ/ZXz04k8E="></latexit>

u= BiotSavart(!)
<latexit sha1_base64="LBIYOvy69MEDf7hrcNvgznoJYUk="></latexit>

• (Vortex particle method in 3D makes no sense)



2D Vortex particle system
• Each particle has a fixed vorticity strength p

<latexit sha1_base64="SirXyFZHn2Grccvr+kcQzRUOI2Q="></latexit>

‣ Strength can be positive or negative. 

• Also evaluate velocity for any passively advected smoke/dye by

vx =
X

q2VortexParticles

q

2⇡

Rotate90�(x��q)
|x��q|2

<latexit sha1_base64="tVyz9ZT76vSS+MabsO7U2dbocGQ="></latexit>

• The 2D position of each particle 
d
d t
�p =
X

q2VortexParticles
q 6=p

q

2⇡

Rotate90�(�p ��q)
|�p ��q|2

<latexit sha1_base64="mApN1sZjz9faflDD3FFoQynDHSM="></latexit>

• Solve ODE by RK4



2D Vortex particle system



2D Vortex particle system



3D vortex filament
• Filament based smoke (see e.g. Weissmann 2010)

photograph simulation

http://diglib.eg.org/handle/10.2312/8252



3D vortex filament
• Limitation: Filament length can grow 

exponentially, need reconnection, which  
is hard

‣ Variants: “Vortex segment clouds”  
[Xiong 2021]

‣ Variants: “Implicit vortex filaments”  
[Ishida 2022]

‣ (MPM + vortex segment?)



3D vorticity equation
@!
@ t + Lu

2-form
!= 0

<latexit sha1_base64="gtpt6ole9SZs7W6IaZ/ZXz04k8E="></latexit>

u= BiotSavart(!)
<latexit sha1_base64="LBIYOvy69MEDf7hrcNvgznoJYUk="></latexit>

• Most papers solve it by splitting advection and stretching
@w
@ t
+ruw=rwu

<latexit sha1_base64="bS2x9XHHxI9KN+stGpl+un2sLnI="></latexit>

• Better way: Do a semi-Lagrangian pullback for 2-form 
[Elcott et al 2007 “Stable and circulation 
 preserving simplicial fluids”]



Lattice Boltzmann Method
• Pressure projection
• Time splitting
• Advection
• Particle in cell
• Vortex methods
• Lattice Boltzmann methods



Statistical model
• Continuum mechanics is only a macroscopic model 

as a global deformable body

• Mesoscopic (kinetic, statistical) model 

• Microscopic: Individual molecules

‣ Each world-point has one averaged velocity

‣ Each of 10^23 of molecules has its velocity

‣ Each world-point has a probability distribution of velocities



Statistical model
• The state of the system is a probability measure 

over the tangent bundle
f (x,v, t)

<latexit sha1_base64="A5hYbhwtWn5beglY0n4RtKr9Ijg="></latexit>

TW
<latexit sha1_base64="be9enI1uxtuWbjsPhxXGdB2+yAI="></latexit>

• The mass density ⇢(x,t) =
R

v2TxW f (x,v, t)
<latexit sha1_base64="WLTK0VTk6OlgULOMsAWrTBs4pE8="></latexit>

• The momentum density (⇢u)(x,t) =
R

v2TxW v f (x,v, t)
<latexit sha1_base64="CNcOFBlw54E1+40YJ2RFlxIpscI="></latexit>

• Internal energy e(x,t) =
R

v2TxW
1
2 |v� u|2 f (x,v, t)

<latexit sha1_base64="onnmPhHdofo1Rn93nkvgNLBnO7U="></latexit>

= 3kT (x,t)
2

<latexit sha1_base64="/TjTu62PZ4Wru0Y43ZftrUfcrmQ="></latexit>

• Stress-energy tensor ⌃(x,t) =
R

v2TxW (v� u)(v� u)¸ f (x,v, t)
<latexit sha1_base64="rAZXfcHpQkYp9l7asUfrCklkwig="></latexit>



Boltzmann equation
• Boltzmann equation

‣ The probability distribution is advected by its own velocity

‣ There can be pointwise operator Q modeling the internal collision  
that mutates the distribution (obeying some conservation law)

‣ There can also be external force that accelerate velocity

@
@ t f (x,v, t) + v · @@ x f (x,v, t)

<latexit sha1_base64="DxzCoRG2bAMa8AKGV193/xZslcc="></latexit>

+gext · @@ v f (x,v, t)
<latexit sha1_base64="g/NdXlkLmvySLCHLiQzMqwgFChI="></latexit>

=Q( f )(x,v,t)
<latexit sha1_base64="RZxQBhMpaLqi6ssTZoBNz5tllMA="></latexit>



Lattice Boltzmann method
• Discretize the tangent bundle as lattice with discrete velocity directions.

• Probability density are numbers assigned on each of these 
 27 x (#grid pts) stencils

• Advection: exact exchange of probability (because velocity 
points onto another lattice grid)

• Model collision operator, with physics and numerical consideration


