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Fluid: Part 1



Fluid as a special type of 
elastic body

• Fluid as elastic body
• Velocity and acceleration
• Navier–Stokes equations
• Lie derivative
‣ Cartan’s formula
‣ Lie material derivative

• Vorticity



Fluid as an elastic body

• A fluid is an elastic body whose potential only depends on  
the change of volume.

• There is no resistance in volume-preserving shearing.

• One may model dissipation function as a function of rate of  
change of deformation, resulting in viscosity



Flow map
• Recall the setup for deformable body
‣ Manifold      : Material coordinate, Lagrangian coordinateM

<latexit sha1_base64="oKN57BXyd3X46RCl05gM9qfSCuo="></latexit>

‣ Manifold      : World coordinate, Eulerian coordinateW
<latexit sha1_base64="3mDEeuRYROCQVucp2rq1I4Aunao="></latexit>

‣ A state of a deformable body is a map (called flow map)
�t : M !W

<latexit sha1_base64="M0qE+LLU3cnEEslXp96nuXYO304="></latexit>

• We also have time-independent fluid mass density 
and time-independent world coordinate metric

• For fluid               , and Lagrangian coordinate represent state  
at time = 0, and Eulerian coordinate represent time = t.

M =W
<latexit sha1_base64="AHF4wTfmcHtIdCdVQkbQefHjlCs="></latexit>



Fluid as an elastic body
• Deformation gradient F= d�

<latexit sha1_base64="A0lM2U7uIZqmOMQ4mf5XXNjjfRw="></latexit>

• Cauchy–Green ]M C= ]M F¸[W F
<latexit sha1_base64="IkQ6mzNw+AUAmDW1qqPLBISwOC0="></latexit>

• 2nd Piola S= 2 @ U
@ C

<latexit sha1_base64="In3YMngjXZC506vqdEBqSxC+ddg="></latexit>

= 2w0(det(C)) det(C)C�¸
<latexit sha1_base64="8H6kJa+cvwhlIgV1EeGmivqbeBY="></latexit>

= 2w0(det(C)) det(C)F�1F�¸
<latexit sha1_base64="5LTaDZfDLmJP8KsQJwtmhUHxK5g="></latexit>

• Potential energy U(C) = w(det(C))
<latexit sha1_base64="NkN3JRCMg5fv043vO8PNzroK5kE="></latexit>

C= F¸F
<latexit sha1_base64="Is6xw8fV4DbbGZioyqgIQLj+1xk="></latexit>

• 1st Piola P= FS
<latexit sha1_base64="D9NfB0FnWQBUPV/dU+aE68r1xNU="></latexit>

= 2w0(det(C)) det(C)F�¸
<latexit sha1_base64="1ZSlZgDDHTD6Wc2fA6j0yANwYz4="></latexit>

= 2w0J2 J2F�¸
<latexit sha1_base64="JdkT7LMAXHujQthdn8ntm869UKc="></latexit>

J = det(F)
<latexit sha1_base64="hG+SQot0ck4oIHtIos1f3SdBF0A="></latexit>

• Cauchy stress � = (2w0J2 J)I
<latexit sha1_base64="wXf6ApDWFW+Xe3WYrEsiZPf6krw="></latexit>

p is called pressure= �pI
<latexit sha1_base64="QJt4HL2H7Jnn3SAc8tkcgKJNWtE="></latexit>



Fluid as an elastic body
• Equation of motion

⇢M

r

�̈
<latexit sha1_base64="7MMggw39kQD78TL6S/9jTkKJ7x0="></latexit>

= �J(grad p) ��
<latexit sha1_base64="3NkRE8tBtY8Ez0u1Xx3uXG9zpE4="></latexit>

• Let        ,       be volume forms on Lagrangian and Eulerian space.µM
<latexit sha1_base64="gTa6L775dV+x0m2wCMp+MD/BwlI="></latexit>

µW
<latexit sha1_base64="LkaPD0d0wfrfBO+U6CEbfZSDLGo="></latexit>

• The determinant J = �⇤µW
µM

<latexit sha1_base64="Cu5dMSxHH9/NPQkgIliXEqwBCbg="></latexit>

• Let                          be mass density so that⇢ t 2 ⌦n(W )
<latexit sha1_base64="g10HKFRiZJUim4gXmN2R0RttEL0="></latexit>

⇢M = �t
⇤⇢ t

<latexit sha1_base64="fTeohhvF5RLOX5RTrfRz4E21lJA="></latexit>

• Let qt =
⇢t
µW

<latexit sha1_base64="JCknzzlkX80OYMS6kdhhQiHi118="></latexit>

q �� = 1
J
⇢M
µM

<latexit sha1_base64="O7AZjPuYfRTpqRBuXI+Pbg3Z8Vg="></latexit>

• The pressure     is only a function of scalar mass density p
<latexit sha1_base64="m6lTFuvByzW1p56ZlRLBmHZlJvU="></latexit>

q
<latexit sha1_base64="fKkbPcUP9I8gOXVvYeU/gs+3Lto="></latexit>



Velocity and Acceleration 
Fields

• Fluid as elastic body
• Velocity and acceleration
• Navier–Stokes equations
• Lie derivative
‣ Cartan’s formula
‣ Lie material derivative

• Vorticity



Flow map
• Let’s look at the time-derivative of flow map

�̇(t,X) =
@
@ t�(t,X)

<latexit sha1_base64="CgwXjFYemTOFllf7zImFm1Yu5+c="></latexit>

‣ Since the domain of      is the Lagrangian coordinate, the 
partial time derivative means fixing the Lagrangian spatial variable.

�
<latexit sha1_base64="sONfpeQh5hAcRlCpsOoQ/Yy2QjQ="></latexit>

‣ This time derivative measures the velocity of a particle.

‣ Type �̇(t,X) 2 T�(X)W
<latexit sha1_base64="Vu9tf1nbyvBjFQTCigxmAyQVEEQ="></latexit>

�̇ t 2 � (T�W )
<latexit sha1_base64="8dxn7YD0tKpo/j6Wg1C6lSSlpro="></latexit>



Velocity field
• The velocity field is defined on the Eulerian (world) coordinate 

‣ It is the change of coordinate of 

�̇(t,X) 2 T�(X)W
<latexit sha1_base64="Vu9tf1nbyvBjFQTCigxmAyQVEEQ="></latexit>

�̇ t 2 � (T�W )
<latexit sha1_base64="8dxn7YD0tKpo/j6Wg1C6lSSlpro="></latexit>

~ut 2 � (TW )
<latexit sha1_base64="wZ5rCaB8UyyrFQ1TinGmSOa1Bpo="></latexit>

~u(t,x) 2 � (TxW )
<latexit sha1_base64="SRy28ZFGvAmUltxBfLbXPgsqALs="></latexit>

i.e.
�̇(t,X) = ~u(t,�(X))

<latexit sha1_base64="UHIot1uJpegQyVcc9d7QEPsGMnM="></latexit>

�̇ = ~u ��
<latexit sha1_base64="ixnOO3ZZ5vzuLsNyT2U1w02I+lE="></latexit>

�̇ = �⇤
0-form

~u
<latexit sha1_base64="xPMwi5n29NSWo9JyMU5nj+OkhZE="></latexit>



Acceleration of particle
• What is acceleration of particle?

‣ Is it time derivative of velocity     or velocity    ?�̇
<latexit sha1_base64="tgG+9ByXI6BeezGn5NzWNfSoyu8="></latexit>

~u
<latexit sha1_base64="hJ69Vr5AXTXuDkS0bLtBera/VW4="></latexit>

‣ Since the spatial domain for      is      , its time derivative 
fixes a world location instead of following a fixed particle.

~u
<latexit sha1_base64="hJ69Vr5AXTXuDkS0bLtBera/VW4="></latexit> W

<latexit sha1_base64="tx6kmHzML4pI6IzJLUMpryMjpF8="></latexit>

~̇u= @
@ t ~u

<latexit sha1_base64="N+eo3auNkUtFteEqojFplFyzYhk="></latexit>

‣ The acceleration of a particle is
r

�̈ = r@ t
@
@ t�

<latexit sha1_base64="rTqoroQ5LYNZwTilqC0e/dks6ZE="></latexit>



Acceleration of particle
‣ The acceleration of a particle is

r

�̈ = r@ t
@
@ t�

<latexit sha1_base64="rTqoroQ5LYNZwTilqC0e/dks6ZE="></latexit>

‣ In terms of world-space velocity field 
r
@ t �̇ =

r
@ t (~u ��)

<latexit sha1_base64="oiBYMblUqsJoRYs9VRwsTSF+KKA="></latexit>

= ( @@ t ~u) �� + (r~u)�π�̇∫
<latexit sha1_base64="hqUf+ehIhJAfW30ox4qaumu8P/8="></latexit>

= ( @@ t ~u) �� + (r~u)�π~u ��∫
<latexit sha1_base64="8h2gldlojV3hQYHsGyl5cPa3Hnc="></latexit>

= ( @@ t ~u) �� + (r~u~u) ��
<latexit sha1_base64="J4h3S94nmNAVvc+/cztuv8oD214="></latexit>

= ( @@ t ~u+r~u~u) ��
<latexit sha1_base64="tYgZNwSOgCglj0Yl/+fx9rPPu/M="></latexit>



Summary

• Velocity field in Eulerian coordinate

@
@ t ~u+r~u~u 2 � (TW )

<latexit sha1_base64="1J2+Gt3xKMoeXtAsPH23of+wed8="></latexit>

~u 2 � (TW )
<latexit sha1_base64="z1zrC5Zvd0LAZAUnoH/kOoq8gb0="></latexit>

• Acceleration field in Eulerian coordinate

• Velocity field as Eulerian-valued function on Lagrangian coordinate

• Acceleration field as Eulerian-valued function on Lagrangian coord.
�̇ t 2 � (T�W )

<latexit sha1_base64="8dxn7YD0tKpo/j6Wg1C6lSSlpro="></latexit>

r

�̈ 2 � (T�W )
<latexit sha1_base64="ojFZ3kDDGHbW6vcZOYOSaiRPLbI="></latexit>

�̇ = �⇤
0-form

~u
<latexit sha1_base64="xPMwi5n29NSWo9JyMU5nj+OkhZE="></latexit>

r

�̈ = �⇤
0-form

( @@ t ~u+r~u~u)
<latexit sha1_base64="e+xFI5llwUj2BxIoJ0lYnD9j3cU="></latexit>



Material derivative
@
@ t ~u+r~u~u 2 � (TW )

<latexit sha1_base64="1J2+Gt3xKMoeXtAsPH23of+wed8="></latexit>

• The derivative on Eulerian coordinate

is called Material derivative.
It corresponds to the time derivative when fixing the material coord.

D
Dt = (

@
@ t +r~u)

<latexit sha1_base64="B/TODIVIJ2Hg7XbLjfdj3t/FOqA="></latexit>

@
@ t ( �

⇤
0-form

f ) = �⇤
0-form

( D
Dt f )

<latexit sha1_base64="EfHFHw5oTG4EcdnPDMg5g+D2lAQ="></latexit>

• In general (we’ll see later on Lie derivatives)
@
@ t (�

⇤ f ) = �⇤[( @@ t +L~u) f ]
<latexit sha1_base64="AGj6nyjUhuFvh6ED9us7+kSyQhw="></latexit>



Navier–Stokes Equations
• Fluid as elastic body
• Velocity and acceleration
• Navier–Stokes equations
• Lie derivative
‣ Cartan’s formula
‣ Lie material derivative

• Vorticity



Equation of motion in Eulerian coord.
• Unlike standard elastic solid, flow map becomes “bad” function  

very quickly.

• It is better to use Eulerian  
coordinate and describe  
how velocity field evolve.

• Since the energy never depends 
on the deformation other than 
J (encoded in density), the fluid  
just keeps forgetting the initial 
Lagrangian coordinate.

• Constantly resetting Lagrangian space = pure Eulerian description.



Equation of motion in Eulerian coord.
• Equation of motion ⇢M

r

�̈
<latexit sha1_base64="7MMggw39kQD78TL6S/9jTkKJ7x0="></latexit>

= �J(grad p) ��
<latexit sha1_base64="3NkRE8tBtY8Ez0u1Xx3uXG9zpE4="></latexit>

J = �⇤µW
µM

<latexit sha1_base64="Cu5dMSxHH9/NPQkgIliXEqwBCbg="></latexit>

qt =
⇢t
µW

<latexit sha1_base64="JCknzzlkX80OYMS6kdhhQiHi118="></latexit>

r

�̈ = �⇤
0-form

( @@ t ~u+r~u~u)
<latexit sha1_base64="e+xFI5llwUj2BxIoJ0lYnD9j3cU="></latexit>

• Write in Eulerian coordinate
( @@ t ~u+r~u~u) = � 1

q grad p
<latexit sha1_base64="31TZ+rgQiAYA3mebd0oNQgZfPQI="></latexit>

• The scalar density field satisfies
Momentum equation

@
@ t q+ div(q~u) = 0

<latexit sha1_base64="sRQdzTlVTaZ47AbiHRAJn2xSaG8="></latexit>

Continuity equation
(derived later)

• Some density–pressure relation
p = ⇡(q)

<latexit sha1_base64="Q4UURc8IMyiqs2PEcDErdHMFqqg="></latexit>

Equation of state



Euler equation

( @@ t ~u+r~u~u) = � 1
q grad p

<latexit sha1_base64="31TZ+rgQiAYA3mebd0oNQgZfPQI="></latexit>

Momentum equation

@
@ t q+ div(q~u) = 0

<latexit sha1_base64="sRQdzTlVTaZ47AbiHRAJn2xSaG8="></latexit>

Continuity equation
(derived later)

• Together, these are called (compressible) barotropic Euler equation

p = ⇡(q)
<latexit sha1_base64="Q4UURc8IMyiqs2PEcDErdHMFqqg="></latexit>

Equation of state

• Suppose the density–pressure relation is very stiff, to the point that 
fluid’s volume is rigid, then we get an incompressible fluid.

J = 1
<latexit sha1_base64="JJy5qPjnN28iZWBw78KoozjWOq8="></latexit>

q = constant
<latexit sha1_base64="qu8akwteMRsn3ewcRwrxsM9Arw0="></latexit>

div ~u= 0
<latexit sha1_base64="XvdmBPXb8mCAi//GVmAaC47Pcek="></latexit>

(q = q0)
<latexit sha1_base64="iBvpHaqfZOIDgcGFOP9VbgtD2s4="></latexit>



Euler equation
• Incompressible Euler equation

div ~u= 0
<latexit sha1_base64="XvdmBPXb8mCAi//GVmAaC47Pcek="></latexit>

• Navier–Stokes equation (in Euclidean space)

R(L) =
�
�
2 tr(E)2 +µ tr(E2)

�
<latexit sha1_base64="chV5AYtFHGtdlbJoLmFa2AVafLI="></latexit>

Ḟ= (ru)F=: LF
<latexit sha1_base64="QW/HPOlrZ7okjric0wf4e4H7DpM="></latexit>

‣ Rayleigh dissipation function R(�̇) =
R

W R(L)µW
<latexit sha1_base64="za2xWj07BV2T7liNNWgr/AOk3dw="></latexit>

deformation rate strain rate E= 1
2 (L+ L¸)

<latexit sha1_base64="iHa/Nw3trLGRu0Rzw7HAw4UKSkk="></latexit>

@
@ t ~u+r~u~u= � 1

q0
grad p

<latexit sha1_base64="vzH5ZKHOdf8ug9fodn22yTqFcmM="></latexit>

div ~u= 0
<latexit sha1_base64="XvdmBPXb8mCAi//GVmAaC47Pcek="></latexit>

@
@ t ~u+r~u~u= � 1

q0
grad p+ µ

q0
r ·r~u

<latexit sha1_base64="vkD7hUhBzmj/AQdyJuRIRfulKKE="></latexit>



Lie derivative
• Fluid as elastic body
• Velocity and acceleration
• Navier–Stokes equations
• Lie derivative
‣ Cartan’s formula
‣ Lie material derivative

• Vorticity



Lie derivative
• Let                        be a world-coord vector field, being the velocity 

field of a flow map
~u 2 � (TW )

<latexit sha1_base64="z1zrC5Zvd0LAZAUnoH/kOoq8gb0="></latexit>

� : M !W
<latexit sha1_base64="lFwva87055ETU/GPosXbbdGUBS8="></latexit>

�̇ = ~u ��
<latexit sha1_base64="ixnOO3ZZ5vzuLsNyT2U1w02I+lE="></latexit>

• Let                                             be some time-independent  
tensor field on the world coordinate.

T 2 � (⌦k TW⌦`T ⇤W )
<latexit sha1_base64="xgBgEUFUS7hekE94VCedm6CMTdo="></latexit>

• Define Lie derivative
L~u : � (⌦k TW⌦`T ⇤W )! � (⌦k TW⌦`T ⇤W )

<latexit sha1_base64="A6KFWOQhZ3BxTENQjD2A+aWSVT4="></latexit>

so that
@
@ t (�

⇤T ) = �⇤(L~u T )
<latexit sha1_base64="eW14YQxWlM4QpWYl6PTJ1T9B570="></latexit>



Lie derivative for functions

• Therefore, the Lie derivative is the directional derivative

• Let f 2 C1(W )
<latexit sha1_base64="9ntlvNd/LEhPrPef5xpbI0p8vmY="></latexit>

= d f π~u∫ ��
<latexit sha1_base64="zPvSsPaf3j4LGR7sS7nmNA2eSeQ="></latexit>

L~u
0-form

f = d f π~u∫
<latexit sha1_base64="HgTmQInRnEkudBX8DY9FisRd6ag="></latexit>

• Time derivative
@
@ t (�

⇤ f ) = @
@ t ( f ��)

<latexit sha1_base64="/zvWhO9i4XwKY4/mWAd3HGkfBOk="></latexit>

0-form
= �⇤(d f π~u∫)

<latexit sha1_base64="Hj4rWOAeoKELFXa0KFvDH+NfeWw="></latexit>

0-form

�⇤ f = f ��
<latexit sha1_base64="FKlOhJ3jzRWQC1XgMICkVSXyF2A="></latexit>

0-form

= ~uf
<latexit sha1_base64="PCUtoqOhhfuqeTk1rsQGgvEQy4U="></latexit>



Lie derivative for vectors

• Take derivative of this formula

• Let ~v 2 � (TW )
<latexit sha1_base64="aONcitiwtzGIkq8+EKH4dk/Vhrs="></latexit>

�⇤
vec
~v = ��1

⇤ ~v
<latexit sha1_base64="82vDZhOHWTjNed1bbDEew3gYYcU="></latexit>

• If we have function                        , then we havef 2 C1(W )
<latexit sha1_base64="smy5Vjd1VYi3thshJBK5kf5Tq3c="></latexit>

�⇤
0-form

(~v f ) = (�⇤
vec
~v)( �⇤

0-form
f )

<latexit sha1_base64="rK+lE+NR/eHpTU7NUArlSNngfNs="></latexit>

@
@ t �

⇤
0-form

(~v f ) = ( @@ t�
⇤

vec
~v)( �⇤

0-form
f ) + (�⇤

vec
~v)( @@ t �

⇤
0-form

f )
<latexit sha1_base64="5bgLvN/7HJh22BJMU5zdJQpZbyE="></latexit>



Lie derivative for vectors
@
@ t �

⇤
0-form

(~v f ) = ( @@ t�
⇤

vec
~v)( �⇤

0-form
f ) + (�⇤

vec
~v)( @@ t �

⇤
0-form

f )
<latexit sha1_base64="5bgLvN/7HJh22BJMU5zdJQpZbyE="></latexit>

�⇤
0-form

(~u~v f ) = ( @@ t�
⇤

vec
~v)( �⇤

0-form
f ) + (�⇤

vec
~v)( �⇤

0-form
~uf )

<latexit sha1_base64="P/djePOaNaAJ6HwYgJ9LLj+wh+I="></latexit>

�⇤
0-form

(~u~v f ) = ( @@ t�
⇤

vec
~v)( �⇤

0-form
f ) + �⇤

0-form
(~v~uf )

<latexit sha1_base64="7ejQB9BEiOE/2wf4KC9ickacbtI="></latexit>

( @@ t�
⇤

vec
~v)( �⇤

0-form
f ) = �⇤

0-form
([~u, ~v] f )

<latexit sha1_base64="EuW6+mobZ2ho2B5VwPoX6NagfK0="></latexit>

= (�⇤
vec
[~u, ~v])( �⇤

0-form
f )

<latexit sha1_base64="jTXOfxjnaPFlGzwbXhD+/1zxugA="></latexit>

• Therefore @
@ t�

⇤
vec
~v = (�⇤

vec
[~u, ~v])

<latexit sha1_base64="I6QD+9GpyImy+VnEQ5ylt0P1CQU="></latexit>



Lie derivative for vectors

• Therefore @
@ t�

⇤
vec
~v = (�⇤

vec
[~u, ~v])

<latexit sha1_base64="I6QD+9GpyImy+VnEQ5ylt0P1CQU="></latexit>

L~u
vec
~v = [~u, ~v]

<latexit sha1_base64="t1Km+UNwLzwLyhb4RCVWNBAhy7o="></latexit>

=r~u~v �r~v~u
<latexit sha1_base64="njvxI9ajJOxHpXiMWEOmi4Gpo2E="></latexit>



Lie derivative for differential forms

• Proof

• Its Lie derivative is given by Cartan’s magic formula
• Let ↵ 2 ⌦k(W )

<latexit sha1_base64="gtRhOkJ0jv7LEQz6nhZN4mbxRYk="></latexit>

L~u
form
↵= i~u(d↵) + d(i~u↵)

<latexit sha1_base64="8VEaADTyePyFv5CThb2H2bz5/tY="></latexit>

L~u
form
= i~ud + di~u

<latexit sha1_base64="bwbsRtZYC0eUPdzF9wOqTfdpU6s="></latexit>

‣ From                                        and�⇤
form
(d↵) = d(�⇤

form
↵)

<latexit sha1_base64="7KwtaKO4SyhYEIbgH+spbJGVq2c="></latexit>

�⇤
form
(↵^ �) = (�⇤

form
↵)^ (�⇤

form
�)

<latexit sha1_base64="em9sdCDRDH5HGqLinOYpnF8lWfc="></latexit>

we have

dL~u
form
= L~u

form
d

<latexit sha1_base64="jPLcKHoDHdFuH+gwoU/8yIDLfaU="></latexit>

and L~u
form
(↵^ �) = (L~u

form
↵)^ � +↵^ (L~u

form
�)

<latexit sha1_base64="FqXP3DEQ/uPW4VB5gKjFk04MEbE="></latexit>

‣ There can only be one operator that satisfies these rules and agrees on the behavior 
when applied on 0-forms.

‣ Check that Cartan’s magic formula obeys these rules.



Lie derivative for differential forms
• Under integral evaluation
R
�t (S)

↵=
R

S �t
⇤

form
↵

<latexit sha1_base64="nyavyJS6IvZY3gR7dlQPLfNYE4w="></latexit>

=
R

S �t
⇤

form
(L~u

form
↵)

<latexit sha1_base64="JKq0Mcrng4LkSfKNPtYY3dm3fsA="></latexit>

=
R
�t (S)
L~u
form
↵

<latexit sha1_base64="tkzVGG0AWXSf7C0t2LHxSi99yr8="></latexit>

= d
d t

R
S �t
⇤

form
↵

<latexit sha1_base64="wS69cN9I3XaXJGqtUF40FUERWzI="></latexit>

d
d t

R
�t (S)

↵
<latexit sha1_base64="MbMjP7TYGuNEXDpzXJ5nsbOS/PY="></latexit>



Lie derivative for differential forms
• Under integral evaluation

=
R
�t (S)
L~u
form
↵

<latexit sha1_base64="tkzVGG0AWXSf7C0t2LHxSi99yr8="></latexit>

d
d t

R
�t (S)

↵
<latexit sha1_base64="MbMjP7TYGuNEXDpzXJ5nsbOS/PY="></latexit>

• This is the derivative of integral with respect to integration domain

• In 1D, this is known as Leibniz’s integral rule

• This fundamental calculus rule is not widely known; but 
its special cases are used independently in continuum mechanics, 
shape optimization, differentiable rendering.



On Cartan’s magic formula
• Fluid as elastic body
• Velocity and acceleration
• Navier–Stokes equations
• Lie derivative
‣ Cartan’s formula
‣ Lie material derivative

• Vorticity



Integral formulation
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-formk
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Integral formulation
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geometric operator
calculus 
operator



Operations

• Boundary

k-surface (k� 1)-surface
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Operations

• Map

k-surface k   -surface possibly 
in another space
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Operations

• Time-dependent map
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Operations

• Extrusion
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Stokes-like Theorems
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/ Exterior derivative



Stokes-like Theorems
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Stokes-like Theorems
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Stokes-like Theorems

Extrusion
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Stokes-like Theorems

Extrusion / Interior product
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Stokes-like Theorems

Time-dependent map / Lie derivative
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Stokes-like Theorems
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Cartan Magic Formula
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Cartan Magic Formula
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Cartan Magic Formula
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Cartan formula under integration
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Reynolds Transport Theorem (Leibniz integral rule)



Cartan formula under integration
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Reynolds Transport Theorem (Leibniz integral rule)
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Cartan formula under integration
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Lie material derivative
• Fluid as elastic body
• Velocity and acceleration
• Navier–Stokes equations
• Lie derivative
‣ Cartan’s formula
‣ Lie material derivative

• Vorticity



Lie material derivative

• Summary of Lie derivative

• Let        be some tensor (function, vector field, or k-form)T t
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‣ For functions L~u
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f = (d f )π~u∫
<latexit sha1_base64="85Wa4goYgXyUciW2bB6yjVLCTLc="></latexit>

‣ For vector fields L~u
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Lie material derivative
• Let        be some tensor (function, vector field, or k-form)T t
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• We say a tensor field        is purely advected (as a specific type) ifT t
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is constant over time.



In 3D vector calculus 
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Continuity equation
• Conservation of mass:

• This translates to ( @@ t + L~u
n-form

)⇢ = 0
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• Using Cartan’s magic formula @
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• In terms of scalar density ⇢ t = qtµW
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• Divergence of vector field



Divergence free

• Velocity is volume-preserving if

div(~u) :=
L~uµW

µW
= 0
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Vorticity
• Fluid as elastic body
• Velocity and acceleration
• Navier–Stokes equations
• Lie derivative
‣ Cartan’s formula
‣ Lie material derivative

• Vorticity



Vortex

Top Gun: Maverick [Paramount Picture 2022]



Vorticity
• Suppose the velocity field is ~u
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• Take exterior derivative to obtain the vorticity 2-form

• The velocity 1-form is 

[W ~u= u1d x1 + u2d x2 + u3d x3
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trail of w is called a vortex line.



Vortex tube
Vortex lines are tangent to the 
tube boundary

• The vorticity fluxes on two cross sections connected by a vortex tube 
must be the same.

• In fact, the entire vortex geometry (as bundle of vortex lines) is  
“frozen-in” the fluid as deformable body.



Vorticity

• In barotropic Euler fluid and incompressible fluid:
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2-form

)!= 0
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‣ Circulation on a flowing closed loop
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‣ Vorticity flux on a flowing surface
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More geometric measurements

• Total self-linking of vortex lines: Helicity 
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• For incompressible flows, the following quantities are conserved

• Total area vector (known as impulse; equals to total fluid momentum)

A= q0

R
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1
2 (x⇥w) dV
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Vorticity

• In barotropic Euler fluid and incompressible fluid:
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‣ Take exterior derivative



Vorticity
• In barotropic Euler fluid and incompressible fluid:

( @@ t + L~u
2-form

)!= 0
<latexit sha1_base64="jFbgeJSzNFzPJvvu3hfjkTs00Hc="></latexit>

• In vector notation,

w̃ :=w/q
<latexit sha1_base64="pEL9tovuPJQDclgycAodkeYXmPg="></latexit>

˙̃w+ruw̃=rw̃u
<latexit sha1_base64="YjjUgwV37Dfcthpt+LyMvFtrSaA="></latexit>

3D: 2D:

˙̃w+ruw̃= 0
<latexit sha1_base64="0zKMu8tFI3cX5drBMknaaQYDVao="></latexit>

w̃ := w/q
<latexit sha1_base64="gXrbt2yjb+79e2OaRSOS7cppRHU="></latexit>

• To see it why dividing vorticity by density, note that 
and           are both Lie advected 

!= iw̃⇢
<latexit sha1_base64="nxVIqVFnLiRhUD7+jlftz87On3g="></latexit>

!,⇢
<latexit sha1_base64="9NIsMTSEoliQwXBZVYLpRxsbTiQ="></latexit>



History of Euler equation
• Bernoulli principle (1738)
• d’Alembert (1740’s) div ~u= 0

<latexit sha1_base64="XvdmBPXb8mCAi//GVmAaC47Pcek="></latexit>

• Euler (1750’s)

• Lagrange (1788): Least action principle ⇢M

r

�̈
<latexit sha1_base64="7MMggw39kQD78TL6S/9jTkKJ7x0="></latexit>

= �J(grad p) ��
<latexit sha1_base64="3NkRE8tBtY8Ez0u1Xx3uXG9zpE4="></latexit>

@
@ t q+ div(q~u) = 0

<latexit sha1_base64="sRQdzTlVTaZ47AbiHRAJn2xSaG8="></latexit>

p = ⇡(q)
<latexit sha1_base64="Q4UURc8IMyiqs2PEcDErdHMFqqg="></latexit>

@
@ t ~u+r~u~u= � 1

q grad p
<latexit sha1_base64="miu7uVZP0puYQvttSL6uumx7xMs="></latexit>

div ~u= 0
<latexit sha1_base64="XvdmBPXb8mCAi//GVmAaC47Pcek="></latexit>

@
@ t ~u+r~u~u= � 1

q0
grad p

<latexit sha1_base64="vzH5ZKHOdf8ug9fodn22yTqFcmM="></latexit>

• Cauchy (1815):                  ;!= d⌘
<latexit sha1_base64="4VgxVNlOcuOFh9ZYAMPXhQaHfkw="></latexit>

�⇤!
<latexit sha1_base64="k4mb0m6q9z+F11UvdbZAXjq6D6s="></latexit>

is time-independent

• Clebsch (1859): Least action principle in Eulerian coordinate, 
which directly leads to conservation of vorticity.

• Helmholtz (1858):                                 in vector form( @@ t +L~u)!= 0
<latexit sha1_base64="zDoXbozz8MfN+1ZMReQhWujkw8E="></latexit> Helmholtz’s vorticity equation is the main point of reference



History of Euler equation

• Lin (1963): More intuitive least action in Eulerian coordinate, 
can be generalized to many other fluid system with thermal variables.

• Kelvin (1868): Circulation theorem
H

C �
⇤⌘

<latexit sha1_base64="8TkG2GWqYQcaE9Phu/qrHfm6q4s="></latexit>

is time-independent

• Arnold (1966): Euler equation as geodesic on space of flow maps, 
which is a Lie group.  Fluid equation and rigid body rotation are  
unified as Euler–Arnold equation.

• Moreau (1961) Moffatt (1969): Conservation of helicity
R

W ⌘^ d⌘
<latexit sha1_base64="NAQMNYzN05T5vrWx4eov7+SqXNU="></latexit>

• Marsden, Weinstein (1970’s): Conservation laws using group theory

• Arnold–Khesin (1998): Book on topological fluid dynamics


