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Fluid as a special type of
elastic body

e Fluid as elastic body




-luld as an elastic body

e Afluid is an elastic body whose potential only depends on
the change of volume.

® [here Is no resistance Iin volume-preserving shearing.

e One may model dissipation function as a function of rate of
change of deformation, resulting in viscosity




~low map

e Recall the setup for deformable body
> Manifold M : Material coordinate, Lagrangian coordinate
» Manifold W : World coordinate, Eulerian coordinate

> A state of a deformable body is a map (called flow map)
o, M—->W

e We also have time-independent fluid mass density o € Q" (M)
and time-independent world coordinate metric by, € T'(T*"W © T*W)

e For fluid M = W, and Lagrangian coordinate represent state
at time = 0, and Eulerian coordinate represent time = 1.



-luld as an elastic body

e Deformation gradient F=d @
e Cauchy—Green C=:,F",F
e Potential energy U(C) = w(det(C)) C=FTF
. A O0U _
e 2nd Piola S = 2% — ZW/(det(C)) det(C)CT
_ / — 11—
= 2W 4et(0)) det(C)F "FT
e istPiola P =FS = ZW/(det(C)) det(C)F T
= 2w, JF T J = det(F)

° Cauchy stress O — (ZWL/IZJ)I — —pI p is called pressure



-luld as an elastic body

e Equation of motion
pPud =—J(gradp)o ¢

o let Uys,Uy be volume forms on Lagrangian and Eulerian space.

e The determinant J = P L
Unm
e Let P, € Q“(W) be mass density so that PO = ¢t*Pt
_ P — 1pPum
o | et qt_‘uw quS_JMM

e The pressure p is only a function of scalar mass density g



Velocity and Acceleration
Fields

e \elocity and acceleration




~low map

e | et’s look at the time-derivative of flow map

' %)
<I5(t,X) — 37 ¢(t,X)

> Since the domain of @ is the Lagrangian coordinate, the
partial time derivative means fixing the

> This time derivative measures the velocity of a particle.
> e P € ToenW
¢, €T(TyW)



Velocity field

e The velocity field is defined on the Eulerian (world) coordinate
U, o €T(T,W) i, eT(TW)

> |t is the change of coordinate of
qs(t,X) € TyyW ¢, €T(T,W)
.e.
D (0 =00 ¢ =iiog
$= ¢* i



Acceleration of particle

e \What is acceleration of particle?

> |s it time derivative of velocity gb or velocity 117

» Since the spatial domain for i/ is W, its time derivative T %ﬁ

fixes a world location instead of following a fixed particle.

> The acceleration of a particle Is
V

A
P =75 7¢



Acceleration of particle

> The acceleration of a particle is
V

b =750
> |n terms of world-space velocity field
59 =5:(lod) =(5D)od +(Vi)y[4]
= (z7)o ¢ +(Vi)yltog]
= (57u)o¢p +(Vyii)o ¢
= (F7U+Vyi)o ¢



summary

e Velocity field as Eulerian-valued function on Lagrangian coordinate

¢, €T(T,W)

e Acceleration vfield as Eulerian-valued function on Lagrangian coord.
¢ €T(T,W)

e \elocity field in Eulerian coordinate
uer(TW) b= o* i

e Acceleration field in Eulerian coordinate

V
L+ Vi eT(TW)  ¢= ¢* (Zi+ Vi)



Material derivative

8 = =
37 U + VU € F(TW)
e [he derivative on Eulerian coordinate
D %)
o = (37 + Vi)

Is called Material derivative.
It corresponds to the time derivative when fixing the material coord.

0 D
(" )= ¢" (57/)
e |In general (we’'ll see later on Lie derivatives)

Z(p*f)=0"[(5 + L)f]



Navier-Stokes Equations

e Navier—Stokes equations




Eguation of motion in Eulerian coord.

Unlike standard elastic solid, flow map becomes “bad” function
very quickly.

It IS better to use Eulerian
coordinate and describe
how velocity field evolve.

Since the energy never depends (PPN Gl Gi8=
on the deformation other than "RV RRFC e 0 % Gl &
J (encoded in density), the fluid
just keeps forgetting the initial
Lagrangian coordinate.

Constantly resetting Lagrangian space = pure Eulerian description.




Eguation of motion in Eulerian coord.

e Equation of motion quB — —J(gradp) 0 qb

_ QTu N O L 0 — —
J = MMW qt_w ¢: ¢* (EU-FVﬁU)

e \Write In Eulerian coordinate
(ﬁﬁ T Vaﬁ) — —%grad p Momentum equation

e The scalar density field satisfies

0 =Y Continuity equation
=—q +div(qil) =0 yeq
o () (derived later)

e Some density—pressure relation

p = 1(q) Equation of state



—uler equation

(aiu + V- u) — ——gradp Momentum equation

0 Continuity equation
+ div(gu) = y eq
ot (qtt) = (derived later)

p = 1(q) Equation of state

e Jogether, these are called (compressible) barotropic Euler equation

e Suppose the density—pressure relation is very stiff, to the point that
fluid’s volume is rigid, then we get an incompressible fluid.

J =1 g = constant divu =0
(9 =qo)



Culer equation

* [ncompressible Euler equation

Eu+V U = ——gradp
divii =0

° Navier—Stokes equation (in Euclidean space)
u+V u———gradp+ “V Vi
dlvu =0
> Rayleigh dissipation function R(¢) = [ R(L)uy
deformation rate | — (Vu)F =: LF strainrate F, = %(L + LT)
R(L) = (% tr(E)? + utr(E2))



Lie derivative

e | |e derivative




| le derivative

e Let 7 € I'(TW) be a world-coord vector field, being the velocity
fieldofaflowmap ¢: M — W

p=iog

e Let T € T(QTWR'T*W) be some time-independent
tensor field on the world coordinate.

e Define Lie derivative
L TR TWR'T*W) - I(TW R T*W)
so that
Z(p*T) = ¢p*(L T)



| le derivative for functions

o Let f € C°(W)
o f=fod
e Time derivative

50" )=5(fo¢) =df[ile¢ =¢*(df[il)

e Therefore, the Lie derivative is the directional derivative

<y f=df[u]
— iif



| 1le derivative for vectors

e Let vET(TW)
PV =¢_V

e |f we have function |/ € C°° (W), then we have
¢* (Vi)=(@™V)( ¢~ /)

e Jake derivative of this formula

Zop* (V) =(£d N ¢ )+ (V)5 o* )



| 1le derivative for vectors

2 p* (V)=(L£d ) ¢* )+ ("N ¢* f)

o* (@) =(£¢ V) ¢* )+ (V) ¢* iif)
o* (V)= (L p*V) ¢* [)+ ¢* (Viif)
(Z*9)( ¢o* )= ¢* ([i, 7] )=(¢*[&VD( ¢* /)

e Therefore aiqﬁ = (¢™[u,V])



| 1le derivative for vectors

e Therefore %qﬁ*ff = (¢*[u,V])

vVeC vecl




| le derivative tor differential forms

e Let a € QY(W)
e |ts Lie derivative is given by Cartan’s magic formula

Zaa — la(da) + d(lﬁa) ffﬁ — lﬁd + dlﬁ

e Proof
> From ¢*(da)=d(¢*a) and ¢ " (aAP)=(¢ " a)A(P" ) we have

d%; = %d gnd La(aAP)=(ZLa)ANP+aAN(ZL:P)

» There can only be one operator that satisfies these rules and agrees on the behavior
when applied on O-forms.

» Check that Cartan’s magic formula obeys these rules.



| le derivative tor differential forms

e Under integral evaluation

fd)t(S)“ =J; ¢ a

form
o wa=g[ora=[ b (La)
form form form

~ fd)t(S) L3 @

form



| le derivative tor differential forms

e Under integral evaluation

T Jo.92= Jg.05) Lu

e This is the derivative of integral with respect to integration domain
* |In 1D, this is known as Leibniz’s integral rule

e This fundamental calculus rule is not widely known; but
Its special cases are used independently in continuum mechanics,
shape optimization, differentiable rendering.



On Cartan’s magic formula

» Cartan’s formula




Integral formulation

04

A\
(a test surface) /

k-dim piece of geometry

k -form



Integral formulation

[ a—[ do

calculus
geometric operator operator



Operations

e Boundary

k-surface (k — 1)-surface



Operations

e Map

k-surface k -surface possibly
IN another space



Operations

e [ime-dependent map

k-surface moving k-surface



Operations

e Extrusion

k-surface (k + 1)-surface



Stokes-like Theorems

Boundary / Exterior derivative

0 : k-surfaces — (k — 1)-surfaces
d: (k—1)-forms — k-forms

f azfda
oA A



Stokes-like Theorems

Map / Pullback operator

@ : k-surfaces — k-surfaces
™ : k-forms — k-forms

f o =f P a
p(A) A



Stokes-like Theorems

Extrusion /
ext; . k-surfaces — (k + 1)-surfaces
. (k + 1)-forms — k-forms

1 f
lim — "
Ol Jextt (4)



Stokes-like Theorems

Extrusion /

d

< ext’ : k-surfaces — (k + 1)-surfaces
tlt=0 "¢

. (k + 1)-forms — k-forms

t=0 extfo(A)

a
dt




Stokes-like Theorems

Extrusion / Interior product
ext; . k-surfaces — (k + 1)-surfaces
i,y - (k + 1)-forms — k-forms

t=0 exth(A) A

d

a
dt




Stokes-like Theorems

Time-dependent map / Lie derivative
< o ¢t k-surfaces — k-surfaces
Ly k-forms — k-forms

f A = f $¢a
t=0 J ¢,.(A) A

d

dt
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Cartan Magic Formula

— a
dt p¢(A)



Cartan Magic Formula

Egpt(A)



Cartan Magic Formula




Cartan Magic Formula




artan Magic rormula

- ext” (J(A))



Cartan Magic Formula

Cartan Magic Formula




Cartan formula under integration

Reynolds Transport Theorem (Leibniz integral rule)

d (. |
E A = l¢ o + l¢a
@, (A) A 0A



Cartan formula under integration

Reynolds Transport Theorem (Leibniz integral rule)

if a—fida+§ .
at |, A o

If A also depends on t then

at(% —at+2a=3t+lda+dl o

f f i¢da+§ L,
Spt(A) A 0A



Cartan formula under integration

| da ¥
o= | o= + | iyda+ L0
p:(A) A A 0A

density form

HL(quv H _dv+j%£qsb~ndA

flux form

ff v-ndA= ff —-I—(V V) - n dA—I—f (@ xVv)-dl
p¢(S)



Lie material derivative

» Lie material derivative




| 1@ material derivative

e Let |, be some tensor (function, vector field, or k-form)
% 0
3t ¢t* I, = ¢t* (E + <5 )Tt

e Summary of Lie derivative
> For functions % f = (df)|i]

> For vector fields £V =|u,V]=V.V— Vi

» For differential forms Z;a = iﬁ(d a) T d(iﬁa)



| 1@ material derivative

e Let |, be some tensor (function, vector field, or k-form)
% qbt* I = ¢t* (% + )Tt
e We say a tensor field 1 ; is purely advected (as a specific type) if
(5 + £:)T, =0

e The tensor field is purely advected if and only if we have
the following conservation law:

>k . .
Cl5t Tt IS constant over time.



N 3D vector calculus

(51 + L Vo =0
(5 + £ )w, . =0
(5:+ % dw.,, =0
0 _
(77 + < )q =0

(% +°§fa)W = (0

(5 +Vu)f =0

(& +Vyw=—(Vu)w

(£ +V)w=V,u— (V- -u)w
(5= + Vg =—(V -u)g

?,
(E + VH)W — un



Continuity equation

e Conservation of mass:

Pm = ClbfPt iS constant over time.

e This translates to (% + ¥ )p =0

e Using Cartan’s magic formula %p + diaP — ()

e Interms of scalar density P = Uy g+ div(qu) =0

e Divergence of vector field div(u) := Zi bw
Uw

e Expand: ¢+ d;q=—div(i)q



Divergence free

e \elocity is volume-preserving if
25 Uw
Uw

div(il) := =0



e \orticity



Top Gun: Maverick [Paramount Picture 2022]



Vorticity

e Suppose the velocity field is 1

— 1—

U=u'é, +u’e, +u’e,
e The velocity 1-formis

N= byi=u;dx'+u,dx*+usdx’

o [ake exterior derivative to obtain the vorticity 2-form
w=dn

eln2D w=2%2_ 4

e IN3D w=VX1u trail of w is called a vortex line.



Vortex tube

Vortex lines are tangent to the

tube boundary

e The vorticity fluxes on two cross sections connected by a vortex tube
must be the same.

e |n fact, the entire vortex geometry (as bundle of vortex lines) is
‘frozen-in” the fluid as deformable body.



Vorticity

e |n barotropic Euler fluid and incompressible fluid:

(%-l- <L )Q)ZO

> Vorticity flux on a flowing surface f b (S) (w, = const

> Circulation on a flowing closed loop gf o)t = const



Vore geometric measurements

e For incompressible flows, the following quantities are conserved

e Jotal self-linking of vortex lines: Helicity

e TJotal area vector (known as impulse; equals to total fluid momentum

p“

A:qo W%(XXW)dV




Vorticity

e |n barotropic Euler fluid and incompressible fluid:

(%4‘ <L )Q)ZO

> First, show (% + < )T) — —d(P — %|ﬁ||,zw)

» Take exterior derivative



Vorticity

e |n barotropic Euler fluid and incompressible fluid:

(5:+ £ )w=0

e |n vector notation,

3D: 2D:
W :=WwW/q wi=w/q
W+ V, W=V.u w+V,w=0

e To see it why dividing vorticity by density, note that w = 15
and w, O are both Lie advected



History of Euler equation

e Bernoulli principle (1738)
e d’Alembert (1740's) divii=0
e Euler (1750’s)

e Lagrange (1788): Least action principle ;¢ = —J(gradp)o ¢
e Cauchy (1815): w =dn; @™ w is time-independent
e Helmholtz (1858): (5~ + ;) = O in vector form

Helmholtz’s vorticity equation is the main point of reference

e Clebsch (1859): Least action principle in Eulerian coordinate,
which directly leads to conservation of vorticity.



History of Euler equation

e Kelvin (1868): Circulation theorem fﬁc @ 1 is time-independent

e Lin (1963): More intuitive least action in Eulerian coordinate,
can be generalized to many other fluid system with thermal variables.

e Arnold (1966): Euler equation as geodesic on space of flow maps,
which is a Lie group. Fluid equation and rigid body rotation are
unified as Euler—Arnold equation.

* Moreau (1961) Moffatt (1969): Conservation of helicity f A dn

e Marsden, Weinstein (1970’s): Conservation laws using group theory

e Arnold—Khesin (1998): Book on topological fluid dynamics



