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Elastic solid bodies
• Potential energy is a function of how the body is deformed

• We get restoration force back to undeformed state



Overview

• The setup for deformable body
‣ Manifold      : Material coordinate, Lagrangian coordinateM

<latexit sha1_base64="oKN57BXyd3X46RCl05gM9qfSCuo="></latexit>

‣ Manifold      : World coordinate, Eulerian coordinateW
<latexit sha1_base64="3mDEeuRYROCQVucp2rq1I4Aunao="></latexit>

‣ A state of a deformable body is a map (called flow map)

• Let                    denote the Cartesian coordinate for 
and                  the Cartesian coordinate for 

• Flow map



Overview

• What is the force experienced by each point?

• People knew about there can be stress inside material

• More rigorously introduced by Cauchy in early 19th century.



Cauchy’s stress theory

• The total force experienced by a volume 
is given by the total traction forceRRR

V f dV =
Ü
@ V T(n) dA

<latexit sha1_base64="y6lWLRmDAExlrcSz8woKug0NuPg="></latexit>

• Cauchy’s stress theorem:
         is linear in    ; i.e., there is a matrix      called stress tensor 
such that                     .
T(n)

<latexit sha1_base64="d/fR1vidbIah+Yxiqal7nf5FTFQ="></latexit>

n
<latexit sha1_base64="26Vjw7nGQVS1uqif5LtyMjF/kgQ="></latexit>

�
<latexit sha1_base64="1bhowp/A+fYjnqok4mxqG9GdRAI="></latexit>

T(n) = �n
<latexit sha1_base64="1gqcyTQS83ExcELxqcNKnoAvxfE="></latexit>

• There is a traction force          for infinitesimal  
plane with normal vector    .  It satisfies a 
reciprocity property

T(n)
<latexit sha1_base64="VcoauVn1cinJYcvYwRlkX9HSRe4="></latexit>

n
<latexit sha1_base64="sXbB79gZjCXBBMBsa2DBYngA+MY="></latexit>

T(�n) = �T(n)
<latexit sha1_base64="JctsPfVGoitpQMmI3fP767pDeu4="></latexit>



Cauchy’s stress theory

• Net force at each point f=r ·�
<latexit sha1_base64="c2dYvR5cAbN4mFClVK4pVNTrrmE="></latexit>

• Balance equation in equilibrium r ·�+ fext = 0
<latexit sha1_base64="mxXlF81qz8EWIKnUobEGuVyAa5s="></latexit>

• At equilibrium, the Cauchy stress tensor      must be symmetric.�
<latexit sha1_base64="1bhowp/A+fYjnqok4mxqG9GdRAI="></latexit>

‣ This can be shown by requesting zero net torque.
‣ When it’s not in equilibrium, Cauchy stress tensor can be  

non-symmetric, such as in viscoelastic materials.

‣ For a different reason that we will see next, in pure elastic 
material, Cauchy stress      is always symmetric even at 
non-equilibrium.

�
<latexit sha1_base64="1bhowp/A+fYjnqok4mxqG9GdRAI="></latexit>

f i = @ j�
i j

<latexit sha1_base64="HPCgQr4XOvn63jBhrJ4A6S6XIh0="></latexit>



Alternative stress tensors

‣ It’s symmetric iff Cauchy is symmetric.

• Deformation gradient F=

2
4

@ �1

@ X
@ �1

@ Y
@ �1

@ Z
@ �2

@ X
@ �2

@ Y
@ �2

@ Z
@ �3

@ X
@ �3

@ Y
@ �3

@ Z

3
5

<latexit sha1_base64="zg4Jbkg1maMRnwJlTtnJwg+1wKw="></latexit>

J = det(F)
<latexit sha1_base64="hG+SQot0ck4oIHtIos1f3SdBF0A="></latexit>

• 1st Piola–Kirchhoff stress P= J�F�¸
<latexit sha1_base64="FZDY+FVlVLfd7nEF2Kfq8HbYSpA="></latexit>

‣ Net world-force in Lagrangian coordinate f �� =r · P
<latexit sha1_base64="cLoJygEif9SjumiK+JmTG5xz8Qs="></latexit>

• 2nd Piola–Kirchhoff stress S= F�1�
<latexit sha1_base64="mVzz1kBhEuP0/+rkum2fWSUeloI="></latexit>



Full equation of motion

• Model a stress–strain relation; e.g.

• Define a strain
E= 1

2 (C� I)
<latexit sha1_base64="AaUY6MV5CwVGrebI9yGOkMHk/1M="></latexit>

(Green–St Venant)

(right Cauchy–Green)

• 1st Piola–Kirchhoff tensor P= FS
<latexit sha1_base64="D9NfB0FnWQBUPV/dU+aE68r1xNU="></latexit>

• Pointwise world-force on Lagrangian coord f=r · P
<latexit sha1_base64="f7Ty5DH3DgNmgllKlgcgfAFM2ag="></latexit>

f j =
@
@ X i Pj

i
<latexit sha1_base64="po9bvWcYOf/0YXnqVuus3d2ybgk="></latexit>

• Equation of motion ⇢M �̈ = f
<latexit sha1_base64="QGkeK7gIcfeaKEjQQXKfnUXeI/U="></latexit>

S= � tr(E) + 2µE
<latexit sha1_base64="Q/LvNQTwKc3Yzi/q3pcc1niW6rM="></latexit>

(2nd Piola) �,µ :
<latexit sha1_base64="k+Bxq1Czz0+c/krtTFaScfzAPNw="></latexit>

Lamé  
constants.



Geometric exposition
• Give various strain and stress matrices type.

• Different stresses are related by canonical pullback.

• Equation of motion is derived by least action.  All the strain & stress 
tensors naturally show up as intermediate variables using  
back-propagation.

• Theorems such as Cauchy stress is symmetric is just the result of 
type checking.



Postulates & Roadmap
• Overview
• Postulates and roadmap
‣ 2nd Piola tensor
‣ 1st Piola tensor
‣ Elastic force
‣ Summary of derivation 

• Cauchy stress and linear elasticity



State of deformable body is a map

• The setup for deformable body

• Its temporal and spatial derivatives are of the following type

‣ Manifold      : Material coordinate, Lagrangian coordinateM
<latexit sha1_base64="oKN57BXyd3X46RCl05gM9qfSCuo="></latexit>

‣ Manifold      : World coordinate, Eulerian coordinateW
<latexit sha1_base64="3mDEeuRYROCQVucp2rq1I4Aunao="></latexit>

‣ A state of a deformable body is a map (called flow map)

�̇ 2 � (T�W )
<latexit sha1_base64="rmuyKhsNzQKpvcw2+bku349jM/Y="></latexit>

d� 2 � (T ⇤M ⌦ T�W )
<latexit sha1_base64="4c3oUYeIyCuEe2yrpKv63mXCgKI="></latexit>



Postulates
• The position of the body is described by a (time-dependent) map

and       has a time-independent metric

where       has a time-independent mass density

• The elastic potential energy for a map      takes the form

for some fiber-wise (nonlinear) mapping (depending on material)

i.e. the potential is only a function of the induced metric encoding 
its notion of distances in the world.  (Frame-indifference)



Terminology
• We call deformation gradient.

• The induced metric                                                           is called  
the (right)-Cauchy–Green tensor.

• The induced metric            can be understood by the diagram



Notation in 3D Cartesian coordinate
• Let                    denote the Cartesian coordinate for 

and                  the Cartesian coordinate for 

• Flow map

• Deformation gradient

• Right Cauchy–Green tensor



Deriving elastic force 
• Back to our potential energy

given some model

• The force is given by

• Compute it using backpropagation.



Deriving elastic force 

Sequence of linear maps on tangent spaces:

Pullback:



Terminology 

2nd Piola–Kirchhoff stress

1st Piola–Kirchhoff stress tensor

(type is dual to right-Cauchy–Green)

(type is dual to deformation gradient)



Terminology 

2nd Piola tensor1st Piola tensor

–elastic force



Terminology 

Just need to derive what these adjoints are

2nd Piola tensor1st Piola tensor

–elastic force



Differential of U:  
the 2nd Piola Tensor

• Overview
• Postulates and roadmap
‣ 2nd Piola tensor
‣ 1st Piola tensor
‣ Elastic force
‣ Summary of derivation 

• Cauchy stress and linear elasticity



2nd Piola Stress

2nd Piola tensor1st Piola tensor

–elastic force

• This is just a value look-up depending on the model U
• We call the mapping                      a stress–strain relation.S = R(C)

<latexit sha1_base64="g+T9jeQy0V15CvxY/pQkVCKTXbI="></latexit>



An example hyperelastic model
• The energy            

measures how much the induced metric (right-Cauchy–Green)
U(C)

<latexit sha1_base64="XMEob+HsmlJln6dtlpMYX5w9T8A="></latexit>

2 � (^nT ⇤M)
<latexit sha1_base64="WYzrLMLIx0lqK8kdqeyYAE6C6C4="></latexit>

C 2 � (T ⇤M � T ⇤M)
<latexit sha1_base64="gMVXefgprJ7lJD8BxPoNK7wXB2I="></latexit>

deviates from some rest material metric
[M 2 � (T ⇤M � T ⇤M)

<latexit sha1_base64="KwQW1KPH+u4SdH1jWMPXkCplYt0="></latexit>

• For example, the Green–Lagrangian or Green–St Venant strain is

E := 1
2 (]M C � I)

<latexit sha1_base64="crDuDwx1SPPI1CJi7AF3ZwC9RBE="></latexit>

2 � (End(T M))
<latexit sha1_base64="2ugqStG6cJXhnvN+q0LaZJRPEPw="></latexit>



An example hyperelastic model

‣ where the constants           are the Lamé parameters.�,µ
<latexit sha1_base64="WLsiufccYdbUO3syU2yg+0FwI4A="></latexit>

‣ 2nd Piola–Kirchhoff tensor

S = 2 @ U
@ C

<latexit sha1_base64="fJ1hx85wlgfpazTncJgyecUJh5s="></latexit>

• The Saint Venant–Kirchhoff model:

U(C) =
�
�
2 tr(E)2 +µ tr(E2)

�
dVM

<latexit sha1_base64="Pzd7EAcCkHkPBk9nixh/2EKzi64="></latexit>

= (� tr(E)]M + 2µE]M )⌦ dVM
<latexit sha1_base64="q+WV7gB1c3gtoiPVgp0tQ2TSoNc="></latexit>

• For example, the Green–Lagrangian or Green–St Venant strain is

E := 1
2 (]M C � I)

<latexit sha1_base64="crDuDwx1SPPI1CJi7AF3ZwC9RBE="></latexit>

2 � (End(T M))
<latexit sha1_base64="2ugqStG6cJXhnvN+q0LaZJRPEPw="></latexit>



In 3D (2nd Piola tensor)

• Recall

• The Green–St Venant strain is E= 1
2 (C� I)

<latexit sha1_base64="AaUY6MV5CwVGrebI9yGOkMHk/1M="></latexit>

• In Saint Venant–Kirchhoff model: S= � tr(E) + 2µE
<latexit sha1_base64="Q/LvNQTwKc3Yzi/q3pcc1niW6rM="></latexit>



In 3D (2nd Piola tensor)

• Recall

• Other models use various other strains

‣ Biot strain E= C1/2 � I
<latexit sha1_base64="9owrU47X6jAw3aLYBGT8jWdX4TM="></latexit>

‣ Hencky strain E= 1
2 lnC

<latexit sha1_base64="be3AGObPBFuqQz4rnZJgYTTJWv0="></latexit>

• The Green–St Venant strain is E= 1
2 (C� I)

<latexit sha1_base64="AaUY6MV5CwVGrebI9yGOkMHk/1M="></latexit>• In Saint Venant–Kirchhoff model: S= � tr(E) + 2µE
<latexit sha1_base64="Q/LvNQTwKc3Yzi/q3pcc1niW6rM="></latexit>



Pullback by the CauchyGreen 
constructor:  
the 1st Piola Tensor

• Overview
• Postulates and roadmap
‣ 2nd Piola tensor
‣ 1st Piola tensor
‣ Elastic force
‣ Summary of derivation 

• Cauchy stress and linear elasticity



Pullback by G
<latexit sha1_base64="gONyNV2HiLdRASpbu+GlnuVD6Ps="></latexit>

2nd Piola tensor1st Piola tensor

–elastic force



Pullback by
• Recall

G
<latexit sha1_base64="gONyNV2HiLdRASpbu+GlnuVD6Ps="></latexit>

G : � (T ⇤M ⌦ T�W )! � (T ⇤M � T ⇤M)
<latexit sha1_base64="Gef8DNuqWgG9I5xLplP6G7bzUNc="></latexit>

F
<latexit sha1_base64="fKm7+8kw575lN1ox9TXC55Ex/x8="></latexit>

7!<latexit sha1_base64="mxlMr/9LANW3AgilEU0tl9hkPO0="></latexit> F ⇤[W F
<latexit sha1_base64="eCawwleV4GecGP/6jwMU1o02Ofs="></latexit>

� (Hom(T M ; T�W ))
<latexit sha1_base64="rkq4wUgIGLJpQeOeZnoFulh+uqo="></latexit>

• Take differential
dG|Fπ⌫F∫

<latexit sha1_base64="GySPEHNpwaIoS82r6RDRTigVR/k="></latexit>

= ⌫F ⇤[W F + F ⇤[W⌫F
<latexit sha1_base64="OdyOyUg3dmmXIOOlyBXmgrCWahM="></latexit>

� (Hom self-

adjoint

(T M ; T ⇤M))
<latexit sha1_base64="2XEEWWsUB4J16i7eHxLrpi1mXhk="></latexit>



Pullback by G
<latexit sha1_base64="gONyNV2HiLdRASpbu+GlnuVD6Ps="></latexit>

• Represent dual pairings in terms of linear maps

U ⌦ V
<latexit sha1_base64="vfexHf+OGoltADPxUqDOlB8n4II="></latexit>

dual

U⇤ ⌦ V ⇤
<latexit sha1_base64="rfgcnomwik5nNHG3elMLidOBLmA="></latexit>

⇠=<latexit sha1_base64="x8/FKCpO7PLN23PxY7DKIYTVI9I="></latexit>
Hom(U⇤; V )

<latexit sha1_base64="HwuSn/pgjzIIgXnsPPDdFyKZ1NE="></latexit>

dual

⇠=<latexit sha1_base64="x8/FKCpO7PLN23PxY7DKIYTVI9I="></latexit>
Hom(U; V ⇤)

<latexit sha1_base64="IEn5AiaFCDxnA/SWZ/6pjAnIdxk="></latexit>

A= Ai j~ei ⌦ ~f j
<latexit sha1_base64="O3S+lnEy3ILYqwjOunNIzzMtrdc="></latexit>

B = Bi j↵
i ⌦ � j

<latexit sha1_base64="5r6qudOfGretdYQf2eWUnmhZYtY="></latexit>

hB|Ai=
P

i j Bi jAi j
<latexit sha1_base64="8bvwMmYTf/j0UvaR9o2HZz/h+tw="></latexit>

hB|Ai= tr(B⇤A)
<latexit sha1_base64="cER7VdYNsUNF+osbkUGo9LvIxxU="></latexit>



Pullback by
• Recall

G
<latexit sha1_base64="gONyNV2HiLdRASpbu+GlnuVD6Ps="></latexit>

G : � (T ⇤M ⌦ T�W )! � (T ⇤M � T ⇤M)
<latexit sha1_base64="Gef8DNuqWgG9I5xLplP6G7bzUNc="></latexit>

F
<latexit sha1_base64="fKm7+8kw575lN1ox9TXC55Ex/x8="></latexit>

7!<latexit sha1_base64="mxlMr/9LANW3AgilEU0tl9hkPO0="></latexit> F ⇤[W F
<latexit sha1_base64="eCawwleV4GecGP/6jwMU1o02Ofs="></latexit>

� (Hom(T M ; T�W ))
<latexit sha1_base64="rkq4wUgIGLJpQeOeZnoFulh+uqo="></latexit>

• Take differential dG|Fπ⌫F∫
<latexit sha1_base64="GySPEHNpwaIoS82r6RDRTigVR/k="></latexit>

= ⌫F ⇤[W F + F ⇤[W⌫F
<latexit sha1_base64="OdyOyUg3dmmXIOOlyBXmgrCWahM="></latexit>

• Compute adjoint: for each
S 2 � (T M � T M ⌦^nT ⇤M) = � (Hom self-

adjoint

(T ⇤M ; T M)⌦^nT ⇤M)
<latexit sha1_base64="i0oVwhimPbvh/NoW4bciyzadEa0="></latexit>

� (Hom self-

adjoint

(T M ; T ⇤M))
<latexit sha1_base64="2XEEWWsUB4J16i7eHxLrpi1mXhk="></latexit>

�dGF
⇤πS∫
���⌫F�

<latexit sha1_base64="ft8nDkMRGMxSd2gO/FM6t+mGVSY="></latexit>

= �S
���dGFπ⌫F∫�

<latexit sha1_base64="E9EhzzaOK3Xy5lPFWs1yZhCY+So="></latexit>

we have

i.e. R
M tr
�
(dGF

⇤πS∫)⇤⌫F
�
=
R

M tr
�
S⇤dGFπ⌫F∫
�

<latexit sha1_base64="3vDV9p4oNQL7P0icFgyyIa8uAgg="></latexit>



Pullback by G
<latexit sha1_base64="gONyNV2HiLdRASpbu+GlnuVD6Ps="></latexit>

dG|Fπ⌫F∫
<latexit sha1_base64="GySPEHNpwaIoS82r6RDRTigVR/k="></latexit>

= ⌫F ⇤[W F + F ⇤[W⌫F
<latexit sha1_base64="OdyOyUg3dmmXIOOlyBXmgrCWahM="></latexit>R

M tr
�
(dGF

⇤πS∫)⇤⌫F
�
=
R

M tr
�
S⇤dGFπ⌫F∫
�

<latexit sha1_base64="3vDV9p4oNQL7P0icFgyyIa8uAgg="></latexit>

tr
�
S⇤dGFπ⌫F∫
�

<latexit sha1_base64="oMfhTFmcIpTzoWl5ovL7roWnYHw="></latexit>

= tr
�
S⇤(⌫F ⇤[W F + F ⇤[W⌫F)

�
<latexit sha1_base64="Z7Zzj22TXV5knsUOf+5TLUwcnFQ="></latexit>

= tr
�
(2[W FS)⇤⌫F
�

<latexit sha1_base64="da8onpl9qgenpyVb7+bhP4k3bmY="></latexit>

• Therefore

dGF
⇤πS∫= 2[W FS

<latexit sha1_base64="6W59tbvYxTu0+LdsUKIBWjMnECM="></latexit>



Pullback by

2nd Piola–Kirchhoff stress

1st Piola–Kirchhoff stress

dGF
⇤πS∫= 2[W FS

<latexit sha1_base64="6W59tbvYxTu0+LdsUKIBWjMnECM="></latexit>

G
<latexit sha1_base64="gONyNV2HiLdRASpbu+GlnuVD6Ps="></latexit>

P = [W FS
<latexit sha1_base64="+ksw7G2mpTxYn6CW+oEK7F7DdMw="></latexit>

2nd piola tensor is defined with an  
additional factor of 2 to absorb the  
2 in the pullback.



In 3D (1st Piola Tensor)

• In Saint Venant–Kirchhoff model:

• Recall

E= 1
2 (C� I)

<latexit sha1_base64="AaUY6MV5CwVGrebI9yGOkMHk/1M="></latexit>

S= � tr(E) + 2µE
<latexit sha1_base64="Q/LvNQTwKc3Yzi/q3pcc1niW6rM="></latexit>

(2nd Piola)

(Green–St Venant)

(right Cauchy–Green)

(deformation gradient)

• 1st Piola–Kirchhoff tensor P= FS
<latexit sha1_base64="D9NfB0FnWQBUPV/dU+aE68r1xNU="></latexit>



Pullback by d: 
the final elastic force

• Overview
• Postulates and roadmap
‣ 2nd Piola tensor
‣ 1st Piola tensor
‣ Elastic force
‣ Summary of derivation 

• Cauchy stress and linear elasticity



Pullback by
• Recall

• Dual pairing

d
<latexit sha1_base64="bAocvUa67awo+XqKkAV6/ocwLNc="></latexit>

d : C1(M ;W )! � (T ⇤M ⌦ T�W )
<latexit sha1_base64="Ca5Ia6rO2RVn/6WTKnDH4e9aLxo="></latexit>

• Its differential
�

<latexit sha1_base64="VD5m+nBvUDkpdicaeZh70Ff2Ngc="></latexit>

7! d�
<latexit sha1_base64="0oOmowCn05fwNzjl1KlfUZCZSJ8="></latexit>

dr : � (T�W )! � (T ⇤M ⌦ T�W )
<latexit sha1_base64="iTvYXKCgJerfLbbp0iPs1a/RG1k="></latexit>

� (^nT ⇤M ⌦ T ⇤�W )
<latexit sha1_base64="EJJEaF5LzOpcB+DEsAzxTcJGDlo="></latexit>

� (T M ⌦^nT ⇤M ⌦ T ⇤�W )
<latexit sha1_base64="tI+vF+BZ5KHy4Y7EMFej0kJH7jg="></latexit> ⇠= � (^n�1T ⇤M ⌦ T ⇤�W )

<latexit sha1_base64="2r49632CoeQod4Q/uKvset2BZFc="></latexit>

~v
<latexit sha1_base64="ePkLBuk0C2hLgb98HXEAwibQeJo="></latexit>

2<latexit sha1_base64="IfiUDLLoCV/b6pp6ujIR3xcdhfk="></latexit>

f
<latexit sha1_base64="Qz1+bKWqOY5wsPD4IlNsBi3IY4A="></latexit>

2<latexit sha1_base64="IfiUDLLoCV/b6pp6ujIR3xcdhfk="></latexit>

� f |~v�= RM h f |~vi
<latexit sha1_base64="DEzEGyPtHidF/1Zkj4ivhjDIzq8="></latexit>

⌫� 7! dr⌫�
<latexit sha1_base64="EreoDMuURxovzmCE/+RgtWt1NlU="></latexit>

2<latexit sha1_base64="IfiUDLLoCV/b6pp6ujIR3xcdhfk="></latexit>
P

<latexit sha1_base64="+qLUI382ZVWmFuzKgl05PI9wEQ4="></latexit>

2<latexit sha1_base64="IfiUDLLoCV/b6pp6ujIR3xcdhfk="></latexit>
F

<latexit sha1_base64="WdHG1uosjpxSf2gOptZ+g9LpIMg="></latexit>

�P|F�= RM hF ^ Pi
<latexit sha1_base64="TjnEa7wyi3wiymrS50P9z/0LDtA="></latexit>



Pullback by d
<latexit sha1_base64="bAocvUa67awo+XqKkAV6/ocwLNc="></latexit>

dr : � (T�W )! � (T ⇤M ⌦ T�W )
<latexit sha1_base64="iTvYXKCgJerfLbbp0iPs1a/RG1k="></latexit>

⌫� 7! dr⌫�
<latexit sha1_base64="EreoDMuURxovzmCE/+RgtWt1NlU="></latexit>

i.e.

• Compute its adjoint: For each P 2 � (^n�1T ⇤M ⌦ T ⇤�W )
<latexit sha1_base64="Ri5dyDac4zpPUETjH7kZuj8IA8g="></latexit>

we have �(dr)⇤P|⌫��= �P|dr⌫��
<latexit sha1_base64="Rj68y0+vKTWmPdZe1Sd8Tl8LOyY="></latexit>

R
M h⌫�|(dr)⇤Pi=

R
M hdr⌫� ^ Pi

<latexit sha1_base64="GqgZ0Prhq5VaT7hVEocRDAh0EZo="></latexit>



Pullback by d
<latexit sha1_base64="bAocvUa67awo+XqKkAV6/ocwLNc="></latexit>

R
M h⌫�|(dr)⇤Pi=

R
M hdr⌫� ^ Pi

<latexit sha1_base64="GqgZ0Prhq5VaT7hVEocRDAh0EZo="></latexit>

=
R

M dh⌫�|Pi �
R

M h⌫�|drPi
<latexit sha1_base64="dh+gCQJeggODP55UApHe+xpIq6s="></latexit>

=
H

@M h⌫�|Pi �
R

M h⌫�|drPi
<latexit sha1_base64="LZOWglF1QURdFoPyk/1y4L5vtnE="></latexit>

• Therefore

(dr1-form)
⇤ = �dr(n-1)-form

<latexit sha1_base64="kg/SxafYidY3DgnKFUX2kw1PPnk="></latexit>

and boundary term



Pullback by d
<latexit sha1_base64="bAocvUa67awo+XqKkAV6/ocwLNc="></latexit>

• Variation of potential energy @U
@ � = �drP

<latexit sha1_base64="xMLAG4NR6HFWYi9/cZDQz1IWL6g="></latexit>

2nd Piola tensor1st Piola tensor

–elastic force



Summary of the derivation
• Overview
• Postulates and roadmap
‣ 2nd Piola tensor
‣ 1st Piola tensor
‣ Elastic force
‣ Summary of derivation 

• Cauchy stress and linear elasticity



Summary and Eq of motion
flow map deformation gradient energy densityright Cauchy–Green

S = 2 @ U
@ C

<latexit sha1_base64="4/1rbEwigyVz4+ufhwbYkSShsjo="></latexit>

2nd Piola–Kirchhoff

1st Piola–Kirchhoff
P = [W FS

<latexit sha1_base64="8tXnn3YjR0H1KatgMjBmmerIu/Q="></latexit>

dU� = �drP
<latexit sha1_base64="fgj8zWTCpz2H23mG0mDE6Mft9BU="></latexit>

–force

• Equation of motion: ⇢M �̈ = drP
<latexit sha1_base64="IUmym8+VWwuqz5jzlZ4jL0nf76c="></latexit>

r
<latexit sha1_base64="Z3iTfniciruwnkqZLE1uCu/nJzA="></latexit>

total 
energy



In 3D (Equation of motion)

• In Saint Venant–Kirchhoff model:

• Recall

E= 1
2 (C� I)

<latexit sha1_base64="AaUY6MV5CwVGrebI9yGOkMHk/1M="></latexit>

S= � tr(E) + 2µE
<latexit sha1_base64="Q/LvNQTwKc3Yzi/q3pcc1niW6rM="></latexit>

• 1st Piola–Kirchhoff tensor

(2nd Piola)

(Green–St Venant)

(right Cauchy–Green)

(deformation gradient)

P= FS
<latexit sha1_base64="D9NfB0FnWQBUPV/dU+aE68r1xNU="></latexit>

• Pointwise elastic force f=r · P
<latexit sha1_base64="f7Ty5DH3DgNmgllKlgcgfAFM2ag="></latexit>

f j =
@
@ X i Pj

i
<latexit sha1_base64="po9bvWcYOf/0YXnqVuus3d2ybgk="></latexit>

Pj
i = � jk F k

`S`i
<latexit sha1_base64="xFLVKa+m50ImUepcIFckutTMOEg="></latexit>

• Equation of motion ⇢M �̈ = f
<latexit sha1_base64="QGkeK7gIcfeaKEjQQXKfnUXeI/U="></latexit>



Cauchy stress tensor
• Overview
• Postulates and roadmap
‣ 2nd Piola tensor
‣ 1st Piola tensor
‣ Elastic force
‣ Summary of derivation 

• Cauchy stress and linear elasticity



Change coordinate to world

• Define a world-covector-valued (n-1)-form on world, relating to P by 
pullback on the (n-1)-form part.

• The 1st Piola tensor is a world-covector-valued (n-1)-form on M
P 2 � (^n�1T ⇤M ⌦ T ⇤�W )

<latexit sha1_base64="ClZsS46KFFCa3rEBGqo5r4u8e2M="></latexit>

• In 3D: P= J�F�¸
<latexit sha1_base64="FZDY+FVlVLfd7nEF2Kfq8HbYSpA="></latexit>

• This is Cauchy stress: force assigned on infinitesimal planes.

P = �⇤�
<latexit sha1_base64="ZJHWPDFj9w60cm/lEd0S+Lod/24="></latexit>

� 2 � (^n�1T ⇤W ⌦ T ⇤W )
<latexit sha1_base64="HW3NyEVg9+qJh75v707gSFr0+eE="></latexit>

P = (�⇤)^n�1 T ⇤W�
<latexit sha1_base64="qVCm7dabwnLfEX9jqln8vqrD/BM="></latexit>



Type conversion 

• This doesn’t change the matrix entries.  But now it is a  
(vector ⊗ vector)-valued measure, which we ask about symmetry.

� 2 � (^n�1T ⇤W ⌦ T ⇤W )
<latexit sha1_base64="HW3NyEVg9+qJh75v707gSFr0+eE="></latexit>

• Consider �̃ := ]W� 2 � (^n�1T ⇤W ⌦ TW )
<latexit sha1_base64="tfAxt3oJQgzzve/mAtDKWjkV8i0="></latexit>

= � (TW ⌦ TW ⌦^nT ⇤W )
<latexit sha1_base64="GW5eKot3+yE+X1/yg2fHw7CIfnY="></latexit>

�̃ = ]W�
<latexit sha1_base64="c0ScmfNf1T8RrkapkLVJHJDqt5U="></latexit>

= 1
det(F) ]W PF ⇤

<latexit sha1_base64="djBhnubWU+UxVFQ/09iEuXyZlE4="></latexit>

= 1
det(F) ]W ([W FS)F ⇤

<latexit sha1_base64="WWc8YDuJ+uXoRUhkHsFX4JWQ0a4="></latexit>

= 1
det(F) FSF ⇤

<latexit sha1_base64="Ap4CTs44Em5U1CiWwEDJHS4km68="></latexit>

• Since 
we must have

S 2 � (T M � T M ⌦^nT ⇤M)
<latexit sha1_base64="1ixB+ubi/xHzk8h/VHspNRhshX4="></latexit>

�̃ 2 � (TW � TW ⌦^nT ⇤W )
<latexit sha1_base64="gY7u7y3CQRAH+QGGppSVxBXidtU="></latexit>



Symmetry of Cauchy stress 

• Theorem The Cauchy stress tensor is symmetric either  
when the stress is in static equilibrium, or that the stress is induced 
from a pure elastic (hyperelastic) model



Linear elasticity
• Overview
• Postulates and roadmap
‣ 2nd Piola tensor
‣ 1st Piola tensor
‣ Elastic force
‣ Summary of derivation 

• Cauchy stress and linear elasticity



Linear elasticity 
• Assume small deformation: M =W

<latexit sha1_base64="Q+MYQYz+PfsotkqT9Ya3WMQebZ4="></latexit>

� = id+u
<latexit sha1_base64="kWQN6QvJzZ2KURlk+LtDwYappc0="></latexit>

• Deformation gradient F= I+ru
<latexit sha1_base64="LljHJIzev/ijoneERSbNc9XRHro="></latexit>

⇡ I+ru¸ +ru
<latexit sha1_base64="Kjl/2SHXdfHS9hY2qhPMMDgNmeY="></latexit>

• Right Cauchy–Green C= F¸F= (I+ru)¸(I+ru)
<latexit sha1_base64="o7OGirI3HYR/F4zCJt+HLiaEJuk="></latexit>

⇡ 1
2 (ru¸ +ru)

<latexit sha1_base64="F8bQxhwv3zy8baHtrr2Eg6nMXlg="></latexit>

• Linearized Green–StVenant " = 1
2 (C� I)

<latexit sha1_base64="iTCe2GspdJVN9GDSnPEwhZ5DoZQ="></latexit>

• 2nd Piola: some linear mapping S= c : "
<latexit sha1_base64="pP+yls3QEUtsEML9U3TWkQx9B74="></latexit>

Si j = ci jk`"k`
<latexit sha1_base64="O8fjTVZ1wzgZeUBLzRiXo4SMzOI="></latexit>

• 1st Piola, Cauchy stress � ⇡ P⇡ S
<latexit sha1_base64="hPnQtLNyF4HGS6oRXSt0Zm1ox3o="></latexit>

S= 2µ" +� tr(")I
<latexit sha1_base64="9hBrYbruuPCxHCP/SveWDtWun1Y="></latexit>

• Force                   , motion:f=r ·�
<latexit sha1_base64="RfEajERS5fCVJ5pRuIZmLCqoLEE="></latexit>

⇢ü=r ·�+ fext
<latexit sha1_base64="rQ/ezByEvwE3bm3yWuATKwE4F3w="></latexit>


