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e Qverview




Flastic solid bodies

e Potential energy is a function of how the body is deformed
e \We get restoration force back to undeformed state
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Overview

e The setup for deformable body
> Manifold M : Material coordinate, Lagrangian coordinate
» Manifold W : World coordinate, Eulerian coordinate

> A state of a deformable body is a map (called flow map)
o:M—->W

o Let (X,Y,Z) denote the Cartesian coordinate for M
and (x, y,2) the Cartesian coordinate for W

» ¢ (X,Y,Z)
e Flow map I:y] = | ¢%(X,Y,Z)
§ $3(X,Y,Z)



Overview

e What is the force experienced by each point?
e People knew about there can be stress inside material

g ’-t-,i

com-
pression

tension shear bending torsion

e More rigorously introduced by Cauchy in early 19th century.



Cauchy’s stress theory

e There iIs a traction force ne for infinitesimal
plane with normal vector n. It satisfies a
reciprocity property

T — _(n)

e The total force experienced by a volume
IS given by the total traction force

JJJvtdv = gp,, T dA

e Cauchy’s stress theorem:

T(“) IS linear In 1: I.e., there iIs a matrix O called stress tensor
such that T = 5n.

L1



Cauchy’s stress theory

e Net force at each point f=V - fl= ajgii
e Balance equation in equilibrium V-0 +f, . =0

e At equilibrium, the Cauchy stress tensor O must be symmetric.

> This can be shown by requesting zero net torque.

> When it’s not in equilibrium, Cauchy stress tensor can be
non-symmetric, such as in viscoelastic materials.

> For a different reason that we will see next, in pure elastic
material, Cauchy stress O is always symmetric even at
non-equilibrium.



Alternative stress tensors

ool a9l ool
X oY 97
. . 2 2 2
e Deformation gradient F = | 2¢- 2¢° 2¢ J = det(F)
80p> 9¢> 0¢°
X 0Y 9z

e 1ist Piola—Kirchhoffstress P =JcF T

> Net world-force in Lagrangian coordinate fo¢p =V - P
e 2nd Piola—Kirchhoff stress S = F 1o

> |t’s symmetric iff Cauchy is symmetric.



Full equation of motion

e Define a strain

C =FTF (right Cauchy—Green)

E = %(C — I) (Green—St Venant)

Model a stress—strain relation; e.q.

S=Atr(E) + 2uE (2nd Piola)

1st Piola—Kirchhoff tensor P = FS

Pointwise world-force on Lagrangian coord f=V -P [, = 557

Equation of motion

PuP =1

A, ‘u X Lamé

constants.



Geometric exposition

e Give various strain and stress matrices type.
e Different stresses are related by canonical pullback.

e Equation of motion is derived by least action. All the strain & stress
tensors naturally show up as intermediate variables using
back-propagation.

e Theorems such as Cauchy stress is symmetric is just the result of
type checking.



Postulates & Roadmap

e Postulates and roadmap




State of deformable body i1s a map

e The setup for deformable body
> Manifold M : Material coordinate, Lagrangian coordinate
» Manifold W : World coordinate, Eulerian coordinate

> A state of a deformable body is a map (called flow map)
o:M—->W
e |ts temporal and spatial derivatives are of the following type
¢ €T(T,W)
dp €eT(T"M Ty W)



Postulates

e The position of the body is described by a (time-dependent) map
o:M-—->W

where M has a time-independent mass density p,, € Q" (M)

and W has a time-independent metric 0, € T(T*W ©@ T*W)

e The elastic potential energy for a map ¢ takes the form

U(P) = fM U(o™ by )

for some fiber-wise (nonlinear) mapping (depending on material)
. X X n gk
U,: TpM@TpM——>/\ TpM

l.e. the potential is only a function of the induced metric encoding
its notion of distances in the world. (Frame-indifference)



lerminology

e Wecal F=¢,=d¢ €I'(T*"M ® T;W) deformation gradient.
e The induced metric ¢ *Dy,; can be understood by the diagram

F
TpM~ > LW
F*y F = ¢*hy, l )w
é'
T*M

K
— TimW

e The induced metric C :=F*),,F €T'(T*"M ® T*M) is called
the (right)-Cauchy—-Green tensor.



Notation in 3D Cartesian coordinate

e Let (X,Y,Z) denote the Cartesian coordinate for M
and (x, v, 2) the Cartesian coordinate for W

X ¢ (X,Y,Z)
e Flow map [y] = | ¢2(X,Y,2)
: $3(X,Y,Z)

a6l ¢l a4l
oX 9Y 0Z

. - — | 242 392 842
e Deformation gradient F 2 A7 a7

a¢3 a¢3 a¢3
oxX Y 0Z

e Right Cauchy—Greentensor C =FTF



Deriving elastic force

e Back to our potential energy U(d) = fM U(p™hy ) = fM U(C)

given some model U:T(T*M @ T*M) —— I'(A"T*M)

o The force is given by —dU

e Compute it using backpropagation.



Deriving elastic force
Up)= [, U(p*y) = [, UC)

i c U o
CO(M;W) > I(T"M®TyW) = I'(T*M @ T*M) — I'(A"T*M) — R

Sequence of linear maps on tangent spaces:

dv’ dG |y dU|
r(r,w) — D(T*M ® T,W) — T(T*M ® T*M) —> T(A"T*M) fi> R

Pullback:
ol oy 1 1

dglr dUl:

du, — TA™ 'TM @ T;W) « I[(TM ® TM ® A"T*M) <= QO(M)<—R*
D(A'T*M @ TS W) <
(@”)



lerminology

BU 8U
dgl* aC dulr, L 1

dUy, LA™ 1T*M ®T;W) «— I'(TM ® TM ®N'T*M) «— Q°(M)e—R*

[(A"T*M @ T;W) «—
(d7)"

2nd Piola—Kirchhoff stress (type is dual to right-Cauchy—Green)
S = 2 E [(TMOTMQAN"T*M)

1st Piola—Kirchhoff stress tensor (type IS dual to deformation gradient)
P:=dG|;*S =% €eT(\N"!'T*M ® T; W)



lerminology

1st Piola tensor 2nd Piola tensor 1 1
dg|% dUl?.

—elastic force. T(A" ' T*M ® T;;W) «— [(TMOTM®AN"T*M) «— Q°(M)<—R*
FNTT"M @ T; W) «—
(dV)"



lerminology

=

2nd Piola tensor *
dQ|F dU‘

—elastic force F(A"_l T*M ® r MOTM® A"T*M)\ .
DAT*M @ TXWY e f

1st Piola tensor

1 1
'(M)<—R*

¢



Differential of U:
the 2nd Piola Tensor

» 2nd Piola tensor




2Nnd Plola Stress

1st Piola tensor 2nd Piola tensor
dg|7 dU\* |

—elasticoce. T(A"'T*M @ T;W) «— I[(TM @ TM & A"T*MA&—,

T(A"T*M @ T;W) «—
(d7y"

$:=22L eT(TM © TM ® A"T*M)

1 1
(M)<«—R*

e This isjust a value Iook-up depending on the model U
e We call the mapping S = R(C) a stress—strain relation.



An example hyperelastic model

e Theenergy U(C) e T'(A"T*M)
measures how much the induced metric (right-Cauchy—Green)
Cel(TrrMoeT"M)
deviates from some rest material metric
v ET(T*"M © T*M)
e For example, the Green—-Lagrangian or Green—-St Venant strain is

E = 3(#,,C —1) €T(End(TM))



An example hyperelastic model

e For example, the Green—-Lagrangian or Green—-St Venant strain is
E:=3(#,,C—1) €T(End(TM))

e The Saint Venant—-Kirchhoff model:
U(C) = (5 tr(E)? + utr(E2))dVy,

> where the constants A, u are the Lamé parameters.
> 2nd Piola—Kirchhoff tensor

S — zg—g = (Atr(E)fy + 2uEl, ) ® dVy,



In 3D (2nd Piola tensor)

ool opl o¢l
X dY 0Z

e Recall F= | 2 29" 2¢° C=FTF

0¢p3 9¢3 93
ox ov 0Z

e The Green-St Venant strainis E = %(C —1I)
e In Saint Venant-Kirchhoff model: S = Atr(E) 4+ 2uE



In 3D (2nd Piola tensor)

ool o¢l o¢l

Jox dY 07

e Recall F= | 2 29" 2¢° C=F'F

0¢p3 9¢3 9¢3
X 0Y 0Z

e The Green—-St Venant strainis L = %(C —1I)
 In Saint Venant-Kirchhoff model: S = Atr(E) 4+ 2uE

e Other models use various other strains
» Biot strain FE —= Cl/2 — 1
. 1
> Hencky strain E=51nC



Pullback by the CauchyGreen

constructor:
the 1st Piola Tensor

» 1st Plola tensor



Pullback by ¢

1st Piola tensor 2nd Piola tensor 1 1

" ag; dUl;
—elastic force  I'( ATTIT*M ® Tgw \\ ) (TMO®TM ® AN"T*M) (_C 0O (M) <—R*

C(A"T*M @ T;W) «—
(d7y"



Pullback by ¢

* Recall G:T(T"M®T,W)—->T(T"MOT M)
[(Hom(TM;T,w))  T'(Hom e (TM;T"M))

adjoint

F —  F'by, F

e Take differential
dGlL7 ] = by F + Fohy



Pullback by ¢

e Represent dual pairings in terms of linear maps

peaizof U@V R Hom(/: V)
dual dual
B=B;jx ®/' l]*@‘/>l< ............. : ............. HOm(U) V*)

(BlA) = ., B;;AY (B|A) = tr(B*A)



Pullback by ¢

* Recall G:T(T"M®T,W)—->T(T"MOT M)

[(Hom(TM; T, W)) F(Hom ot (TM r"M))
F — F*bWF
o Take differential dG|. [/ ] = " by F + F*y

e Compute adjoint: for each
SeET(TMOTMOAN"T*M)=T(Hom gef. (T"M;TM) AN"T*M)

adjoint

we have

<<dgF*[[S]] = <S|d9p[[ ]]>>
l.e. fM tr((dQF*ﬂ:S:ﬂ)* )z fM tI‘(S*dgFﬂ: ]])




Pullback by ¢

dGlL7] =y F 4+ Fy,
fM tr((dQF*[[S]])* )= fM tr(S*dQF[[ ]])

r($*dG:[1 1) =t (S*C by F + F*hyy 1))
= tr((2by, FS)*/)

e Therefore



Pullback by ¢

dQ |7 } dU|7 1 1

dZ/{¢ F(An lT*M ® g /' ® TM ® /\nT*M) < QO(M)<—R*
F(/\nT*M X T*W) <« -

Q)
Q‘.

dQF*[[S]] — 2, FS

(")
2nd Piola—Kirchhoff stress S := 2 E F(TM OTMQAN"T*M)
1st Piola—Kirchhoff stress P := dQlF S = E (A" 'T*M ® T*W)

2nd piola tensor is defined with an
P — bW F S additional factor of 2 to absorb the
2 In the pullback.



In 3D (1st Piola Tensor)

ool 8¢l o9l | (deformation gradient)

3X2 6Y2 322
e Recall F= | 22~ 2¢° 2¢ C=F'F
09> ¢3S 943
oX oY oA

(right Cauchy—Green)

E = %(C — I) (Green—5t Venant)

e |n Saint Venant—Kirchhoff model:
S=Atr(E)+ 2uE (2nd Piola)

¢ 1st Piola—Kirchhoff tensor P = FS



Pullback by a:
the final elastic force

» Elastic force




Pullback by d

e Recall d: C¥(M;W)—->T(T"M & T, W)

¢ —de
o [ts differential
dV:T(TyW)—=T(T*M & TyW) — dV
y \Y \Y
e Dual pairing Y F

'(A"T*M ®ET;;W)® F(TEM QN'"T"M & T;;W)
f =T\ T"M ® T; W)
()= [ (5 (IFy= [ Fary O



Pullback by d

dV:T(TyW)—=T(T"M ® T,W)
— dV
e Compute its adjoint: Foreach ~ € T(A" 'T*M ® T(ZW)
we have

(@ yrlo)y=(1d" o)
[ 1@y 2y = [, {dvo nr)

l.e.



Pullback by d
[ 01y ) = fM<olV AL

_fM fM (01d” )
_fﬁaM fM |dv )

e Therefore

——dV

(n-1)-form

(d

1 form)



Pullback by d

1st Piola tensor 2nd Piola tensor 1 1
dgl; dU[;

“elasiicforce. T(A" ' T*M @ T;W) €= T(TM @ TM ® A"T*M) «— Q°(M)<—R*
[(A"T*M @ TiW) < \

¢

e Variation of potential energy 2_25’ — —dVP



Summary of the derivation

» Summary of derivation




Summary and Eqg of motion

d U fM
CO(M;W) > TI(T"M T, W) i N(T"M®T*M) = I'(A"T*M) = R
1 1
Q'(M)«<—R*
i @y i » owFS agl: dul*
[NT"MOT; W) = T(AN"'T"M@®T;W) «— I(TM @ TM & A"T*M) <—
__Aa0U

e Equation of motion: PMQB =d'P



In 3D (Equation of motion)

o6l a3l 8¢l | (deformation gradient)

3X2 6Y2 322
e Recall F= | 22~ 2¢° 2¢ C=F'F
09> ¢3S 9¢3
oX oY oA

(right Cauchy—Green)

— %(C — I) (Green—St Venant)

e |n Saint Venant—Kirchhoff model:
S=Atr(E)+ 2uE (2nd Piola)

e 1st Piola—Kirchhoff tensor P = FS p.i — 5]kpk gli

e Pointwise elastic force f=YV -P fi= WP :

e Equation of motion Py ¢ = f



Cauchy stress tensor

e Cauchy stress and linear elasticity



Change coordinate to worlo

e The 1st Piola tensor is a world-covector-valued (n-1)-form on M
PeT(AN"'T"M ® T;W)

e Define a world-covector-valued (n-1)-form on world, relating to P by
pullback on the (n-1)-form part.

o €T(AN"IT*W ® T*W)
P — q5*0' P — (¢*)/\n—1T*WO-

e This is Cauchy stress: force assigned on infinitesimal planes.
e Nn3D: P=JoF T



lType conversion

o €T(ANTIT*W ® T*W)
e Consider & :=1f,0 € T(ANTIT*W®TW)

=T(TWTW QA"T*W)
e This doesn’'t change the matrix entries. But now it is a
(vector ® vector)-valued measure, which we ask about symmetry.
- 1 1
O = an — det(F) uWPF* — det(F) uW(bWFS)F*

_ 1
o det(F)FSF>x<

e Since Sel(TMOGTMAN"T*M)
we musthave G €T'(TW O TW @ AN"T*W)




Symmetry of Cauchy stress

e Theorem The Cauchy stress tensor is symmetric either
when the stress is In static equilibrium, or that the stress Is induced
from a pure elastic (hyperelastic) model



Linear elasticity

e Cauchy stress and linear elasticity



| Inear elasticity

Assume small deformation: M =W ¢ =id+u

Deformation gradient F =14+ Vu
Right Cauchy-Green C=F'F=(I+ Vu)'(I+ Vu)
~ [+ Vu' + Vu
Linearized Green—StVenant g = %(C — 1)~ %(VuT + Vu)
2nd Piola: some linear mapping S =c: & Sii = Ciike €k
S=2ue+ Atr(e)l

1st Piola, Cauchy stress o ~P & S
Force f=V -0, motion: pu=V -0 +f_,



