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Tensor product spaces

® [ensor product spaces




lensor: iIntroduction

e \ectors, covectors, scalars, bilinear forms, endomorphisms, etc
are special examples of tensors.

e [ensors are produced by combining vector spaces and
covector spaces through tensor product & .

e Example: stress tensor




lensor: iIntroduction

e Example: stress tensor




lensor product space

e Given two vector spaces U, V

e \We can construct a new vectorspace W =U Q® V
called their tensor product space.

e Suppose we have basis for each of U,V

€1,...,6, €U fl,...f cV
we construct 1/ as the spanof ¢; ® f] ]::11’ -



lensor product space

e Suppose we have basis for each of U,V

61,...,€m€U fl,...,fHEV
we construct 1/ as the span of ¢; ® f]- l]::ll’;;‘

e What's the dimensionof W =U ® V?
dim(U ® V) =dim(U)dim(V)

e The symbol ® between the basis vectors extends into a

bilinear map bilinear
Q:UXV —— W



lensor product space

e [he symbol ® between the basis vectors extends into a

bilinear map bilinear
Q:UXV — W

eV =We)e(f)=uv(Eef) = u'v (¢ ® f;)
e |n general every element 7 € IV takes the form
o m n iir—= r
e Most of T cannot be written as TV = u'v’
o If TV = u'v/ then we say T IS a decomposable tensor.



lensor product space

e Examples (matrices)
linear

End(U)={A: U — U}=U*"®U
linear bilinear

(B:U 5 U ={B:UxU 5 Ry =U* @ U*

e \ector-valued k-linear forms

U'®--- QU QU
N— ——
k



Symmetric and skewsymmetric product

e We often consider tensors with additional symmetry
or skew-symmetry assumption; e.g. symmetric bilinear form:

linear

{B:U—— U"|B*=B}CcU " ®QU"

e We could have built the tensor product with additional symmetry rule
> et 51,...,5,“ € U be abasis.
» Consider the subspace U ® U C U ® U of only symmetric tensors:

oy’

spanned by ¢; ®¢;, 1 <i<j<m,with ¢, ©¢;, =¢,

» Consider the subspace U AU C U ® U of skewsymmetric ones:
spanned by é; A€;, 1 <i<j<m,with & A€ =—¢; A¢



Differential Forms

e Differential forms




Differential forms

o Differential k-forms are objects to-be-integrated over k-dimensional
oriented surfaces

e | ine integral

Jpv-dl = [ vidx + vydy + vadz

~— ————o
differential 1-form = covector field




Differential forms

o Differential k-forms are objects to-be-integrated over k-dimensional
oriented surfaces

e | ine integral

Jpv-dl = [ vidx + vydy + vadz

~— ————o
differential 1-form = covector field

e Flux integral

|sw-ndA = [ widydz +wydzdx + wsdxdy
_—
dxdy = —dydx Skew-symmetrictensor T*M A T*M



Differential forms

e |ine integral

fl_,V‘d]. — fl_,vld.x_"VZdy"‘VBdZ

— —————
differential 1-form = covector field

e Flux integral

fs wW-ndA = fs widydz +wydzdx + wadxdy
_—
dxdy = —dydx Skew-symmetrictensor T*M A T*M

e \olume integral fvf dxdydz dxdydz =—dydxdz



Differential forms

e let V = TpM

o A differential k-form is a skew-symmetric tensor product of covectors

wEV A AV = NV* c QV*
N— ————
k

e If the basis for V*is the differentials dx ', ..., dx" of coordinate
then the basis for /\k V™ are

dxfzdxil/\---/\dxik, 1 <<y I="C(iy,...,10;)

o dlm(/\kV*) — (Z) — (n—rllc!)!k!




Palring with vectors

e Just like a covector can pair with a vector, o [[ X ]]
a differential k-form can be paired with k vectors 1. .11 vec
w | Xq,...,X
_w X ]

k-form

e And it will satisfy skew symmetry

O e Xy Xy, X D ==X e, X, X, X ]



Palring with vectors
k

o | et al, ..., 0" € V* be covectors
e Let X,,..., X, €V Dbe vectors

e Then the (decomposable) k-form al A AaX
can be paired with k vectors using the following formula

(a'xy) - A{a']X))
(a' A= Aa)[X,,..., %X, ] =det , | .
(a“1X 1) -or {ad"[X))

e This is skew symmetric both in the vector part and the covector part.
o | ater, we will derive this formula from first-principles.



N 3D
e IN3D, V=R>,V*=R* =span{dx,dy, dz}

e NV =R
. /\1 V* = {uldx+u2dy+u3dz‘u€IR{3}
—_—_—

U1_form

e N'V*={widy Adz+w,dz Adx +wsdx Ady |weR®}
D —

Wo_ form

" /\BV*z{fdx/\dy/\dz‘f c R}
N———— —

f 3—form



N 3D

.
* Uy form”: Vec]] — U-V= [ul ts us]li]‘j;jl
3

|
¢ W2—form|]:uvec: Vec]] det |w u v
|

o fB—formﬂ:uvecnvveca Vec]] f det|u v w



Integration of k-form field

e let w E F(/\kT*M) — Qk(M)
e Let S be ak-dim surface.

fa): lim a)‘ [vi,..., v ]
. p

partition
all

refines
elements




N 3D

y
o 1, formﬂ: Vec]] — U V= [u1 " ug][vi:l

V3

e
o W2—form|]:uveca vec]] det[ v‘v L\l ‘\,]

‘ f?)—forml]:uvec: Vyvecs W Vec:[l f det[ 111 ‘:f ":Vil
f(p) — fp fO—form

f 'dlzfrul —form
f W - ndA = f S Wo_ form 2

fﬂde fﬂf?) form




Change of coordinates

e Let S be ak-dim surface parameterized as S = ¢ (D)

[
> D J—— Vi

e This looks similar to pullback of
covectors!



Pullback

e Givenanylinearmap A: U —— V

linear

e we have a canonical pullback for k-forms (like adjoint)

A*: /\k V* linear /\kU

(A )X ,..., %X ] = w[[AX,,...,AX, ]

X

e Given any nonlinear map between domains @ : M — N

e we have a canonical pullback for k-form fields (like back-propagation)
linear

d*: QY(N) — Q(M)
(qS*w)pﬂ:Xlz o JXk]] ‘= w¢(p)|]:¢*X19 AR ¢*Xk]



Change of coordinates using pullback
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Change of coordinates using pullback

[ o]
¢(D) D



Exterior Algebra

e Exterior algebra




Exterior algebra

e |n addition to the linear combination operator on differential forms
as tensors, there Is a natural multiplication we can operate on
differential forms.

e This is the wedge product, also known as exterior product.
e |t makes the space of all differential forms into an exterior algebra.

e Another operation that conveniently comes with exterior algebra on
differential forms is the interior product, also known as contraction.
It is the extension of covector-vector dual pairing.



Wedge product

e The wedge product
k+/

A /\ V* x /\ bllmear e

e |tis defined axiomatically by the following two rules:
> Associativity (a AB)AYy=aA( Ay)

» Skew on 1-forms: If a € V™ = /\1V* then aAa =20

e Consequently:
> If a € ANV, B EA TV then a AP =(—1)*B Aa



INnterior product

e |nterior product is the extension of covector-vector pairing
: k bilinear k—1
1 VX /\ V  —m — /\ V™

e |tis defined axiomatically by the following three rules:

» Dual pairing: For ¢ € V* = /\1V*, 1, O = (a|X)
> Nilpotent: 1,1, =0
> Exterior Leibniz rule:
iy (aAB)=(ixa) AP+ (=1)* ¥ A(iy )

e The pairing between k-form and k vectors is defined via interior prod.

Q)[[Xl,. . .,Xk]] — iXk ° ‘ixl(l)



INnterior product

» Dual pairing: For a € V™ = /\1V*, Ly O = (] X)
» Nilpotent: 1,1, =0

» Exterior Leibniz rule:
i (aAB)=(ixa) AP+ (1) Y A (i )

e The pairing between k-form and k vectors is defined via interior prod.
Q)[[Xl, c o ,Xk:[l . — iXk * e ixl(l.)
e Consequently, (i, )X ,...,;X . |=w[X, X ,.... % 1]

e Consequently, for wedge of 1-forms
(@t |xy) - (ot Xp)

(a' A== Aa)[X,..., %X, ] ==det |
(a|x7) - (a"|xy)



N 3D

U1 _form N Vi—form = (ll X V)Z—form
U1 _form N Vo—form = (11 ' V)B—form
iuvecvl—form — (ll ' V)O—form
iuveCWZ—form — (W X u)l—form

iuvecf 3—form — (f u)Z—form



Pulloack, wedge, and Iinterior proo

e Pullback is a homomorphism on the whole exterior algebra

P (aANp)=(¢ )N (P"P)

e [or interior product, interpreting it as insertion
(le)[[Xlz I JXk—]_]] — w[[anln R )Xk—]_:[l

we have

(97 w) = ¢ (i )



Pullback In coordinates

e \We know that
qb*fO-form — f © ¢
F:=do¢
(V1 torm) = (FT(vo ¢))

e What about the pullback formula for 2-forms and 3-forms in 3D?
J :=detF

O (Ws o) = (JF (wo ¢))
0" (fosom) = (J(F 0 9))

1-form

2-form

3-form



Exterior Derivative

e Exterior derivative




Exterior derivative

o Exterior derivative is the extension of taking differential
d: QK(M) — Q1 (M)

e |tis defined axiomatically by the following three rules:

> For f € Q°(M), df € Q' (M) is the differential of func.
> Nilpotent: ddcw = 0
> Exterior Leibniz rule:

d(aAB)=(da)A B+ (—1)Hq A (df)



df 0-form — (Vf )1-form
dVl—form — (V X V)Z-form

dWZ-form — (V ) W)B-form



Integration and exterior derivative

e Stokes’ Theorem

fda)=§ W
S 88
e |In3D

» O-form fab Vf . d]l = f(b) — f(a) (fundamental theorem of

calculus)

» 1-form ffs(v X 11) -NdA = 5685 u-dl (Kelvin—Stokes curl theorem)

> 2-form fffv V - WdV — #EV W -1l dA (Gauss divergence theorem)



Pullback and exterior derivative

e [Theorem

¢ (dw)=d(¢"w)

e Proof using Stokes theorem

e [ranslating to 3D: some non-obvious identities.



