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Tensors: Part 1



Tensor product spaces
• Tensor product spaces

• Differential forms

• Exterior algebra

• Exterior derivative



Tensor: introduction
• Vectors, covectors, scalars, bilinear forms, endomorphisms, etc

are special examples of tensors.

• Tensors are produced by combining vector spaces and 
covector spaces through tensor product     .⌦<latexit sha1_base64="ElmNo6ysotJ4n7/ZO/KL0ndlTL4="></latexit>

• Example: stress tensor



Tensor: introduction
• Example: stress tensor



Tensor product space

• Given two vector spaces U , V
<latexit sha1_base64="Ep+Q6V7SfHz6npwswbOHujeQKsw="></latexit>

• We can construct a new vector space  
called their tensor product space.

W = U ⌦ V
<latexit sha1_base64="86dIyS+1DToxT6xIDUnUOFBLSB4="></latexit>

• Suppose we have basis for each of U , V
<latexit sha1_base64="Ep+Q6V7SfHz6npwswbOHujeQKsw="></latexit>

~e1, . . . ,~em 2 U
<latexit sha1_base64="58OivjBFOHnHIq5zSwLF02+w66A="></latexit>

~f1, . . . , ~fn 2 V
<latexit sha1_base64="d/Hp5f59s+R0TOgashRQRmpDWvE="></latexit>

we construct        as the span ofW
<latexit sha1_base64="GVxbwJsoWYbfBZhtY/2dJJSzuDM="></latexit>

~ei ⌦ ~f j
<latexit sha1_base64="77G3i7MJbUZivntQdAMKph7uwkc="></latexit>

i=1,...,m
j=1,...,n

<latexit sha1_base64="scvko3Ja8Cq5f0Wx9t43L/XWF7I="></latexit>



Tensor product space

• What’s the dimension of                        ?W = U ⌦ V
<latexit sha1_base64="86dIyS+1DToxT6xIDUnUOFBLSB4="></latexit>

• The symbol      between the basis vectors extends into a 
bilinear map

⌦
<latexit sha1_base64="ElmNo6ysotJ4n7/ZO/KL0ndlTL4="></latexit>

⌦ : U ⇥ V
bilinear����!W

<latexit sha1_base64="t3z7pvfZ8gulZJ+ef9lJSmAqVTY="></latexit>

dim(U ⌦ V ) = dim(U)dim(V )
<latexit sha1_base64="YUfMOpPffDGhm9K5LE3E7Pl7wjs="></latexit>

• Suppose we have basis for each of U , V
<latexit sha1_base64="Ep+Q6V7SfHz6npwswbOHujeQKsw="></latexit>

~e1, . . . ,~em 2 U
<latexit sha1_base64="58OivjBFOHnHIq5zSwLF02+w66A="></latexit>

~f1, . . . , ~fn 2 V
<latexit sha1_base64="d/Hp5f59s+R0TOgashRQRmpDWvE="></latexit>

we construct        as the span ofW
<latexit sha1_base64="GVxbwJsoWYbfBZhtY/2dJJSzuDM="></latexit>

~ei ⌦ ~f j
<latexit sha1_base64="77G3i7MJbUZivntQdAMKph7uwkc="></latexit>

i=1,...,m
j=1,...,n

<latexit sha1_base64="scvko3Ja8Cq5f0Wx9t43L/XWF7I="></latexit>



Tensor product space

• The symbol      between the basis vectors extends into a 
bilinear map

⌦
<latexit sha1_base64="ElmNo6ysotJ4n7/ZO/KL0ndlTL4="></latexit>

⌦ : U ⇥ V
bilinear����!W

<latexit sha1_base64="t3z7pvfZ8gulZJ+ef9lJSmAqVTY="></latexit>

~u⌦ ~v
<latexit sha1_base64="SPYmoY/09RjlNwQxYgyjoyeBhXA="></latexit>

= (ui~ei)⌦ (v j ~f j)
<latexit sha1_base64="kHlpQ+h/fW9sbfx3WVfdguDXITg="></latexit>

= ui v j(~ei ⌦ ~f j)
<latexit sha1_base64="0ZreMAtc+xSUqrUylFqLNIqAbQQ="></latexit>

= ui v j(~ei ⌦ ~f j)
<latexit sha1_base64="UCV2pLyBO/Bu2LXmMEggAqF+rio="></latexit>

• In general every element                takes the form⌧ 2W
<latexit sha1_base64="ui+8EZkwgZM4+srQvIU9bOfgysg="></latexit>

⌧=
Pm

i=1

Pn
j=1 ⌧

i j(~ei ⌦ ~f j)
<latexit sha1_base64="R4jz7NK17mbYDATs0OJ1P3nSRTo="></latexit>

• Most of     cannot be written as⌧
<latexit sha1_base64="gEb11rkDlxTaIsCK2suE3k2E/VQ="></latexit>

⌧i j = ui v j
<latexit sha1_base64="6sdH0LBPpIOFbSZuWwV9NqYi6/c="></latexit>

• If                     then we say     is a decomposable tensor.⌧i j = ui v j
<latexit sha1_base64="6sdH0LBPpIOFbSZuWwV9NqYi6/c="></latexit>

⌧
<latexit sha1_base64="gEb11rkDlxTaIsCK2suE3k2E/VQ="></latexit>



Tensor product space

• Examples (matrices)

End(U) = {A: U
linear���! U}= U⇤ ⌦ U

<latexit sha1_base64="fEmsCC1EU/TtB1bWKDcRAXRo4xU="></latexit>

{B : U
linear���! U⇤}= {B : U ⇥ U

bilinear����! R}= U⇤ ⌦ U⇤
<latexit sha1_base64="GEwUqQt6s6vCRYTQoxK4CPOAUcY="></latexit>

• Vector-valued k-linear forms

U⇤ ⌦ · · ·⌦ U⇤| {z }
k

⌦U
<latexit sha1_base64="a76qGQ+8PagYyhtN22yLm2TosAs="></latexit>



Symmetric and skewsymmetric product

• We could have built the tensor product with additional symmetry rule

• We often consider tensors with additional symmetry  
or skew-symmetry assumption; e.g. symmetric bilinear form: 

{B : U
linear���! U⇤|B⇤ = B} ⇢ U⇤ ⌦ U⇤

<latexit sha1_base64="pMqc5rsyqMSBrHECgLsvzIqUoqo="></latexit>

‣ Let                              be a basis.~e1, . . . ,~em 2 U
<latexit sha1_base64="58OivjBFOHnHIq5zSwLF02+w66A="></latexit>

‣ Consider the subspace                               of only symmetric tensors:U � U ⇢ U ⌦ U
<latexit sha1_base64="myDnjKcrjvv+Tp0DSH9bI1nD6Ko="></latexit>

spanned by             ,                            , with ~ei � ~ej = ~ej � ~ei
<latexit sha1_base64="3D+JMM4A/J4H6beYXMkU1r49yZM="></latexit>

~ei � ~ej
<latexit sha1_base64="IkNozkPUsPxCi8bqPuLQDVdtNLg="></latexit>

1 i  j  m
<latexit sha1_base64="pTLmzf2gf3HxJzvTHP3d6xRygsk="></latexit>

‣ Consider the subspace                               of skewsymmetric ones:U ^ U ⇢ U ⌦ U
<latexit sha1_base64="z61xVHgD4+dhfT+ozx5x2VOqKoo="></latexit>

spanned by             ,                            , with~ei ^ ~ej
<latexit sha1_base64="EkfbuUV2C4l3dZBeZUhYAqHSSYQ="></latexit>

1 i < j  m
<latexit sha1_base64="icqF6SQHIjD0ydZIRixNGY8Nlo4="></latexit>

~ei ^ ~ej = �~ej ^ ~ei
<latexit sha1_base64="UZ5yMFd7JyK+uT05WNIiYkDCf6Y="></latexit>



Differential Forms
• Tensor product spaces

• Differential forms

• Exterior algebra

• Exterior derivative



Differential forms

• Differential k-forms are objects to-be-integrated over k-dimensional 
oriented surfaces

• Line integral
R
�

v · dl
<latexit sha1_base64="cKFQCxnsca0+5DvCKM4oNwD+OTs="></latexit>

=
R
�

v1d x + v2d y + v3dz
<latexit sha1_base64="XAEyuUM9iorIGMbsjxNNk1nS61s="></latexit> | {z }

<latexit sha1_base64="D8vz+ecnLxErklnLgVaKl7VmrrI="></latexit>

differential 1-form = covector field



Differential forms

• Differential k-forms are objects to-be-integrated over k-dimensional 
oriented surfaces

• Line integral
R
�

v · dl
<latexit sha1_base64="cKFQCxnsca0+5DvCKM4oNwD+OTs="></latexit>

=
R
�

v1d x + v2d y + v3dz
<latexit sha1_base64="XAEyuUM9iorIGMbsjxNNk1nS61s="></latexit> | {z }

<latexit sha1_base64="D8vz+ecnLxErklnLgVaKl7VmrrI="></latexit>

differential 1-form = covector field
• Flux integral
R

S w · ndA
<latexit sha1_base64="8Omfcy7Wr8xoBRnO9r54iw0z6Zs="></latexit>

=
R

S w1d ydz + w2dzd x + w3d xd y
<latexit sha1_base64="KBdUeXc7XNGH53xAv7XjzxAnjr8="></latexit>

d xd y = �d yd x
<latexit sha1_base64="b8wLF7yZL0qi3zGMdQ3xyhR4wGw="></latexit>

| {z }
<latexit sha1_base64="ciO9meuJXQrdlafmj0TEAtIFaxA="></latexit>

Skew-symmetric tensor T ⇤M ^ T ⇤M
<latexit sha1_base64="91U3fopwhXPdCwlbtJeoj4zbxuw="></latexit>



Differential forms
• Line integral
R
�

v · dl
<latexit sha1_base64="cKFQCxnsca0+5DvCKM4oNwD+OTs="></latexit>

=
R
�

v1d x + v2d y + v3dz
<latexit sha1_base64="XAEyuUM9iorIGMbsjxNNk1nS61s="></latexit> | {z }

<latexit sha1_base64="D8vz+ecnLxErklnLgVaKl7VmrrI="></latexit>

differential 1-form = covector field
• Flux integral
R

S w · ndA
<latexit sha1_base64="8Omfcy7Wr8xoBRnO9r54iw0z6Zs="></latexit>

=
R

S w1d ydz + w2dzd x + w3d xd y
<latexit sha1_base64="KBdUeXc7XNGH53xAv7XjzxAnjr8="></latexit>

d xd y = �d yd x
<latexit sha1_base64="b8wLF7yZL0qi3zGMdQ3xyhR4wGw="></latexit>

| {z }
<latexit sha1_base64="ciO9meuJXQrdlafmj0TEAtIFaxA="></latexit>

Skew-symmetric tensor T ⇤M ^ T ⇤M
<latexit sha1_base64="91U3fopwhXPdCwlbtJeoj4zbxuw="></latexit>

• Volume integral
R

V f d xd ydz
<latexit sha1_base64="YW2uIu7T07XeS2xc0gjjPADO+jg="></latexit>

d xd ydz = �d yd xdz
<latexit sha1_base64="x+DX9lm6l68DFW93TjBzD3zR0E0="></latexit>



Differential forms

• A differential k-form is a skew-symmetric tensor product of covectors
• Let V = Tp M

<latexit sha1_base64="/ICJKjDeg43laryngDo59GDKK5E="></latexit>

! 2 V ⇤ ^ · · ·^ V ⇤| {z }
k

=
Vk V ⇤

<latexit sha1_base64="D+DMF5UePeGDZYrsWOH8/EqL+9w="></latexit>

⇢Nk V ⇤
<latexit sha1_base64="0viI8MUqG6b2PzhsWcvPvSt7law="></latexit>

• If the basis for       is the differentials                          of coordinateV ⇤
<latexit sha1_base64="npYU/wy5rQvKPeM8OA7lWg2+egU="></latexit>

d x1, . . . , d xn
<latexit sha1_base64="10uV/jJr6egWDNSugX1TAe9KB7k="></latexit>

then the basis for               are
Vk V ⇤

<latexit sha1_base64="RJb9rrfABgdBwbuoNDxg+2KMGJc="></latexit>

d x I = d x i1 ^ · · ·^ d x ik , i1 < · · ·< ik
<latexit sha1_base64="BPrb4CEfyWeALxF2abrNAf0SH88="></latexit>

I = (i1, . . . , ik)
<latexit sha1_base64="mLKCAosPR5cyiA+FFI5V98UWugk="></latexit>

•  dim(^kV ⇤) =
�n

k

�
<latexit sha1_base64="tNmGs5Gu4GLmRhzVv1ec5UQMCCw="></latexit>

= n!
(n�k)!k!

<latexit sha1_base64="ti8ww9JHuE5usn6kjX55YSVqw9Y="></latexit>



Pairing with vectors

• Just like a covector can pair with a vector, 
a differential k-form can be paired with k vectors

↵|{z}
1-form

π X|{z}
vec

∫
<latexit sha1_base64="106EcfgMq8tkvOPgBmStnwkqVXk="></latexit>

!|{z}
k-form

πX1, . . . , Xk∫
<latexit sha1_base64="I5D1RidEs2t4Pgna45vZW7a777c="></latexit>

• And it will satisfy skew symmetry 

!πX1, . . . , Xi , . . . , X j , . . . , Xk∫= �!πX1, . . . , X j , . . . , Xi , . . . , Xk∫
<latexit sha1_base64="2hKEIkU4pOBK/DYhkTp0OHelfl4="></latexit>



Pairing with vectors
• Let                               be covectors↵1, . . . ,↵k 2 V ⇤

<latexit sha1_base64="IF9aE2QoLyjJwwHJib98bMaVymM="></latexit>

• Let                               be vectorsX1, . . . , Xk 2 V
<latexit sha1_base64="etY8wE/lMzZpcnzMdxbOG3JIdiQ="></latexit>

• Then the (decomposable) k-form 
can be paired with k vectors using the following formula

↵1 ^ · · ·^↵k
<latexit sha1_base64="FswUnkEqjsfqbLfe6r8zVXt5W+I="></latexit>

(↵1 ^ · · ·^↵k)πX1, . . . , Xk∫
<latexit sha1_base64="K27Xaqb2ENPVp/TwplZZ4exfHJE="></latexit>

= det

2
4
h↵1|X1i · · · h↵1|Xki

...
. . .

...
h↵k|X1i · · · h↵k|Xki

3
5

<latexit sha1_base64="y2eyKzXOwSHI0PO/ZtXHrwUm3k4="></latexit>

• This is skew symmetric both in the vector part and the covector part.
• Later, we will derive this formula from first-principles.



In 3D
• In 3D, V = R3, V ⇤ = R3⇤ = span{d x , d y, dz}

<latexit sha1_base64="niD+ZOA25hxAtLe0xlX+WV8ma/Q="></latexit>

•  
V0 V ⇤ = R

<latexit sha1_base64="0C/p0sB4qn02wwjdwwZs9jThOE8="></latexit>

•  
V1 V ⇤ =

�
u1d x + u2d y + u3dz

��u 2 R3
 

<latexit sha1_base64="OajbGLYLaqbvWDbKzETFzEKFfR0="></latexit> | {z }
u1�form

<latexit sha1_base64="h1JmVu8q8YiUgqZXAxGqHxjhjeg="></latexit>

•  
V2 V ⇤ =

�
w1d y ^ dz + w2dz ^ d x + w3d x ^ d y

��w 2 R3
 

<latexit sha1_base64="dR2neCiN89DLGlKIQexTopJUVds="></latexit> | {z }
w2�form

<latexit sha1_base64="kQjKwOQmmjGzoabWXLrnXGULC14="></latexit>

•  
V3 V ⇤ =

�
f d x ^ d y ^ dz

�� f 2 R
 

<latexit sha1_base64="PC8sXs8nG3imdgiUFOADZ7VRwu0="></latexit> | {z }
f3�form

<latexit sha1_base64="zSqSXOnvc/Lmf04RoaqAvT7xCGo="></latexit>



In 3D

•  = [ u1 u2 u3 ]
î v1

v2
v3

ó
<latexit sha1_base64="vP3F+nl1UW3ZBGtx4nG2rwg7z9k="></latexit>

u1�formπvvec∫= u · v
<latexit sha1_base64="+MfLQTGMM4AQKCRazoFjwhd8ZtA="></latexit>

•  w2�formπuvec,vvec∫= det

2
4
| | |
w u v
| | |

3
5

<latexit sha1_base64="FkdA8b9K8ZNaNGlS20nagzS1BHU="></latexit>

•  f3�formπuvec,vvec,wvec∫= f det

2
4
| | |
u v w
| | |

3
5

<latexit sha1_base64="SJDPuXxn50CnCCTogOVLtqxYAq8="></latexit>



Integration of k-form field

• Let ! 2 � (^k T ⇤M) = ⌦k(M)
<latexit sha1_base64="3THTsVqL7NJ7yUYuw++H3dEIk/U="></latexit>

• Let      be a k-dim surface.S
<latexit sha1_base64="4lAOjvUWdrhozcfttJ8JFs496Kw="></latexit>

v1
<latexit sha1_base64="RD2Q2kUew2t2d3RZI7Mzy7LhRvI="></latexit>

vk
<latexit sha1_base64="fFV7IqQMRY0MPUiiHr9riu22pD8="></latexit>

p
<latexit sha1_base64="yvM9ZZPG1imGpkOYaFVG4zpbNXc="></latexit>

S
<latexit sha1_base64="4lAOjvUWdrhozcfttJ8JFs496Kw="></latexit>

Z

S
!

<latexit sha1_base64="eK8KbnKOgP+KmpCc5NTYaS+zPOk="></latexit>

= lim
partition
refines

X

all
elements

!
��
pπv1, . . . , vk∫

<latexit sha1_base64="l+6yjyEUuVhlJ9uyDaE72wXlTRM="></latexit>



In 3D
•  = [ u1 u2 u3 ]

î v1
v2
v3

ó
<latexit sha1_base64="vP3F+nl1UW3ZBGtx4nG2rwg7z9k="></latexit>

u1�formπvvec∫= u · v
<latexit sha1_base64="+MfLQTGMM4AQKCRazoFjwhd8ZtA="></latexit>

•  w2�formπuvec,vvec∫= det
h | | |

w u v
| | |

i
<latexit sha1_base64="FlifV1QdW5P6OIlh9F1oCxjBoV8="></latexit>

•  f3�formπuvec,vvec,wvec∫= f det
h | | |

u v w
| | |

i
<latexit sha1_base64="NFqgVcyDoobwVEX7UTXJIg1OYxE="></latexit>

R
�

u · dl=
R
�

u1�form
<latexit sha1_base64="8+Y+Dlf5oMdItuYN1/fACdBMmQ0="></latexit>R

S w · ndA=
R

S w2�form
<latexit sha1_base64="iwIqe3FrczWXqDZJgsjVwutRhkY="></latexit> R

⌦
f dV =
R
⌦

f3�form
<latexit sha1_base64="cFfzwpdoIrKLSz5YJGte66Aa16E="></latexit>

f (p) =
R

p f0�form
<latexit sha1_base64="2afK5YsvYuDKzGz9nyDmjM9ahEs="></latexit>

v1
<latexit sha1_base64="RD2Q2kUew2t2d3RZI7Mzy7LhRvI="></latexit>

vk
<latexit sha1_base64="fFV7IqQMRY0MPUiiHr9riu22pD8="></latexit>

p
<latexit sha1_base64="yvM9ZZPG1imGpkOYaFVG4zpbNXc="></latexit>

S
<latexit sha1_base64="4lAOjvUWdrhozcfttJ8JFs496Kw="></latexit>



Change of coordinates

v1
<latexit sha1_base64="RD2Q2kUew2t2d3RZI7Mzy7LhRvI="></latexit>

vk
<latexit sha1_base64="fFV7IqQMRY0MPUiiHr9riu22pD8="></latexit>

p
<latexit sha1_base64="yvM9ZZPG1imGpkOYaFVG4zpbNXc="></latexit>

S
<latexit sha1_base64="4lAOjvUWdrhozcfttJ8JFs496Kw="></latexit>

D
<latexit sha1_base64="EzTxGXkrUwkAv9pD+65Qf9kKZOQ="></latexit>

e1
<latexit sha1_base64="3uqMmBgGx6ZcTLS0mkRFcQ8tonk="></latexit>

ek
<latexit sha1_base64="3E/v3E370b0D77F1ACoUpNWMvRo="></latexit>

(x1, . . . , xk)
<latexit sha1_base64="y+g7n9aXruFQgGaKu7va6ga5/iI="></latexit>

�
<latexit sha1_base64="sONfpeQh5hAcRlCpsOoQ/Yy2QjQ="></latexit>

• Let      be a k-dim surface parameterized asS
<latexit sha1_base64="4lAOjvUWdrhozcfttJ8JFs496Kw="></latexit> S = �(D)

<latexit sha1_base64="F5GmQfOtJ/Q//oHSPztP286QPAE="></latexit>Z

S
!

<latexit sha1_base64="eK8KbnKOgP+KmpCc5NTYaS+zPOk="></latexit>

=
Z
· · ·
Z

D
!�(x)π�⇤e1, . . . ,�⇤ek∫ d x1 · · · d xk

<latexit sha1_base64="HctUab5u3HeVC1ksqNExt8Jv6XM="></latexit>

• This looks similar to pullback of  
covectors!



Pullback
• Given any linear map A: U

linear���! V
<latexit sha1_base64="rO74c0yo59JDhJ3QRlGulLLQfy8="></latexit>

• we have a canonical pullback for k-forms (like adjoint)

A⇤ : ^k V ⇤
linear���! ^kU⇤

<latexit sha1_base64="qmwEnvTK2rB1F/PyIw0UB8mvmEM="></latexit>

(A⇤!)πX1, . . . , Xk∫ :=!πAX1, . . . ,AXk∫
<latexit sha1_base64="HTdyuMnhxaO6GQOdmxttxQ0V7TM="></latexit>

• Given any nonlinear map between domains � : M ! N
<latexit sha1_base64="Oot2fE4lTkMWgqPoZWvPXjPwgTI="></latexit>

• we have a canonical pullback for k-form fields (like back-propagation)

�⇤ : ⌦k(N)
linear���! ⌦k(M)

<latexit sha1_base64="/D+2iDG2RztK2WfW8dap0FIaO3g="></latexit>

(�⇤!)pπX1, . . . , Xk∫ :=!�(p)π�⇤X1, . . . ,�⇤Xk∫
<latexit sha1_base64="RHs31lGBSVGpl3K1LOIDtSAxSmg="></latexit>



Change of coordinates using pullback

v1
<latexit sha1_base64="RD2Q2kUew2t2d3RZI7Mzy7LhRvI="></latexit>

vk
<latexit sha1_base64="fFV7IqQMRY0MPUiiHr9riu22pD8="></latexit>

p
<latexit sha1_base64="yvM9ZZPG1imGpkOYaFVG4zpbNXc="></latexit>

S
<latexit sha1_base64="4lAOjvUWdrhozcfttJ8JFs496Kw="></latexit>

D
<latexit sha1_base64="EzTxGXkrUwkAv9pD+65Qf9kKZOQ="></latexit>

e1
<latexit sha1_base64="3uqMmBgGx6ZcTLS0mkRFcQ8tonk="></latexit>

ek
<latexit sha1_base64="3E/v3E370b0D77F1ACoUpNWMvRo="></latexit>

(x1, . . . , xk)
<latexit sha1_base64="y+g7n9aXruFQgGaKu7va6ga5/iI="></latexit>

�
<latexit sha1_base64="sONfpeQh5hAcRlCpsOoQ/Yy2QjQ="></latexit>



Change of coordinates using pullback

Z

�(D)
!=
Z

D
�⇤!

<latexit sha1_base64="8qMCF+OwiUvw+r2/uwa45mWf1kM="></latexit>



Exterior Algebra
• Tensor product spaces

• Differential forms

• Exterior algebra

• Exterior derivative



Exterior algebra
• In addition to the linear combination operator on differential forms 

as tensors, there is a natural multiplication we can operate on  
differential forms.

• This is the wedge product, also known as exterior product.

• It makes the space of all differential forms into an exterior algebra.

• Another operation that conveniently comes with exterior algebra on  
differential forms is the interior product, also known as contraction. 
It is the extension of covector-vector dual pairing.



Wedge product
• The wedge product

^ :
k̂

V ⇤ ⇥
`̂

V ⇤
bilinear����!

k+`̂

V ⇤
<latexit sha1_base64="E34g3aRy0l0dj383po0AYISSpoA="></latexit>

• It is defined axiomatically by the following two rules:

‣ Associativity (↵^ �)^ �= ↵^ (� ^ �)
<latexit sha1_base64="o8WP2GYCtck2v4yzD+5sMUuT7Ig="></latexit>

‣ Skew on 1-forms: If                                then↵ 2 V ⇤ = ^1V ⇤
<latexit sha1_base64="0czUC1NSu9rwJ+uYuyoYCIOsUNU="></latexit>

↵^↵= 0
<latexit sha1_base64="VQi4c4Axr2Ya9ToReP+mnkGa3qY="></latexit>

• Consequently:

‣ If                                        then↵ 2 ^kV ⇤,� 2 ^`V ⇤
<latexit sha1_base64="ZDIeOfwkZEicqNgz2djN4lwS0Ms="></latexit>

↵^ � = (�1)k`� ^↵
<latexit sha1_base64="56lGNszfc0w7KMLY8vd0jZtXoxA="></latexit>



Interior product

• It is defined axiomatically by the following three rules:

• Interior product is the extension of covector-vector pairing

i(#1)(#2): V ⇥
Vk V ⇤

bilinear����!
Vk�1 V ⇤

<latexit sha1_base64="ErLfHUGCj55pGf4MIezbvYdVL3M="></latexit>

‣ Dual pairing: For                             ,  ↵ 2 V ⇤ = ^1V ⇤
<latexit sha1_base64="0czUC1NSu9rwJ+uYuyoYCIOsUNU="></latexit>

iX↵= h↵|X i
<latexit sha1_base64="qQeB6dniE63fdLaabjZylSl0xOc="></latexit>

‣ Nilpotent: iX iX!= 0
<latexit sha1_base64="L0LzcSTIHgoas1Mn4Dgwk1IppRQ="></latexit>

‣ Exterior Leibniz rule:
iX (↵^ �) = (iX↵)^ � + (�1)deg(↵)↵^ (iX�)

<latexit sha1_base64="3uvPulBMRP49TDwDnRqp2xhKJBk="></latexit>

• The pairing between k-form and k vectors is defined via interior prod.
!πX1, . . . , Xk∫ := iXk

· · · iX1
!

<latexit sha1_base64="NkbhKqL+PZ8aMlfkROJGiq1DbtM="></latexit>



Interior product
‣ Dual pairing: For                             ,  ↵ 2 V ⇤ = ^1V ⇤

<latexit sha1_base64="0czUC1NSu9rwJ+uYuyoYCIOsUNU="></latexit>

iX↵= h↵|X i
<latexit sha1_base64="qQeB6dniE63fdLaabjZylSl0xOc="></latexit>

‣ Nilpotent: iX iX!= 0
<latexit sha1_base64="L0LzcSTIHgoas1Mn4Dgwk1IppRQ="></latexit>

‣ Exterior Leibniz rule:
iX (↵^ �) = (iX↵)^ � + (�1)deg(↵)↵^ (iX�)

<latexit sha1_base64="3uvPulBMRP49TDwDnRqp2xhKJBk="></latexit>

• The pairing between k-form and k vectors is defined via interior prod.
!πX1, . . . , Xk∫ := iXk

· · · iX1
!

<latexit sha1_base64="NkbhKqL+PZ8aMlfkROJGiq1DbtM="></latexit>

• Consequently, (iX!)πX1, . . . , Xk�1∫=!πX , X1, . . . , Xk�1∫
<latexit sha1_base64="Hyib+M1Jk6axs3/7cm8TzpIZ8qY="></latexit>

• Consequently, for wedge of 1-forms

(↵1 ^ · · ·^↵k)πX1, . . . , Xk∫== det

2
4
h↵1|X1i ··· h↵1|Xki

...
...

...
h↵k |X1i ··· h↵k |Xki

3
5

<latexit sha1_base64="Z7fCBpntx1ZSrBdWQJYdVAfOros="></latexit>



In 3D

u1�form ^ v1�form = (u⇥ v)2�form
<latexit sha1_base64="5WEySxCr3hrh/+PBhAWMHYnzlv8="></latexit>

u1�form ^ v2�form = (u · v)3�form
<latexit sha1_base64="FzqyLcDBxjEAnJyt4DVyTN4+GjE="></latexit>

iuvec
v1�form = (u · v)0�form

<latexit sha1_base64="C8Ma0a0iv9okWO/aPAYmntPTyK0="></latexit>

iuvec
w2�form = (w⇥ u)1�form

<latexit sha1_base64="1WtzsyySnPHACY0VDtxv0PiiJMY="></latexit>

iuvec
f3�form = ( f u)2�form

<latexit sha1_base64="U5Lqc2S07kipQ+FFTtLFRO6/Wm8="></latexit>



Pullback, wedge, and interior prod
• Pullback is a homomorphism on the whole exterior algebra

�⇤(↵^ �) = (�⇤↵)^ (�⇤�)
<latexit sha1_base64="P7vocEF0370P7auftF7OI6KqUho="></latexit>

• For interior product, interpreting it as insertion
(iX!)πX1, . . . , Xk�1∫=!πX , X1, . . . , Xk�1∫

<latexit sha1_base64="Hyib+M1Jk6axs3/7cm8TzpIZ8qY="></latexit>

we have

iX (�⇤!) = �⇤(i�⇤X!)
<latexit sha1_base64="lO110MHehTFF7xB9Ny00m7TOHbo="></latexit>



Pullback in coordinates
• We know that

�⇤ f0-form = f ��
<latexit sha1_base64="Ow6j9G9YmEkBSKHA7jqhG8omN9o="></latexit>

• What about the pullback formula for 2-forms and 3-forms in 3D?

F := d�
<latexit sha1_base64="ogEc3eU7um5i/2crmILvBcCyW3s="></latexit>

�⇤(v1-form) =
Ä
F¸(v ��)
ä

1-form
<latexit sha1_base64="OAaLAhBNF0i5tA4aVnIeXKm1R5Q="></latexit>

J := detF
<latexit sha1_base64="WeEc+5WOjsmXvQfpLKGcHnnY1Yc="></latexit>

�⇤(w2-form) =
Ä
JF�1(w ��)
ä

2-form
<latexit sha1_base64="YWFfCfFMVBeBz7HB1S/wlT/yWII="></latexit>

�⇤( f3-form) =
Ä
J( f ��)
ä

3-form
<latexit sha1_base64="W6RvhmQzx1fvr5+NIAfubxtFWp0="></latexit>



Exterior Derivative
• Tensor product spaces

• Differential forms

• Exterior algebra

• Exterior derivative



Exterior derivative

• It is defined axiomatically by the following three rules:

‣ For                      ,                          is the differential of func.f 2 ⌦0(M)
<latexit sha1_base64="nBAx2t2J2SYjXNM6LWTw4iF3o5w="></latexit>

d f 2 ⌦1(M)
<latexit sha1_base64="uExbPjgyD1J9S/m7ytnKN/8k1zM="></latexit>

‣ Nilpotent: dd!= 0
<latexit sha1_base64="ErpXA1ZhNQnyyqgTsO54AyD2ywA="></latexit>

‣ Exterior Leibniz rule:
d(↵^ �) = (d↵)^ � + (�1)deg(↵)↵^ (d�)

<latexit sha1_base64="TVu9/hI/hFlMQiu4Z95a2w0yG2o="></latexit>

• Exterior derivative is the extension of taking differential 

d : ⌦k(M)! ⌦k+1(M)
<latexit sha1_base64="jJEmWjIerLgdc423SYJWLmIUkok="></latexit>



In 3D

d f0-form = (r f )1-form
<latexit sha1_base64="sNFAZ8O92rAkqwAwhtt+JuogpJg="></latexit>

dv1-form = (r⇥ v)2-form
<latexit sha1_base64="KL2GMhhFXNbwwhr2VepYr9X7Xc0="></latexit>

dw2-form = (r ·w)3-form
<latexit sha1_base64="fxki5GQUjZ91fkYTu8tr67Gb2bM="></latexit>



Integration and exterior derivative
• Stokes’ Theorem Z

S
d!=
I

@ S
!

<latexit sha1_base64="5s3ZbkWzMfXoPhs7j/pnutF/LA0="></latexit>

• In 3D

‣ 0-form
R b

a r f · dl= f (b)� f (a)
<latexit sha1_base64="g6Hh+sZycC7hAWzu7htFgarEqzY="></latexit>

‣ 1-form

‣ 2-form
RRR

V r ·w dV =
Ü
@ V w · n dA

<latexit sha1_base64="6p8FVoUW9RrFFLUzLBJs97mMhB8="></latexit>

RR

S(r⇥ u) · n dA=
H

@ S u · dl
<latexit sha1_base64="6q2fXOvzmmeabbMDywCtaVmwI6g="></latexit>

(fundamental theorem of 
  calculus)

(Kelvin–Stokes curl theorem)

(Gauss divergence theorem)



Pullback and exterior derivative

• Proof using Stokes theorem

• Theorem
�⇤(d!) = d(�⇤!)

<latexit sha1_base64="WUrfqbaOpFeqajasICOkHKNiLo0="></latexit>

• Translating to 3D: some non-obvious identities.


