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Stability of Symplectic Euler 
and Backward Euler

• Stability of Euler integrators

• Incremental variational principle

• Dissipative system

• Optimization



Back to F=ma

• Suppose the inertia is independent of q
<latexit sha1_base64="yzPtJeFPMjh3XuFm4MV3Trm0K00="></latexit>

KineticEnergy(q̇) =
1
2

q̇¸Mq̇
<latexit sha1_base64="ziHPRI8Lgr8eO7u131WU7W16L60="></latexit>

• Suppose the space of positions is given by 
where each point has coordinate

Q = Rm
<latexit sha1_base64="6sHY19IBi1JdlNfcTFf0b8vyP+w="></latexit>

q= (q1, . . . ,qm)¸
<latexit sha1_base64="sgbr9v4ah+khIRz8P+pihcdRIVQ="></latexit>

• Suppose we have a potential energy U = U(q1, . . . ,qm)
<latexit sha1_base64="6g2+37vfl7BakYMv0UhHGfLxj80="></latexit>

• Then the equation of motion is
(Mq̈)i = �(dU)i = � @ U

@ qi
<latexit sha1_base64="s4oKFKKHi0kJ09wxZ8+TW9OxpBU="></latexit>



Symplectic & Backward Euler
• Discretize time                     .  Call state at n-th time step q(n)

<latexit sha1_base64="4aVFjR+oT0fyn+ODfmHBBerCc3w="></latexit>

t(n) = n�t
<latexit sha1_base64="Yh5hCTBUmSNpvbAAv60GgeW0zDI="></latexit>

• Approximate 2nd time derivative

(q̈)(n) ⇡ 1
�t2

�
q(n�1) � 2q(n) + q(n+1)

�
<latexit sha1_base64="wYYJwix1bnbXyLROfWwBED0K5pw="></latexit>

• Euler methods: Given                       solve forq(n�1),q(n)
<latexit sha1_base64="/JwGcK5ZWY1K0dXCMHEK9imTBW4="></latexit>

q(n+1)
<latexit sha1_base64="YdXSY7ulFGpAz8GrZxTAnDAIXN0="></latexit>

‣ Symplectic (explicit)
1
�t2

�
q(n�1) � 2q(n) + q(n+1)

�
= �M�1(dU)|q(n)

<latexit sha1_base64="Bpf1vZXqzUeZOXHXTEYXhIZWEBA="></latexit>

1
�t2

�
q(n�1) � 2q(n) + q(n+1)

�
= �M�1(dU)|q(n+1)

<latexit sha1_base64="koa0fR3BF4T9ViuOHkb5maz8bGM="></latexit>

‣ Backward (implicit)



Symplectic & Backward Euler

‣ Symplectic (explicit)
1
�t2

�
q(n�1) � 2q(n) + q(n+1)

�
= �M�1(dU)|q(n)

<latexit sha1_base64="Bpf1vZXqzUeZOXHXTEYXhIZWEBA="></latexit>

1
�t2

�
q(n�1) � 2q(n) + q(n+1)

�
= �M�1(dU)|q(n+1)

<latexit sha1_base64="koa0fR3BF4T9ViuOHkb5maz8bGM="></latexit>

‣ Backward (implicit)

• Stability analysis on a test equation (A-stability)

M�1dU |q =!2q
<latexit sha1_base64="CtlH3w8AH2iNg0azeEbBLa3eDkw="></latexit>

q̈+!2q = 0
<latexit sha1_base64="C6CSr8rrhJqZ9eR30wEBeRtk+i0="></latexit>

q = a cos(!t) + b sin(!t)
<latexit sha1_base64="PcuVPUwqCBIuul86qaq1rgCr6bE="></latexit>



Symplectic & Backward Euler

‣ Symplectic (explicit)

‣ Backward (implicit)

• Stability analysis on a test equation (A-stability)

M�1dU |q =!2q
<latexit sha1_base64="CtlH3w8AH2iNg0azeEbBLa3eDkw="></latexit>

q(n+1) = �q(n�1) + 2q(n) ��t2!2q(n)
<latexit sha1_base64="UW02Avb/bGUzgyO+vNtpB836sQs="></latexit>

q(n+1) = �q(n�1) + 2q(n) ��t2!2q(n+1)
<latexit sha1_base64="/Mc82a1aBHp4ndrkR6i9Nu+aD6s="></latexit>



Symplectic & Backward Euler

‣ Symplectic (explicit)

‣ Backward (implicit)

• Stability analysis on a test equation (A-stability)

M�1dU |q =!2q
<latexit sha1_base64="CtlH3w8AH2iNg0azeEbBLa3eDkw="></latexit>

q(n+1) = �q(n�1) + (2��t2!2)q(n)
<latexit sha1_base64="v1eN266H7WGVyOo0SriNG65zoE8="></latexit>

q(n+1) =
�q(n�1) + 2q(n)

1+�t2!2
<latexit sha1_base64="Mbaeyeh6ANl0tKQ3hD8iZkyWyKo="></latexit>



Symplectic & Backward Euler

‣ Symplectic (explicit)

‣ Backward (implicit)

q(n+1) = �q(n�1) + (2��t2!2)q(n)
<latexit sha1_base64="v1eN266H7WGVyOo0SriNG65zoE8="></latexit>

q(n+1) =
�q(n�1) + 2q(n)

1+�t2!2
<latexit sha1_base64="Mbaeyeh6ANl0tKQ3hD8iZkyWyKo="></latexit>


q(n)

q(n+1)

�
=
ï

0 1
�1 2��t2!2

ò
q(n�1)

q(n)

�

<latexit sha1_base64="YLjDcsAl9Wy9QeJFIpwE9DeWXBY="></latexit>


q(n)

q(n+1)

�
=


0 1
� 1

1+�t2!2
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1+�t2!2

�
q(n�1)
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�

<latexit sha1_base64="6JzNmBtqbEkYOmEt7rVYeiuviC8="></latexit>



Symplectic & Backward Euler

‣ Symplectic (explicit)

‣ Backward (implicit)


q(n)

q(n+1)

�
=
ï

0 1
�1 2��t2!2

ò
q(n�1)

q(n)

�

<latexit sha1_base64="YLjDcsAl9Wy9QeJFIpwE9DeWXBY="></latexit>


q(n)

q(n+1)

�
=


0 1
� 1

1+�t2!2
2

1+�t2!2

�
q(n�1)

q(n)

�

<latexit sha1_base64="6JzNmBtqbEkYOmEt7rVYeiuviC8="></latexit>

- determinant = 1 (area preserving)

- Both |eigenvalues|=1 when �t2!2 < 4
<latexit sha1_base64="KpjPmp0OYenA+gQGAXZYWuSThes="></latexit>

(conditional stability)

- determinant < 1 (shrinking)
- All |eigenvalues|<1 for all �t2!2

<latexit sha1_base64="grad/Uj/7BKntDcSCn3E6l5Fshc="></latexit>

(unconditionally stable)



Incremental Variation 
• Stability of Euler integrators

• Incremental variational principle

• Dissipative system

• Optimization



Backward Euler
• Backward Euler

1
�t2 M
�
q(n+1) � qpred

�
+ (dU)|q(n+1) = 0

<latexit sha1_base64="nsCsDzMXSrfAh5xGJlCx2afvN5U="></latexit>

• Rearrange, with qpred := 2q(n) � q(n�1)
<latexit sha1_base64="oJUYiNrCUTX8Ib0NeeW4RaWhfrs="></latexit>

q(n)
<latexit sha1_base64="0LgxVxS3XDel+NcwcDeojX4txTE="></latexit>

q(n�1)
<latexit sha1_base64="PUSodAKEShWE+YwahErWQKWFBQc="></latexit>

qpred
<latexit sha1_base64="s5Ue+5WPuzQH1scUpo8YBvPArVc="></latexit>

1
�t2 M
�
q(n�1) � 2q(n) + q(n+1)

�
= �(dU)|q(n+1)

<latexit sha1_base64="31q67kBTJJ56T/rwdjgiq98ePxo="></latexit>

• This is actually an optimality condition

q(n+1) = argmin
q2Rm

1
2�t2 |q� qpred|2M + U(q)

<latexit sha1_base64="Tj/yo9il/aai1rsIZbDgdB6EpzY="></latexit>

q(n+1)
<latexit sha1_base64="x+AJDevRBL/T88ZsI4O8+Xu93Fs="></latexit>



Backward Euler

q(n)
<latexit sha1_base64="0LgxVxS3XDel+NcwcDeojX4txTE="></latexit>

q(n�1)
<latexit sha1_base64="PUSodAKEShWE+YwahErWQKWFBQc="></latexit>

qpred
<latexit sha1_base64="s5Ue+5WPuzQH1scUpo8YBvPArVc="></latexit>• In terms of velocity

q(n+1) = argmin
q2Rm

1
2�t2 |q� qpred|2M + U(q)

<latexit sha1_base64="Tj/yo9il/aai1rsIZbDgdB6EpzY="></latexit>

q(n+1)
<latexit sha1_base64="x+AJDevRBL/T88ZsI4O8+Xu93Fs="></latexit>

vold
<latexit sha1_base64="rzW1u0DNKI3Sh6YAw4CEAakoAzU="></latexit>

vnew
<latexit sha1_base64="Wvay6RUanHg3XJZVJ5ErdeFY0OI="></latexit>

vnew =
1
�t (q

(n+1) � q(n))
<latexit sha1_base64="iXVDZ+kdyT4JcI3If+afbcVVLJE="></latexit>

vold =
1
�t (q

(n) � q(n�1))
<latexit sha1_base64="5UGZxq5eta0yTAWz7dahu054wQs="></latexit>

vnew = argmin
v2Rm

1
2 |v� vold|2M + U(q(n) +�tv)

<latexit sha1_base64="o/i0Aqg50uF/tzHSg/oGXgpt6ck="></latexit>



Minimal incremental potential principle

q(n)
<latexit sha1_base64="0LgxVxS3XDel+NcwcDeojX4txTE="></latexit>

q(n�1)
<latexit sha1_base64="PUSodAKEShWE+YwahErWQKWFBQc="></latexit>

qpred
<latexit sha1_base64="s5Ue+5WPuzQH1scUpo8YBvPArVc="></latexit>

q(n+1)
<latexit sha1_base64="x+AJDevRBL/T88ZsI4O8+Xu93Fs="></latexit>

vold
<latexit sha1_base64="rzW1u0DNKI3Sh6YAw4CEAakoAzU="></latexit>

vnew
<latexit sha1_base64="Wvay6RUanHg3XJZVJ5ErdeFY0OI="></latexit>

vnew = argmin
v2Rm

1
2 |v� vold|2M + U(q(n) +�tv)

<latexit sha1_base64="o/i0Aqg50uF/tzHSg/oGXgpt6ck="></latexit>

• Physical system decides its new velocity by

‣ Inertia: 
It doesn’t want to be different from the 
old velocity (deviation measured by 
the inertia metric)

‣ The new velocity is also penalized with 
potential energy of the resulting new position.



Minimal incremental potential principle

q(n)
<latexit sha1_base64="0LgxVxS3XDel+NcwcDeojX4txTE="></latexit>

q(n�1)
<latexit sha1_base64="PUSodAKEShWE+YwahErWQKWFBQc="></latexit>

qpred
<latexit sha1_base64="s5Ue+5WPuzQH1scUpo8YBvPArVc="></latexit>

q(n+1)
<latexit sha1_base64="x+AJDevRBL/T88ZsI4O8+Xu93Fs="></latexit>

vold
<latexit sha1_base64="rzW1u0DNKI3Sh6YAw4CEAakoAzU="></latexit>

vnew
<latexit sha1_base64="Wvay6RUanHg3XJZVJ5ErdeFY0OI="></latexit>

vnew = argmin
v2Rm

1
2 |v� vold|2M + U(q(n) +�tv)

<latexit sha1_base64="o/i0Aqg50uF/tzHSg/oGXgpt6ck="></latexit>

• Physical system decides its new velocity by

‣ Every time step just requires a  
good numerical optimizer

‣ Collision and contact: 
(Incremental potential contact 2020) 
Just build smooth barrier functions in potential and 
perform optimization properly



Minimal incremental potential principle
‣ Collision and contact: 

(Incremental potential contact 2020) 
Just build smooth barrier functions in potential and 
perform optimization properly



Minimal incremental potential principle



Comparison 

vnew = argmin
v2Rm

1
2 |v� vold|2M + U(q(n) +�tv)

<latexit sha1_base64="o/i0Aqg50uF/tzHSg/oGXgpt6ck="></latexit>

• Incremental variational principle• Stationary action principle

�= argmin
�: [0,T]!Q
�(0)=p
�(T )=q

R T
0 (Kin(�, �̇)� U(�)) d t

<latexit sha1_base64="OJRVSPks57d7T1e473zODgT29wM="></latexit>

‣ More intuitive‣ Less intuitive
‣ Suitable for initial value problem‣ Formal (true solution might not 

even be the minimizer)

‣ Hard to model dissipation 
(energy conservation)

‣ Easy to model dissipation

‣ Tied to backward Euler  
discrete time (other ODE solver 
is possible but less intuitive) 
(Variational Newmark algorithm)



Dissipative system
• Stability of Euler integrators

• Incremental variational principle

• Dissipative system

• Optimization



Dynamical system with dissipation
• Dynamical system with dissipation (Onsager 1930s)

vnew = argmin
v2Rm

1
2 |v� vold|2M + U(q(n) +�tv) +�t R(v)

<latexit sha1_base64="cO8jim6tFIdckTouQ+QhYvJWJeU="></latexit>

• The resistance function or Rayleigh dissipation function R(v)
<latexit sha1_base64="UzyG6L6DfbTM2D0cGhw9NMnQ88Y="></latexit>

‣ nonnegative

‣  R(0) = 0
<latexit sha1_base64="6vRcetib00G/t13tFUQOV3jOn54="></latexit>

• Writing the system in F=ma:

M
vnew � vold

�t
= �@ U

@ q
� @ R
@ v

<latexit sha1_base64="nRj/mfu8D3ZTuMYsPvNB5CEsuck="></latexit>



Dynamical system with dissipation

• Example: Quadratic dissipation (lubricated friction, viscosity)

M
vnew � vold

�t
= �@ U

@ q
� @ R
@ v

<latexit sha1_base64="nRj/mfu8D3ZTuMYsPvNB5CEsuck="></latexit>

R(v) =
1
2

v¸Bv
<latexit sha1_base64="QG32RNXBJq1Nj0h1ZLyt5F0ulng="></latexit>



Quasi-static system
• To study dissipative system, we often consider a quasi static regime

M
vnew � vold

�t
= �@ U

@ q
� @ R
@ v

<latexit sha1_base64="nRj/mfu8D3ZTuMYsPvNB5CEsuck="></latexit>

• Quasi-static: inertia is negligible.

• Dissipative force is in balance with potential force and external force:
@ R
@ v
= �@ U

@ q
+ fext

<latexit sha1_base64="uRV09kK7OO2SWC9aetXXL4bfu+c="></latexit>

• For quadratic R, this determines a terminal velocity.
• Traditional way of studying general force: relation between f,q,v
• (Ir)reversible process: f_ext is (not) a function of q



Dry friction



Dry friction

• The force      at contact lies in a friction cone 
(in the dual space at contact)

fc
<latexit sha1_base64="HHZJ2s4j0Js/ycGA8fbI9PyAAz4="></latexit>

• Law of friction: 
‣ Amonton’s 1st law: Friction force is  

proportional to the normal force

‣ Amonton’s 2nd law: Friction force is  
independent of contact area

‣ Coulomb’s law: Once the motion starts, 
the friction force is independent of the  
sliding speed



Dry friction
• At each point of contact, we have  

an outward normal (covector) n
<latexit sha1_base64="j61H27v2hhtnxagQ1y6evttrQzU="></latexit>

• The relative velocity between contact  
should satisfy 

hn|vi � 0
<latexit sha1_base64="yXxLtmmIbRcR8Hyh+tuk/cdWi24="></latexit>

• The normal and tangential part of the 
contact force, and tangent velocity:
|fk| µf?

<latexit sha1_base64="E67jOfLOhlTsCV1NgPEmS1+tOZs="></latexit>

|fk|< µf? , vk = 0
<latexit sha1_base64="gpAdYRk0CEqlFi+ic6qL7lH5oBw="></latexit>

• When tangent velocity is nonzero, tangent force 
is in the same direction with it

↵fk = [R3v, ↵� 0
<latexit sha1_base64="RM91LqJS/gybymeU3+CG0dOmMaQ="></latexit>



Classical approach for contact
• Establish the points      of contact

p1
<latexit sha1_base64="kNKzT+xlIoeRHFoJUXMIKjLBfrU="></latexit>

p2
<latexit sha1_base64="I4nkKymMZLGGRXlgsmZm/DID0vM="></latexit>

pi
<latexit sha1_base64="av6TW3ZeV8bCzqJ0nQeX7fDW3Po="></latexit>

(c,R) 2Q
<latexit sha1_base64="+ZQUB1XZk4jFO9ccBtE0SNXUs/4="></latexit>

(p1, · · · ,pk) 2 R3 ⇥ · · ·⇥R3
<latexit sha1_base64="cGeShfHcH/cbcz3ZqQJaHeHufs4="></latexit>

space of contactparameters for motion
�

<latexit sha1_base64="gzpXWpWN6kViSBEatRbtqw2gMMM="></latexit>

(f1, . . . , fk) 2 C1 ⇥ · · ·⇥ Ck

⇢ R3⇤ ⇥ · · ·R3⇤
<latexit sha1_base64="72JbUSvHGK0qHIre0TBLBHndh2E="></latexit>

d�⇤
<latexit sha1_base64="ISc79b3flp4sbbzCox2/pZi7pGg="></latexit>

(ċ, Ṙ) 2 T(c,R)Q
<latexit sha1_base64="wCmHb2GAq2KAIRM1fm5axCZP1Sg="></latexit>

(ṗ1, · · · , ṗk) 2 R3 ⇥ · · ·⇥R3
<latexit sha1_base64="23BBq2/AYeT1lafNdwLSIrZGHFk="></latexit>

M�1
<latexit sha1_base64="nAE/qO4LTC/R9Uy/yXTEPth6x8A="></latexit>

(c̈, R̈) 2 T(c,R)Q
<latexit sha1_base64="8Gxol0Uplw0PFJ1T4iSvGBz2BJM="></latexit>

T ⇤(c,R)Q
<latexit sha1_base64="alRQ03FVqWsd5w0xjsqB4vU30Vc="></latexit>

• Solve for velocity and contact force together so that all contact 
conditions are satisfied.

d�
<latexit sha1_base64="0BWruzZKk61dxS+vxtM4v6TMCIg="></latexit>



Dry friction

• Siggraph 2022 course on contact and friction
https://siggraphcontact.github.io/



Dissipation function for dry friction

• Variational approach to dry friction

M
vnew � vold

�t
= �@ U

@ q
� @ R
@ v

<latexit sha1_base64="nRj/mfu8D3ZTuMYsPvNB5CEsuck="></latexit>

R(v) = µ|v|
<latexit sha1_base64="08yyTajK4l9c1BoddFyGG63LX2w="></latexit>

• In incremental potential contact paper, it is also smoothed out



Numerical Optimization
• Stability of Euler integrators

• Incremental variational principle

• Optimization
• Dissipative system



Optimization problem

• Using smooth barrier and dissipation function, every time step 
boils down to one unconstrained optimization problem

minimize
x2Rm

L(x)
<latexit sha1_base64="0onUruDrYpqcoj7732csCOMzpzU="></latexit>

• Here      may be velocity or positionx
<latexit sha1_base64="+xSMns4viz/cDR1fuI3Hg6G47ac="></latexit>

q(n+1) = argmin
q2Rm

1
2�t2 |q� qpred|2M + U(q)

<latexit sha1_base64="Tj/yo9il/aai1rsIZbDgdB6EpzY="></latexit>

vnew = argmin
v2Rm

1
2 |v� vold|2M + U(q(n) +�tv)

<latexit sha1_base64="o/i0Aqg50uF/tzHSg/oGXgpt6ck="></latexit>

• Note that the initial guess (from the state of previous time frame) for 
optimization is usually very close to the optimizer.



Optimization problem

• Using smooth barrier and dissipation function, every time step 
boils down to one unconstrained optimization problem

minimize
x2Rm

L(x)
<latexit sha1_base64="0onUruDrYpqcoj7732csCOMzpzU="></latexit>

x(n+1) x(n) �↵](dL)x(n)
<latexit sha1_base64="8u14ExiRzJA7rZLTbI7x/PbL1Tc="></latexit>

• Use gradient descent using some metric [= H
<latexit sha1_base64="EXGi15TeZJHxgKNU/K8ej4aO6ic="></latexit>

= x
(n) �↵H

�1

ñ @L/@ x1

...
@L/@ xm

ô

<latexit sha1_base64="krgkDSP40WpR6b/B4V+ejxEWM0U="></latexit>

• We have to choose a good      and step sizeH
<latexit sha1_base64="kULuslnSygFFuGLYYLJ84XZJZgw="></latexit>

↵> 0
<latexit sha1_base64="vlBRQHXeu2AnyErpMJU24atLN7Q="></latexit>



Optimization problem

x(n+1) x(n) �↵](dL)x(n)
<latexit sha1_base64="8u14ExiRzJA7rZLTbI7x/PbL1Tc="></latexit>

= x
(n) �↵H

�1

ñ @L/@ x1

...
@L/@ xm

ô

<latexit sha1_base64="krgkDSP40WpR6b/B4V+ejxEWM0U="></latexit>

• Classic gradient descent H= I
<latexit sha1_base64="P09zbWqfOka0tHv9FCzeS9zxccg="></latexit>

• Newton’s method H= HessL
<latexit sha1_base64="hMXbx59a7tQpCwNlPOpHFHO1zSI="></latexit>

• Quasi-Newton’s method (approximated Hessian)



Line search

x(n+1) x(n) �↵](dL)x(n)
<latexit sha1_base64="8u14ExiRzJA7rZLTbI7x/PbL1Tc="></latexit>

= x
(n) �↵H

�1

ñ @L/@ x1

...
@L/@ xm

ô

<latexit sha1_base64="krgkDSP40WpR6b/B4V+ejxEWM0U="></latexit>

• Use line search for choosing ↵
<latexit sha1_base64="6gfnQ9GyWjNtlMCPsA8S/cLToSg="></latexit>

p= H
�1dL

<latexit sha1_base64="aQFCMj7ZDvMFeaqxAcVxaIJ6bDQ="></latexit>• Call                        ; backtracking line search:

• Also make sure that this stepping doesn’t pass through a  
barrier


