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Crash course on  
Differential Geometry

• Crash course on differential geometry
• Constraints in mechanical systems
• Geodesic equation
• Back to constraints



Crash corse on Differential Geometry

• Differential geometry is a coordinate-free type system for 
calculus.



Crash corse on Differential Geometry
• Differential geometry is a coordinate-free type system for 

calculus.

‣ Domain is a set of points M
<latexit sha1_base64="oKN57BXyd3X46RCl05gM9qfSCuo="></latexit>

‣ Space of functions is denoted by                   
which is a commutative algebra:

C1(M)
<latexit sha1_base64="kpjNKEZzTwvQC4DwlPrsB4LiDkk="></latexit>

- We can do linear combination c1 f1 + c2 f2
<latexit sha1_base64="X7BF+4dddRzoxzDRN4k7yQ+gU4M="></latexit>

- We can do pointwise multiplication f g
<latexit sha1_base64="Sizg/auJFHf0SQxbG1C+AygzzFc="></latexit>

• Starting point:



Tangent space and space of vector field
• For each point                definep 2 M

<latexit sha1_base64="120UeRgklBsEAz9lrKAc0H2jOuA="></latexit>

• Drop the “             ”p 2 M
<latexit sha1_base64="120UeRgklBsEAz9lrKAc0H2jOuA="></latexit>

Tp M :=
¶

Xp : C1(M)
linear���! R
���

Xp( f g) = (Xp f )g + f (Xp g)8 f , g 2 C1(M)
©

<latexit sha1_base64="FeyZyPuvcqJqLCmErZbd7Yo+rqs="></latexit>

� (T M) :=
¶

X : C1(M)
linear���! C1(M)
���

X ( f g) = (X f )g + f (X g)8 f , g 2 C1(M)
©

<latexit sha1_base64="y/eAm1EdhERyVu6SvljlRR6YlAY="></latexit>

• We can scale VF by scalar func: ( f X )g := f (X g)
<latexit sha1_base64="EaMw+wpctkC6WGvS9uksc2IKDyQ="></latexit>

pointwise scaling then differentiate g differentiate g then scale by f



Cotangent space
• For each point                definep 2 M

<latexit sha1_base64="120UeRgklBsEAz9lrKAc0H2jOuA="></latexit>

• Drop the “             ”p 2 M
<latexit sha1_base64="120UeRgklBsEAz9lrKAc0H2jOuA="></latexit>

� (T ⇤M) :=
¶
↵: Tp M

linear���! C1(M)
���↵( f X ) = f ↵(X )

©
<latexit sha1_base64="WUt41JpX/dJOyT65ucOx/zPxgD8="></latexit>

(dual space of tangent space)T ⇤p M :=
n
↵p : Tp M

linear���! R
o

<latexit sha1_base64="LUAkBFZjrCXuZEfiXjqN/7Btf/s="></latexit>



Differential of function
• Differentiation and evaluate at p 2 M

<latexit sha1_base64="120UeRgklBsEAz9lrKAc0H2jOuA="></latexit>

• Drop the “             ”p 2 M
<latexit sha1_base64="120UeRgklBsEAz9lrKAc0H2jOuA="></latexit>

dp : C1(M)
linear���! T ⇤p M

<latexit sha1_base64="hqro7zIf7mEuhQPHxr83W3p1tDU="></latexit>

(dp f )(Xp) := Xp f
<latexit sha1_base64="7N7PINchZpoQGFiauXYUdw9Y2l4="></latexit>

(d f )(X ) := X f
<latexit sha1_base64="wAXTVl9kNFOrh8wQQb+GwQqQ8b8="></latexit>

d : C1(M)
linear���! � (T ⇤M)

<latexit sha1_base64="jctDTa82g0oQHclcrqe2zTEyXwY="></latexit>



Pullback and pushforward
• A map between point sets

' : M ! N
<latexit sha1_base64="FB0D7S+2yPPo3NGk+NlRpnW+W9o="></latexit>

should also come with a algebra homomorphism on the functions

'⇤ : C1(N)
hom��! C1(M)

<latexit sha1_base64="T6Xc/oHkStFwdcW/Fg1lUL5myuo="></latexit>

'⇤(c1 g1 + c2 g2) = c1'
⇤g1 + c2'

⇤g2
<latexit sha1_base64="8qOdl+JiUhZ1QevxE8J9CmN4R+I="></latexit>

'⇤(g1 g2) = ('⇤g1)('⇤g2)
<latexit sha1_base64="8PDyne9x99cvd0fCtt2lPp/kWwY="></latexit>

• This is the formalization of function composition  
(when we know what is a function evaluation at a point)

'⇤g = g �'
<latexit sha1_base64="1UTqHbbPKqPgGhT6DJ6Lu4+ZBsM="></latexit>



Pullback and pushforward
• Any                                                  gives rise to a pushfoward for 

vector (fields)
'⇤ : C1(N)

hom��! C1(M)
<latexit sha1_base64="T6Xc/oHkStFwdcW/Fg1lUL5myuo="></latexit>

('⇤X )g := X ('⇤g)
<latexit sha1_base64="pWjjxOwKRmWNRrsPwKS3vA2EfiY="></latexit>

'⇤ : � (T M)
linear���! � (T N)

<latexit sha1_base64="ih/7q52Trrf/iA+/l1WyiSVLRVU="></latexit>

('⇤Xp)(g) := Xp('⇤g)
<latexit sha1_base64="taIV1YMtqqqaL3HGLFipAjqz5EA="></latexit>

• Overload pullback for covector (fields)

'⇤ : T ⇤'(p)N
linear���! T ⇤p M

<latexit sha1_base64="/DnOQY+XnKyfi0frwvSF4j/+mMc="></latexit>

'⇤ : Tp M
linear���! T'(p)N

<latexit sha1_base64="DgFpmgoI6ESEvQWUVox7iLQvCJU="></latexit>

('⇤↵'(p))(Xp) := ↵'(p)('⇤Xp)
<latexit sha1_base64="T9bPS/wpM0DArW20kZirfL+mXxA="></latexit>

'⇤ : � (T ⇤N)
linear���! � (T ⇤M)

<latexit sha1_base64="4Rspb4fk5Z/bsMzDdymvSwu3CEs="></latexit>

('⇤↵)(X ) := ↵('⇤X )
<latexit sha1_base64="4qb5H2oxOmmfzXR/RDjwrni7B4I="></latexit>

• Easy to check: d('⇤g) = '⇤(d g)
<latexit sha1_base64="52I2BZzbxNduMWZCgFRk9eG9UpE="></latexit>



Velocity of a path

• A path is �: (a, b) ⇢ R! M
<latexit sha1_base64="FSMP9udyQfFNJEOxHQHwVIVLUtg="></latexit>

• Its velocity is �0 = �⇤(1)
<latexit sha1_base64="8N7X7TgNRdSjllgApHpnHapWI8Q="></latexit>



Lie algebra

• A Lie algebra                  is a vector space      equipped with a  
bilinear operator

(V, [·, ·])
<latexit sha1_base64="3Y3O7oqkF4tX0S7Qbz8oIp184yM="></latexit>

V
<latexit sha1_base64="hY8i6P5f1V6Q8cbZKnHVeJqw99Q="></latexit>

[·, ·]: V ⇥ V
bilinear����! V

<latexit sha1_base64="h/+aWTi2sAFJSlBPCs5Ea0UKdlo="></latexit>

satisfying

‣ Skew symmetry [u, v] = �[v,u]
<latexit sha1_base64="KQnBFbHUYzhIyU2MldY00uMhPRM="></latexit>

‣ Jacobi identity [u, [v, w]] + [v, [w,u]] + [w, [u, v]] = 0
<latexit sha1_base64="QpSYi78SUHTERK33zJb7scA8yag="></latexit>

• Example: (R3,⇥)
<latexit sha1_base64="hftG8u+MS/vFokKuh0eTuaT1byU="></latexit>

cross product in 3D

• Example: (Rn⇥n, [A, B] := AB � BA)
<latexit sha1_base64="PSWhbUnPf9CVMPhwcu4XI7T3y1U="></latexit>



Space of vector fields is a Lie algebra

• Define

by
[·, ·]: � (T M)⇥ � (T M)

bilinear����! � (T M)
<latexit sha1_base64="NfXYDaKOuloKmdwpiHpdSFqB+4A="></latexit>

[X , Y ] f := X Y f � Y X f
<latexit sha1_base64="y6QiQRP9LvCAOc6VmQ0hkm5gOmw="></latexit>

• Check that it is still a vector field (i.e. product rule holds)

• Check that it is a Lie algebra bracket (the same as 
checking the commutator for matrices is a Lie bracket)



Space of vector fields is a Lie algebra

• Lie bracket of vector fields measure commutability between 
following each vector field

X
<latexit sha1_base64="x535tdb+T7SBvbw4mTaqVd78is0="></latexit>

Y
<latexit sha1_base64="QSId2BqXAPr0t5U+Zzbsbk/LEB4="></latexit>

[X , Y ]
<latexit sha1_base64="l0vrrPLlYfxAwl5zfe0u8zMP+Tk="></latexit>

• Coordinate vector fields must have vanishing Lie bracket



Computing Lie bracket in coordinates

• Suppose                                          is a coordinate system.x1, . . . , xn 2 C1(M)
<latexit sha1_base64="IvYVZ/Mu0WRqJDvdHsnKEFzApiw="></latexit>

• Covector basis: d x1, . . . , d xn
<latexit sha1_base64="5s0stc0K583100N2Qs/0W2x9pIU="></latexit>

• Coordinate vector basis e1 =
@
@ x1 , . . . , en =

@
@ xn

<latexit sha1_base64="vm7zgAx9P7dFp3W3fxZ3Wv5zWds="></latexit>

• Suppose we have two vector fields written in coordinates

X = X i @
@ x i

<latexit sha1_base64="2AbfPVcBO5xvYuUDjEynjqApO+g="></latexit>

Y = Y i @
@ x i

<latexit sha1_base64="qPloux03NIZvh+s2HqBf7UtKx5s="></latexit>

• Then [X , Y ] = Zi @
@ x i

<latexit sha1_base64="56e9jAfguibNTSM8b2n8lgU/VKk="></latexit>

Zi = X j @ Y i

@ x j � Y j @ X i

@ x j
<latexit sha1_base64="foytSAsE2enL7YNi7vWzu9Uu4Os="></latexit>

• (You can derive it by applying to a function)

[X , Y ] =rX Y �rY X
<latexit sha1_base64="J7grJMaRIAZYTDNw7MHgL2KE9A4="></latexit>

“                                          ”



Computing Lie bracket in coordinates

• Example

X
<latexit sha1_base64="x535tdb+T7SBvbw4mTaqVd78is0="></latexit>

Y
<latexit sha1_base64="QSId2BqXAPr0t5U+Zzbsbk/LEB4="></latexit>

[X , Y ]
<latexit sha1_base64="l0vrrPLlYfxAwl5zfe0u8zMP+Tk="></latexit>

X =

2
4

y
0
0

3
5

<latexit sha1_base64="5f+F+X23qk7gKUGOFSErxuNlvf4="></latexit>

Y =

2
4

0
x
0

3
5

<latexit sha1_base64="XeipBx6PrN7DI1QJS92i9ja1Olk="></latexit>

rX Y �rY X =

2
4

0 0 0
1 0 0
0 0 0

3
5
2
4

y
0
0

3
5�

2
4

0 1 0
0 0 0
0 0 0

3
5
2
4

0
x
0

3
5

<latexit sha1_base64="drYVRySBhh6DgXxHCFl8N86oB4o="></latexit>

=

2
4
�x
y
0

3
5

<latexit sha1_base64="jXXoPzz44tD3I2o20UymwPJn3MQ="></latexit>



Constrained Mechanical 
Systems

• Crash course on differential geometry
• Constraints in mechanical systems
• Geodesic equation
• Back to constraints



Constrained mechanical system
•      : Set of positionsM

<latexit sha1_base64="oKN57BXyd3X46RCl05gM9qfSCuo="></latexit>

• A holonomic constraint is an equality constraint on the position

g : M ! Rm
<latexit sha1_base64="Z8Bm87/83/F2+iHwqRdmhIHPSdA="></latexit>

{p 2 M | g(p) = const}
<latexit sha1_base64="p7rkG8Su7tKTMauFNwKuI7i6YFA="></latexit>

• Holonomic constraints foliate the space       into codimension- 
submanifolds

M
<latexit sha1_base64="oKN57BXyd3X46RCl05gM9qfSCuo="></latexit>

m
<latexit sha1_base64="jTDPCFEqDcwrzN+HTEf05b2bOfI="></latexit>

• Dynamics is a path �: [0, T]! M
<latexit sha1_base64="Cp9xTUISZDwKRm8B4lRfYuBx0wE="></latexit>

• Holonomic constraints induce a constraint on velocity
�̇ 2 ker(d g|�)

<latexit sha1_base64="riAkRPeIxQ43aTzaXmFHc6pEusY="></latexit>

• Many constraints are just a constraint on velocity, not explicitly on 
positions.



Constrained mechanical system
Holonomic Non-holonomic



Constrained mechanical system
• Non-holonomic constraints: constraint on velocity but still allow 

maneuver to all (or at least more dimension of) positions

• A constraint on velocity is an assignment of subspace for each 
position (as the set of admissible velocities)

Ap ⇢ Tp M
<latexit sha1_base64="w6wwBpJPknixE2hZC+HjIJhGFmY="></latexit>

• Such a subspace field                   is called a distribution.(Ap)p2M
<latexit sha1_base64="crTV0jzeA952JFiVw4WXf+Kh7vM="></latexit>

• A distribution is integrable if it is tangent of a family of submanifolds 
of its dimension.  Integrable distributions are holonomic constrains.

• Non-integrable distributions are non-holonomic constraints.



Constrained mechanical system

• Theorem (Frobenius integrability condition)

[X , Y ] 2 � (A) 8X , Y 2 � (A)
<latexit sha1_base64="FjBmX2VAyI+TMv1zv1/nVi+oYSw="></latexit>

A distribution       is (locally) integrable if and only if it is 
closed under Lie bracket.  That is,

A
<latexit sha1_base64="gVUUlTto8hVpnCfd69fXT/ySuY0="></latexit>

is a Lie subalgebra:
� (A) ⇢ � (T M)

<latexit sha1_base64="YBB/vCV3yXXE/6oC4+UxW+wqWAQ="></latexit>



Example: rolling ball
• The state of rotations

M = SO(3) = {R 2 R3⇥3 |R¸R= id, det(R) = 1}
<latexit sha1_base64="vmzNuHb0/OAupfYf1IPy5uo1ykg="></latexit>

• The tangent space in terms of  
world-space angular velocity

TRM = {[!⇥]R |! 2 R3}
<latexit sha1_base64="Xdhsp71o2iEt0VgblQt5mPZ0ZUA="></latexit>

• The allowed directions are 2D distribution
AR = span{[e1⇥]R, [e2⇥]R}

<latexit sha1_base64="O7l4tHTQHfc9qeLdmDDdpDRT91U="></latexit>

• Check that      is non-holonomic by choosing 
two vector fields in           but their Lie bracket is 
outside of          . 

A
<latexit sha1_base64="gVUUlTto8hVpnCfd69fXT/ySuY0="></latexit>

� (A)
<latexit sha1_base64="m6syoQP1jNrD4fkQn1Ni9jD38Ow="></latexit>

� (A)
<latexit sha1_base64="m6syoQP1jNrD4fkQn1Ni9jD38Ow="></latexit>



Example: rolling ball
• Check that      is non-holonomic by choosing 

two vector fields in           but their Lie bracket is 
outside of          . 

A
<latexit sha1_base64="gVUUlTto8hVpnCfd69fXT/ySuY0="></latexit>

� (A)
<latexit sha1_base64="m6syoQP1jNrD4fkQn1Ni9jD38Ow="></latexit>

� (A)
<latexit sha1_base64="m6syoQP1jNrD4fkQn1Ni9jD38Ow="></latexit>

XR = [e1⇥]R
<latexit sha1_base64="O7uJSeP1J256Lji4iI5LSm2NWXI="></latexit>

YR = [e2⇥]R
<latexit sha1_base64="4XyihxSsLQYqg7sO2svgPne2ww4="></latexit>

dX Y = dX ([e2⇥]R) = [e2⇥][e1⇥]R
<latexit sha1_base64="cOS97HxJkccfQ5OEugms1NXCEWA="></latexit>

dY X = dY ([e1⇥]R) = [e1⇥][e2⇥]R
<latexit sha1_base64="bzcNzFRw8C8BLookmFUU5oI4g70="></latexit>

[X , Y ]R = dX Y � dY X = �[(e1 ⇥ e2)⇥]R
<latexit sha1_base64="UZLEPwbM3rG8e9nxCThDCjnAHpc="></latexit>

= �[e3⇥]R
<latexit sha1_base64="eBFeQ9HcSK0R4bqNuCuWse+bm0A="></latexit>



Example: Driving a car

• Check that      is non-holonomic.A
<latexit sha1_base64="gVUUlTto8hVpnCfd69fXT/ySuY0="></latexit>

• The state of cars
M = {(x , y,✓ ,)}= R2 ⇥ S1 ⇥ [�a, a]

<latexit sha1_base64="mGGhXuBfsTh+FaRp0XGfv48TnMQ="></latexit>

• The tangent space
T(x ,y,✓ ,)M = {( ẋ , ẏ, ✓̇ , ̇)}= R4

<latexit sha1_base64="WQnwi/RQj8lBk1vxi4z6tu3lvCU="></latexit>

• The allowed directions are 2D distribution

A(x ,y,✓ ,) = span
ßÅ cos✓

sin✓

0

ã
,
Å 0

0
0
1

ã™

<latexit sha1_base64="daI2ar8BZBSjHrjdyqqlfDooPc0="></latexit>


<latexit sha1_base64="qvNlvC+yqHHHYP9ep7Z16O/UU9k="></latexit>

✓
<latexit sha1_base64="YaEGZRuvqOLt3UBDa5zRvffdmPg="></latexit>



Geodesic Equation
• Crash course on differential geometry
• Constraints in mechanical systems
• Geodesic equation
• Back to constraints



Riemannian manifold
• A Riemannian manifold is a manifold      equipped with an 

inner product structure.
M

<latexit sha1_base64="oKN57BXyd3X46RCl05gM9qfSCuo="></latexit>

[p : Tp M
linear���! T ⇤p M

<latexit sha1_base64="gb1JBCF22QJIkJ3oosLubtT9L0M="></latexit>

[: � (T M)
linear���! � (T ⇤M)

<latexit sha1_base64="kXr5slU0jdeOfhPkV6yj7HpWktA="></latexit>

[( f X ) = f [X
<latexit sha1_base64="0orcA4FTA9/Fr3LFDG2fmLOUpU0="></latexit>

• In a mechanical system, the metric represents the inertia

KineticEnergy(�̇) =
1
2
h[�̇|�̇i

<latexit sha1_base64="ECtqEeIePXL7GW9zkIDx8Oep6gQ="></latexit>

Momentum= [�̇
<latexit sha1_base64="eUG8FDfay5RNE2mGJPQFuDXwgkY="></latexit>



Geodesics

• Consider variational problem: Find 
(with fixed end points) that minimizes

�: [0, T]! M
<latexit sha1_base64="VOtvLB1ZYAWZU8i1iCmAf6osZ2U="></latexit>

S(�) =
Z T

0

1
2
h[�̇|�̇i d t

<latexit sha1_base64="2lLVl3OwSN1i7E4HD63/WMbkI/E="></latexit>

• Minimizers are shortest paths connecting the end paths, and 

|�̇|[ = const
<latexit sha1_base64="ySGdYy35q1ElbdtoT3bb4RQu7Z8="></latexit>



Geodesics in coordinates

gi j = h[ei |eji
<latexit sha1_base64="9KXI1LI3oQfS0YxbCwO/5llblag="></latexit>

• In a coordinate system, x1, . . . , xn 2 C1(M)
<latexit sha1_base64="IvYVZ/Mu0WRqJDvdHsnKEFzApiw="></latexit>

‣ Covector basis:
‣ Coordinate vector basis

d x1, . . . , d xn
<latexit sha1_base64="5s0stc0K583100N2Qs/0W2x9pIU="></latexit>

e1 =
@
@ x1 , . . . , en =

@
@ xn

<latexit sha1_base64="vm7zgAx9P7dFp3W3fxZ3Wv5zWds="></latexit>

• The action written in coordinates:

S(�) =
Z T

0

1
2

gi j(x) ẋ i ẋ j

| {z }
L(x,ẋ)

d t

<latexit sha1_base64="MDcRIn+j7DFy/Pf7iY5Cv3K7me8="></latexit>



Geodesics in coordinates

S(�) =
Z T

0

1
2

gi j(x) ẋ i ẋ j

| {z }
L(x,ẋ)

d t

<latexit sha1_base64="MDcRIn+j7DFy/Pf7iY5Cv3K7me8="></latexit>

• Euler–Lagrange equation
d
d t
@ L
@ ẋ k
� @ L
@ xk

= 0
<latexit sha1_base64="17ufHzTZXei7JyF8Dd6WDbJZQUI="></latexit>

d
d t (gk j ẋ j)� 1

2 gi j,k ẋ i ẋ j = 0
<latexit sha1_base64="3oRrT6XKBa/SQmCpdZAmpBRIr48="></latexit>

gk j ẍ j + gk j,` ẋ` ẋ j � 1
2 gi j,k ẋ i ẋ j = 0

<latexit sha1_base64="K9PQtnJl67X8Cnv5VzxWDGdsVVY="></latexit>

1
2 (gk`, j + gk j,`) ẋ` ẋ j

<latexit sha1_base64="zt7h8vzo1j48sP9BCATm16sL9WM="></latexit>

ẍm + 1
2 gmk
�
gk`, j + gk j,` � g j`,k

�
ẋ j ẋ` = 0

<latexit sha1_base64="1kphieSU7kFjZI7XZCc/MgLxVbQ="></latexit>



Geodesics in coordinates

S(�) =
Z T

0

1
2

gi j(x) ẋ i ẋ j

| {z }
L(x,ẋ)

d t

<latexit sha1_base64="MDcRIn+j7DFy/Pf7iY5Cv3K7me8="></latexit>

• Euler–Lagrange equation

ẍ k + � k
i j ẋ

i ẋ j = 0
<latexit sha1_base64="mDb9gg/3tA1wtzRlnehv1MML+/Y="></latexit>

Christoffel symbol: � k
i j =

1
2 gk`(g`i, j + g j`,i � gi j,`)

<latexit sha1_base64="K+5xz6mT7NRc0MSVILwJBG0YRoA="></latexit>

(geodesic equation)



Geodesics in coordinates
ẍ k + � k

i j ẋ
i ẋ j = 0

<latexit sha1_base64="mDb9gg/3tA1wtzRlnehv1MML+/Y="></latexit>

(geodesic equation)

Christoffel symbol: � k
i j =

1
2 gk`(g`i, j + g j`,i � gi j,`)

<latexit sha1_base64="K+5xz6mT7NRc0MSVILwJBG0YRoA="></latexit>

The geodesic equation is describing “the acceleration is zero”

(r ẋ v)k = v̇k + � k
i j ẋ

i v j
<latexit sha1_base64="v3N2Eypk6irx9Wt3P5QJB2/aheI="></latexit>

where the acceleration is the derivative of velocity using the 
covariant derivative



Covariant derivative
• The covariant derivative operator (a.k.a. Levi-Civita connection)

r(#1)(#2): Tp M ⇥ � (T M)! Tp M
<latexit sha1_base64="kh7rJDOOUOLEFWluiIKFD3arjsM="></latexit>

‣ Linear (pointwise) and in the direction
r f X+gY Z = frX Z + grY Z

<latexit sha1_base64="a0mIJOzSTo2Ne45VQgO7boF8J9g="></latexit>

‣ Leibniz rule in the vector field being taken derivative
rX ( f Y ) = (X f )Y + frX Y

<latexit sha1_base64="DvtwkyUyL7VUqvJFxAXbZAraavA="></latexit>

‣ Torsion free (compatible with Lie bracket)
[X , Y ] =rX Y �rY X

<latexit sha1_base64="iv8QcBsl86oAJrc/MbhVDInn3TU="></latexit>

‣ Compatible with metric:
X hY , Zi[ = hrX Y , Zi[ + hY ,rX Zi[

<latexit sha1_base64="5cxJBf3F6ousqpyQYF32l6XpdkE="></latexit>



Covariant derivative
• Coordinate-free:

S(�) =
Z T

0

1
2
h[�̇|�̇i d t

<latexit sha1_base64="2lLVl3OwSN1i7E4HD63/WMbkI/E="></latexit>

dS|�π⌫�∫=
R T

0 h[�̇|⌫̇�i d t
<latexit sha1_base64="eSJwBkvZUKE41bu57jkIOq0R+yk="></latexit>

r
<latexit sha1_base64="Nxy1KTc0dUlcMkOCnM/nElYle8Y="></latexit>

=
R T

0 h[�̇|⌫̇�i d t
<latexit sha1_base64="CReUrXyfuUh42jXu0mu580iYSJU="></latexit>

r
<latexit sha1_base64="Nxy1KTc0dUlcMkOCnM/nElYle8Y="></latexit>

= �
R T

0 h[�̈|⌫�i d t
<latexit sha1_base64="cZXjAcc/65JQ6qhPhtkgZqtQ6VY="></latexit>

r
<latexit sha1_base64="Nxy1KTc0dUlcMkOCnM/nElYle8Y="></latexit>

• Euler–Lagrange equation

�̈= rd t �̇= 0
<latexit sha1_base64="srI6YpWP2xii0yAQ0SMEs7BHOr0="></latexit>

r
<latexit sha1_base64="lQF7GIwCzkhDsVJ8b47ecbvXosQ="></latexit>

ẍ k + � k
i j ẋ

i ẋ j = 0
<latexit sha1_base64="CjgKZr9C/SeTFjrltje/oH1/Cc8="></latexit>

torsion- 
free

int.by parts;
comp. w/ metric

comp. w/ 
metric



Newton’s Laws of Motion

• Newton’s 1st law
In the absence of external force, the state follows a geodesic path

r
d t �̇= 0

<latexit sha1_base64="R/rmfcW8bdjKSBFHLmerLD/30C8="></latexit>

• The set of static states form a manifold M
<latexit sha1_base64="CEArxvSlABZljtSqmq1a0uaB54E="></latexit>

• Inertia is a Riemannian structure     on [
<latexit sha1_base64="9BE7cCrINkllxO2vF72W85Oa2TQ="></latexit>

M
<latexit sha1_base64="CEArxvSlABZljtSqmq1a0uaB54E="></latexit>

• Newton’s 2nd law (with conservative force)
Suppose there is a potential                          thenU 2 C1(M)

<latexit sha1_base64="d6dfMphoLLZ1D8ftE4EYPR6UVs0="></latexit>

[ rd t �̇= �dU
<latexit sha1_base64="GmhXqDq7U16QYN5eFlTNtavOU4g="></latexit>



Back to Constraints
• Crash course on differential geometry
• Constraints in mechanical systems
• Geodesic equation
• Back to constraints



With constraint (non-holonomic form)
• Admissible velocities form a distribution A� ⇢ T�M

<latexit sha1_base64="79mMP8X71r1YK1pBjveMH6QpfIY="></latexit>

• Suppose it is described by A� = ker L�
<latexit sha1_base64="O7dBdep2ejiW5Y7zASNiKyiKDho="></latexit>

for some linear operator L� : T�M
linear���! Rm

<latexit sha1_base64="GxE9Ivp+8CRpSrU7e7cBoCS7Cno="></latexit>

• Then the force law becomes (for some                 )

[
r
d t
�̇= �dU � L⇤��

<latexit sha1_base64="aNMoVStRcrei8sii0lDPKf9YZQo="></latexit>

� 2 Rm⇤
<latexit sha1_base64="ggDDH3FADyTIVBupomUnLPAyQWo="></latexit>

L��̇= 0
<latexit sha1_base64="wAoIKDfN1FABNbCZpKxZXC2emBA="></latexit>

or as a system: 
[ rd t L⇤�
L� 0

�ï
�̇
�

ò
=
ï�dU

0

ò

<latexit sha1_base64="VvRQPztRIZlKWeu32SVYpQKUBkI="></latexit>



Kane’s method of quasi-velocities
• Admissible velocities form a distribution A� ⇢ T�M

<latexit sha1_base64="79mMP8X71r1YK1pBjveMH6QpfIY="></latexit>

• We can also find some basis A� = span{X1, . . . , Xk}
<latexit sha1_base64="uY/GyDmO1fT32NS/aKYIE4PqoeE="></latexit>

(where vec fields                     may not be integrable into 
 a coordinate system)

X1, . . . , Xk
<latexit sha1_base64="khweFJF8I33mfNxkbDg/G4jQftA="></latexit>

• Express �̇=
Pk

i=1 viXi
<latexit sha1_base64="YARSj6Q3RtZvYzWutZrtQG7VlzE="></latexit>

KineticEnergy�(v) =
1
2 v¸M�v

<latexit sha1_base64="cN/QfDEtMqlmTaJjlWInk6tCC34="></latexit>

Mi j = hXi , X ji[
<latexit sha1_base64="l4vboDrVU9Zitp0909pavtvN26k="></latexit>

• Since     is not the rate of change of any coordinate 
we call it quasi-velocity.

v
<latexit sha1_base64="y1njpKxqAoLFCpuu+b+cgsONuKY="></latexit>



Kane’s method of quasi-velocities
• Express �̇=
Pk

i=1 viXi
<latexit sha1_base64="YARSj6Q3RtZvYzWutZrtQG7VlzE="></latexit>

KineticEnergy�(v) =
1
2 v¸M�v

<latexit sha1_base64="cN/QfDEtMqlmTaJjlWInk6tCC34="></latexit>

Mi j = hXi , X ji[
<latexit sha1_base64="l4vboDrVU9Zitp0909pavtvN26k="></latexit>

• Use least action principle to derive equation of motion

M
rv
d t
= �
ñ X1U

...
XkU

ô

<latexit sha1_base64="Ib/mwhLZCXJ8dR2bArAIxbvaG84="></latexit>

• Here the Christoffel symbol in      is more complicated:r
<latexit sha1_base64="bLvcJLM9hQNqOuuUKZ0sMS9rg34="></latexit>



Kane’s method of quasi-velocities
• Here the Christoffel symbol in      is more complicated:r

<latexit sha1_base64="bLvcJLM9hQNqOuuUKZ0sMS9rg34="></latexit>



Kane’s method of quasi-velocities

• Example: rigid body rotation

Ṙ= [!⇥]R= R[⌦⇥]
<latexit sha1_base64="/rlXo0MyHrrvvmWjhioLBFHxh/Y="></latexit>

We used 3D vector        (or     ) to parametrize the 3D distribution!
<latexit sha1_base64="YMtuCr9u8QnUMdDW2NbMg9jyapo="></latexit> ⌦

<latexit sha1_base64="w+3W6lV3Q4YC+T9/hTGRUzikFe8="></latexit>

AR = {[!⇥]R |! 2 R3}
<latexit sha1_base64="5AxXaoS0Tfm2/KNuNX8rvNOj/7Y="></latexit>

within the 9D space of 3x3 matrices.


