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Topics in CSE:

Rigid Body Dynamics



Rigid Body



Generalized Coordinates
• Generalized coordinates
• Rigid body dynamics
• Numerical methods



Least action principle
• Identify the variable describing movable parts

q= (q1, . . . ,qm)
<latexit sha1_base64="eZ/72m28YfQ449KJgwzBEKO9txw="></latexit>

• Define the kinetic energy                 and potential energy 
for each static state      and dynamic state

K(q, q̇)
<latexit sha1_base64="O+slfbDjA8tAiiRstyUTSwPp2T4="></latexit>

U(q)
<latexit sha1_base64="CoXKA2iVI8HIy8Mr73pqBrTYsJI="></latexit>

q
<latexit sha1_base64="yzPtJeFPMjh3XuFm4MV3Trm0K00="></latexit>

(q, q̇)
<latexit sha1_base64="TyHm3E8ixq/uUGYT8bSCQ+xKi94="></latexit>

• The following are derived quantities

‣ Momentum p= @ K
@ q̇

<latexit sha1_base64="EylTxEie5xUtvODX3OtZCsLiHzY="></latexit>

pi =
@ K
@ q̇i

<latexit sha1_base64="Bt7CHZmf+KqHOHLHZpvD2datGgI="></latexit>

‣ Lagrangian L(q, q̇) = K(q, q̇)� U(q)
<latexit sha1_base64="30oeER2iZvOelP3GTDsITCfMgwo="></latexit>

‣ Action S(q) =
R T

0 L(q(t), q̇(t)) d t
<latexit sha1_base64="DV90SPaeu6OvBuPcfVw73rHbsLY="></latexit>

‣ Optimality for least action: @ L
@ q � d

d t (
@ L
@ q̇ ) = 0

<latexit sha1_base64="586bI/VXFNBQkHaTDkqGisZaqfk="></latexit>



Least action principle

‣ Lagrangian L(q, q̇) = K(q, q̇)� U(q)
<latexit sha1_base64="30oeER2iZvOelP3GTDsITCfMgwo="></latexit>

‣ Optimality for least action: @ L
@ q � d

d t (
@ L
@ q̇ ) = 0

<latexit sha1_base64="586bI/VXFNBQkHaTDkqGisZaqfk="></latexit>

d
d t
@ K
@ q̇
=
@ K
@ q
� @ U
@ q

<latexit sha1_base64="yyl2b0g4RoM2r6GwoahyfDDDYTc="></latexit>

Change of momentum ForceFictitious 
force

‣ If there is only      and             , the resulting motion is called 
pure inertial motion.

K
<latexit sha1_base64="+ogM/6Fo5BgL5sBGVeRSc9Lnygo="></latexit>

U = 0
<latexit sha1_base64="qkHrgBLCKuFrbdVHZWRf6vkWFmI="></latexit>



Lagrangian in Newtonian mechanics

qi
<latexit sha1_base64="nOJjR85faBeF6MLaZPRTT794JYg="></latexit>

xa
<latexit sha1_base64="wuwvDBpDO7zQefxhmzBs44lYPJM="></latexit>

• The generalized coordinate     is a low dimensional 
parametrization of infinitely many atoms

q
<latexit sha1_base64="/ad5z7eIiNcRxn903BsxNEh0S6Q="></latexit>

a 2 A
<latexit sha1_base64="DHmqS+AZ7CtclYbQcKCqw4yJPGE="></latexit>

• There is a smooth function describing the physical 
3D position of each atom as a function of q

<latexit sha1_base64="/ad5z7eIiNcRxn903BsxNEh0S6Q="></latexit>

xa = fa(q) 2 R3
<latexit sha1_base64="Pv7OrEqmu1NjhT+KRPfvuBETk/k="></latexit>

Rm fa�! R3
<latexit sha1_base64="oq8ksXlKJLaMEJgfcx4kwn1BUUk="></latexit>

• The kinetic and potential energy on  
are given by pulling back the energies from 3D space

(q, q̇)
<latexit sha1_base64="mAtlQ7Z1jP8GwodsD+kSnA28UTw="></latexit>

K(q, q̇) =
R

a2A
1
2

���dfa|qπq̇∫
���
2

R3
da

<latexit sha1_base64="0c34wJnJjzXQivn1PhY/WQtWPZw="></latexit>

U(q, q̇) =
R

a2A u(fa(q)) da
<latexit sha1_base64="2sA3cnWis85WhIC4LSgaZrXFhuw="></latexit>



Lagrangian in Newtonian mechanics

K(q, q̇) =
R

a2A
1
2

���dfa|qπq̇∫
���
2

R3
da

<latexit sha1_base64="0c34wJnJjzXQivn1PhY/WQtWPZw="></latexit>

U(q, q̇) =
R

a2A u(fa(q)) da
<latexit sha1_base64="2sA3cnWis85WhIC4LSgaZrXFhuw="></latexit>

• In general

K(q, q̇)
<latexit sha1_base64="2XW9iqwKPC1w6RQRw1wiK5Hm7Ks="></latexit>

is a positive definite quadratic function of q̇
<latexit sha1_base64="AhASbF/+4MOVvdeZGDvznplib54="></latexit>

This defines an inner product

K(q, q̇) = 1
2 [q(q̇)(q̇)

<latexit sha1_base64="RHznQU0/QQOd4GyTPEkPYydQimw="></latexit>

= 1
2 q̇¸Mqq̇

<latexit sha1_base64="GGPmpMAO4d4DJF0UWiwa6Sr7Y1A="></latexit>

• Momentum from velocity is given by taking flat
p= @ K

@ q̇ = [qq̇=Mqq̇
<latexit sha1_base64="r2iX4Q7f/9f8UY173QplrcCCkyI="></latexit>



Riemannian geometric description
• Newtonian physics can be described as follows.

describing the physical positioning of each atom in an index set

• There is an abstract manifold      (optional: and a function Q
<latexit sha1_base64="dgna+ZuHzONKdXX7v6UjtdmFzb4="></latexit>

f: Q! (A! R3)
<latexit sha1_base64="hIPIUMch90Yc31QdGTa0Skso8Kc="></latexit>

A
<latexit sha1_base64="aw9jdujed/uJDSgAVgT6WkBkZSc="></latexit>

• Each tangent space           is equipped with a metric       called 
the inertia.

TqQ
<latexit sha1_base64="R1CSgdVEm+p3fwjQ+8V0yoNbC2I="></latexit>

[q
<latexit sha1_base64="vuUCA4bypodfMIRM+KxMERM5TYw="></latexit>

• There is also a function                      called potential.U : Q! R
<latexit sha1_base64="aP5yw7lhytPqu9EBuLn9CeLX2hI="></latexit>

‣ Kinetic energy Kq(q̇) =
1
2 |q̇|2[

<latexit sha1_base64="xncdeeW4P9QFaZrXPlW3tQOrUTY="></latexit>

‣ Momentum p= [q̇
<latexit sha1_base64="SWpDBl2SnhzlsiBDZdyqsr6y9uQ="></latexit>

‣ Force �dU
<latexit sha1_base64="kgV92MBn4bRh+cdYZMcKzCBba3o="></latexit>



Riemannian geometric description

• Each tangent space           is equipped with a metric       called 
the inertia.

TqQ
<latexit sha1_base64="R1CSgdVEm+p3fwjQ+8V0yoNbC2I="></latexit>

[q
<latexit sha1_base64="vuUCA4bypodfMIRM+KxMERM5TYw="></latexit>

• There is also a function                      called potential.U : Q! R
<latexit sha1_base64="aP5yw7lhytPqu9EBuLn9CeLX2hI="></latexit>

‣ Kinetic energy Kq(q̇) =
1
2 |q̇|2[

<latexit sha1_base64="xncdeeW4P9QFaZrXPlW3tQOrUTY="></latexit>

‣ Momentum p= [q̇
<latexit sha1_base64="SWpDBl2SnhzlsiBDZdyqsr6y9uQ="></latexit>

‣ Force �dU
<latexit sha1_base64="kgV92MBn4bRh+cdYZMcKzCBba3o="></latexit>

• To write down the general EL equation, we need more Riemannian 
geometry calculus (we’ll discuss about it next time)

[
rq̇
d t
= �dU

<latexit sha1_base64="6fRHxQbSpK8SPNHJCqfRfZlUIeM="></latexit>

d
d t
@ K
@ q̇
=
@ K
@ q
� @ U
@ q

<latexit sha1_base64="yyl2b0g4RoM2r6GwoahyfDDDYTc="></latexit>



Rigid Body Dynamics
• Generalized coordinates
• Rigid body dynamics
• Numerical methods



Rigid body kinematics
• For a rigid body, the degree of freedom is given by the space of 

Euclidean transformations

Q = SE(3) =

8
><
>:

2
64

|
R3⇥3 c

|
0 0 0 1

3
75

�������

R¸R= id,
det(R) = 1,

c 2 R3

9
>=
>;

<latexit sha1_base64="nLjzqGcsP1H3uLqz4TqmON1HmRQ="></latexit>

= {(R,c)}
<latexit sha1_base64="Yz68Zrks1ymCDuxo4BI6eMGmrn4="></latexit>



Rigid body kinematics

a 2 R3
body

<latexit sha1_base64="E9F91QwdxZupxVij+DCSMG++ASs="></latexit>

x 2 R3
world

<latexit sha1_base64="XHBuzIGSQJc6sR+AUcOPqijMxBA="></latexit>

2
64

x1
x2
x3
1

3
75=

2
64

|
R3⇥3 c

|
0 0 0 1

3
75

2
64

a1
a2
a3
1

3
75

<latexit sha1_base64="nOSMve9kvb1qMsIZf1kD+zoxbhU="></latexit>

• Each element                               is a transformation that 
maps a position in the body coordinate to a position in the world 
coordinate.

q= (R,c) 2Q
<latexit sha1_base64="/3VeH8ALn6/0PME2Ctpriomzyf4="></latexit>



Rigid body kinematics

• How do we describe a tangent vector                  ?q̇ 2 TqQ
<latexit sha1_base64="gEKkWEh++xtvKVVbCf77dnbVg8w="></latexit>

(Ṙ, ċ)
<latexit sha1_base64="wY5qylLg7sg35medLq23usKLjZA="></latexit>

but we need to account for the constraint R¸R= id
<latexit sha1_base64="ByvqDH4V2zzj6mjHI2hPwt5d0vQ="></latexit>



Rigid body kinematics
• Take variation of the constraint R¸R= id

<latexit sha1_base64="hWqGrgp6MIFVwOKR5hcoeEmfizM="></latexit>

Ṙ¸R+R¸Ṙ= 0
<latexit sha1_base64="golTgEFqytjncI6sx//DLMgJfTQ="></latexit>

(R¸Ṙ)¸ +R¸Ṙ= 0
<latexit sha1_base64="U9s3pI91jVhGBABkB7PPTT4PhLM="></latexit>

• Therefore           must be skew symmetric.R¸Ṙ
<latexit sha1_base64="sAtuD3ikpQ3xVSQzj5pEs6tDXdw="></latexit>

• Define                   , A= R¸Ṙ
<latexit sha1_base64="lwG8/Jj6X0HIFvKDZFnjMEFdYSU="></latexit>

W= ṘR¸
<latexit sha1_base64="YSXSJlWvnmO5DXr5jo8qnPes+X4="></latexit>

Ṙ= RA=WR
<latexit sha1_base64="rQNys+g61d538OdRIPeNPYQNMTs="></latexit>

• Similarly, from                   ,             must be skew symmetricṘR¸
<latexit sha1_base64="a6XnDeb+RB2jVwJGMgZj1vUGyVI="></latexit>

RR¸ = id
<latexit sha1_base64="bKd6D+b8W8yKpsWnMRnEeeVsk14="></latexit>

• Every 3x3 skew sym mat is a cross product with a vector
Ṙ= R[⌦⇥] = [!⇥]R

<latexit sha1_base64="/wJYWANY7YAlmPgsC/bDpej3Lkw="></latexit>



Rigid body kinematics

Ṙ= R[⌦⇥] = [!⇥]R
<latexit sha1_base64="/wJYWANY7YAlmPgsC/bDpej3Lkw="></latexit>

• We call                       the body coordinate angular velocity⌦ 2 R3
body

<latexit sha1_base64="MQLW4TzBrmWGN1d8izUxJAh5034="></latexit>

• We call                       the world coordinate angular velocity! 2 R3
world

<latexit sha1_base64="M8IzRPFGHoghHbSjfqj3Xv68ZUo="></latexit>

• One can check that != R⌦
<latexit sha1_base64="yxdG7pdlkln/i3dgPp6Z5SdvkEg="></latexit>

• A tangent vector                    is represented by a 6D vectorq̇ 2 TqQ
<latexit sha1_base64="aJXJeB4wHeI/69VC3aywU/hIm7Y="></latexit>

(! 2 R3
world, ċ 2 R3

world)
<latexit sha1_base64="lCX3KI7om7UkpNZLzTkwZ9yEGjg="></latexit>

or (⌦ 2 R3
body, ċ 2 R3

world)
<latexit sha1_base64="qWJPuDnyO9YyMXip+CiRfXf/Onw="></latexit>



Inertia
• The kinetic energy is a quadratic form on

• That is, the translation and rotation decouple.

(! 2 R3
world, ċ 2 R3

world)
<latexit sha1_base64="lCX3KI7om7UkpNZLzTkwZ9yEGjg="></latexit>

or (⌦ 2 R3
body, ċ 2 R3

world)
<latexit sha1_base64="qWJPuDnyO9YyMXip+CiRfXf/Onw="></latexit>

• If the origin for the body coordinate is the center of mass, then

K(q, q̇) =
m
2
|ċ|2 + 1

2
!¸Iworld!

<latexit sha1_base64="mYHmMUEBf1hAPyJCSl79c5SY8hk="></latexit>

=
m
2
|ċ|2 + 1

2
⌦¸Ibody⌦

<latexit sha1_base64="rq+bHwYPVdyBg9gLlGO8IFM9C8w="></latexit>

• Check that the 3x3 symm pos. def. matrices satisfy
Iworld = RIbodyR

¸
<latexit sha1_base64="LgfdqBnlb1aaJQx/PgxcR6S1Ors="></latexit>

moment of 
inertia



Inertia

• For a rigid body,            is time-independent;Ibody
<latexit sha1_base64="xylCayeD/R6bqp1ka4nL5xQilgg="></latexit>

Iworld = RIbodyR
¸

<latexit sha1_base64="LgfdqBnlb1aaJQx/PgxcR6S1Ors="></latexit>

co-rotates.



Inertia

• For a rigid body,            is time-independent;Ibody
<latexit sha1_base64="xylCayeD/R6bqp1ka4nL5xQilgg="></latexit>

Iworld = RIbodyR
¸

<latexit sha1_base64="LgfdqBnlb1aaJQx/PgxcR6S1Ors="></latexit>

co-rotates.

• This is equivalent to frame indifference:

K(R,c, Ṙ, ċ) = K(QR,Qc+ d,QṘ,Qċ)
<latexit sha1_base64="SCvZn4kgUz1hAdIBF5OwFMARV0c="></latexit>

8 (Q,d) 2 SE(3)
<latexit sha1_base64="A2/hG0Ag/PSyKMQuZ+XMJbjPh8M="></latexit>

‣ We call this inertia a left-invariant metric
‣ In general it is not right-invariant

K(R,c, Ṙ, ċ) 6= K(RQ,c+Rd, ṘQ, ċ)
<latexit sha1_base64="DYTJWpGNHfKR2ZCOfdo7kcZWM5Q="></latexit>

unless QIbodyQ
¸ = Ibody

<latexit sha1_base64="N/eP4evGxrqZPsq8Mx6vFTHAxQI="></latexit>

(e.g. spinning top)



Euler Lagrange equation

U(R,c)
<latexit sha1_base64="x1xUXKHvfVe1Ow6q8kzDHm0Xy5k="></latexit>

• If the potential energy                  depends only on c<latexit sha1_base64="uYTyAmGZsBCGtXnFEdndF4Lk2y8="></latexit>

d
d t
@ K
@ ċ
= �@ U

@ c
<latexit sha1_base64="G827oHcGUjtIMPvfVmDuNC4UzoM="></latexit>

d
d t
@ K
@!
= 0

<latexit sha1_base64="i7wVrDfj9eMT9M3dAmFCyyoJzs0="></latexit>

K(q, q̇) =
m
2
|ċ|2 + 1

2
!¸Iworld!

<latexit sha1_base64="mYHmMUEBf1hAPyJCSl79c5SY8hk="></latexit>

=)
<latexit sha1_base64="l74A0fdf20Qv9zqN8a0q5mJwdeA="></latexit> Let’s derive it

=)
<latexit sha1_base64="l74A0fdf20Qv9zqN8a0q5mJwdeA="></latexit> mc̈= �@ U

@ c
<latexit sha1_base64="bdG9Dz+GCr8C7vTD22CmaBYGztU="></latexit>

(It is not immediately clear why there is no       on the RHS )@ K
@R

<latexit sha1_base64="VTecRrt92Wt9lfwNXy+MTOAdczo="></latexit>



Euler Lagrange equation

d
d t
@ K
@!
= 0

<latexit sha1_base64="i7wVrDfj9eMT9M3dAmFCyyoJzs0="></latexit>

K(q, q̇) =
m
2
|ċ|2 + 1

2
!¸Iworld!

<latexit sha1_base64="mYHmMUEBf1hAPyJCSl79c5SY8hk="></latexit>

=)
<latexit sha1_base64="l74A0fdf20Qv9zqN8a0q5mJwdeA="></latexit>

d
d t (Iworld!) = 0

<latexit sha1_base64="0BkmZkyHUkySjiPUzufl+eUE4YQ="></latexit>

=)
<latexit sha1_base64="l74A0fdf20Qv9zqN8a0q5mJwdeA="></latexit>

d
d t

�
RIbodyR¸!
�
= 0

<latexit sha1_base64="yZzYe1+lcHecmoJkRW7mc6Z0p/c="></latexit>

ṘIbodyR
¸!+RIbodyṘ

¸!+RIbodyR
¸!̇= 0

<latexit sha1_base64="qe61zkQy0iJd7TVJpyo0k62C/lk="></latexit>

=)
<latexit sha1_base64="l74A0fdf20Qv9zqN8a0q5mJwdeA="></latexit>

[!⇥]RIbodyR
¸!+RIbodyR

¸[!⇥]¸!+RIbodyR
¸!̇= 0

<latexit sha1_base64="AXslpC7udeJbTU920QyP0mONqmk="></latexit>

=)
<latexit sha1_base64="l74A0fdf20Qv9zqN8a0q5mJwdeA="></latexit>

!⇥ (Iworld!) + Iworld!̇= 0
<latexit sha1_base64="eXggzonwpM0m3LN53qnwaIE6n24="></latexit>

=)
<latexit sha1_base64="l74A0fdf20Qv9zqN8a0q5mJwdeA="></latexit>

Euler equation of rigid motion



Euler Lagrange equation

Iworld!̇= �!⇥ (Iworld!)
<latexit sha1_base64="oE4aulMvaCp9InbWOw/OH0pkdVI="></latexit>

Ṙ= [!⇥]R
<latexit sha1_base64="Ox5dZe7S2lW2MYM9ar2/iFPFCMs="></latexit>

Iworld = RIbodyR
¸

<latexit sha1_base64="LgfdqBnlb1aaJQx/PgxcR6S1Ors="></latexit>

mc̈= �@ U
@ c

<latexit sha1_base64="bdG9Dz+GCr8C7vTD22CmaBYGztU="></latexit>

8
>>>>><
>>>>>:

<latexit sha1_base64="I2qYq9nm2ZDqaGsA4KYJiiKdX+I="></latexit>



Euler Lagrange equation

• But if we just take Euler Lagrange equation in the body coordinate:

d
d t
@ K
@⌦
= 0

<latexit sha1_base64="ycsnViVTmpTj1lNb2BG+a4iy+Go="></latexit>

it’s incorrect

• Why?



Euler Lagrange equation

• Take variation properly

Z T

0

1
2
⌦(t)Ibody⌦(t) d t

<latexit sha1_base64="FT8ub9DV22cG4a1uGCCDDg50OU4="></latexit>

• (blackboard)



Euler Lagrange equation

Iworld!̇= �!⇥ (Iworld!)
<latexit sha1_base64="oE4aulMvaCp9InbWOw/OH0pkdVI="></latexit>

Ṙ= [!⇥]R
<latexit sha1_base64="Ox5dZe7S2lW2MYM9ar2/iFPFCMs="></latexit>

Iworld = RIbodyR
¸

<latexit sha1_base64="LgfdqBnlb1aaJQx/PgxcR6S1Ors="></latexit>

mc̈= �@ U
@ c

<latexit sha1_base64="bdG9Dz+GCr8C7vTD22CmaBYGztU="></latexit>

8
>>>>><
>>>>>:

<latexit sha1_base64="I2qYq9nm2ZDqaGsA4KYJiiKdX+I="></latexit>

,
<latexit sha1_base64="vd9jnPuz8iMk13AkTn+QGrEljj4="></latexit>

d
d t
@ K
@!
= 0

<latexit sha1_base64="prBHKAL3mJUWu/YYRyFMqN2biBc="></latexit>

l
<latexit sha1_base64="uGu38J+enJ4AJDHP2ZUv7tWkp0I="></latexit>

world coord angular momentum

@ K
@⌦
= L

<latexit sha1_base64="+iKmjMZE1/3DbBmjYNh9FosYziU="></latexit>

= R¸l
<latexit sha1_base64="VD3F0QR77FumwN00WizEON95NI8="></latexit>

body coord angular momentum

is not conserved in general



Ponsoit ellipsoids



Dzhanibekov effect

Dzhanibekov effect 



Dzhanibekov effect

Poinsot ellipsoids: energy and norm of angular momentum in body coord.



Numerical Method
• Generalized coordinates
• Rigid body dynamics
• Numerical methods



Numerical method

• Forward/backward Euler or RK4: Adds ODE RHS to variable 
(does not respect rotation matrices)

Iworld!̇= �!⇥ (Iworld!)
<latexit sha1_base64="oE4aulMvaCp9InbWOw/OH0pkdVI="></latexit>

Ṙ= [!⇥]R
<latexit sha1_base64="Ox5dZe7S2lW2MYM9ar2/iFPFCMs="></latexit>

Iworld = RIbodyR
¸

<latexit sha1_base64="LgfdqBnlb1aaJQx/PgxcR6S1Ors="></latexit>

• It’s better to use rotation to update the variable 
(Lie group integrator)



Numerical method
• Simple first-order method based on conservation of  

angular momentum

angle–axis

(here L denote the world-space angular momentum)



Numerical method
• Samual Buss 2001 “Accurate and Efficient Simulation of Rigid Body 

Rotations”


