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Exterior Calculus

• Think of multivariable calculus geometrically
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• Embrace differential forms



Exterior Calculus

• Think of multivariable calculus geometrically
• Embrace differential forms
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History of Differential Forms
• 1739 Alexis Clairaut:                                if and only if Ad x + B d y = d f
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• 1788 Lagrange: k-forms u d ydz + v dzd x + w d xd y
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• Lagrange (1762), Gauss (1813), Ostrogradsky (1826), Green (1828), Poisson (1829):
Ü
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• 1840’s Cauchy, Thomson (Kelvin), Stokes: curl theorem

• 1873 Maxwell: preliminary chapter of electromagnetism

• 1830’s Ostrogradsky: change of variable for multiple integrals

• Cauchy, Riemann, Thomson, Stokes, Helmholtz, Betti, Poincaré (1830–1880’s):  
non-simply-connected domains, topology

• Hamilton (1840’s), Grassmann (1860’s): quaternions,    , exterior algebra, modern linear algebrar
<latexit sha1_base64="T14/CEJuPvUmmC/3rQcHC5118cw="></latexit>



History of Differential Forms
• Weierstrass, Cantor (later half of 19th century): No more infinitesimals in calculus, use limits.

• Gibbs, Heaviside (1880–90’s): Vector Analysis.  No more quaternions, use dot and cross product.

• Elie Cartan (1899): Symbolic understanding of differential forms using Grassmann algebra.

• Goursat (1917): Generalized Stokes Theorem for forms.

• De Rham (1930’s): k-chains.  Betti, Poincaé & Mayer’s homology theory.

• Cartan, de Rham, Weyl, Whitney, Chevalley (1930–50): Definition for differential form settled.

• Flender (1964): Differential forms with applications to physical sciences.
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Alternating multilinear forms
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represents the “flux” over the infinitesimal  
parallelepiped spanned by v1, . . . ,vk
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1-form

V
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1-form (when there is metric)
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Dual basis
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↵1, . . . ,↵n
<latexit sha1_base64="qImpH+qxMjotd8OTuekuEusK/Ko="></latexit>

↵
<latexit sha1_base64="vrE2lD5p5ODTbqZcLXK+OqiZgSY="></latexit>

ker(↵
1 )

<latexit sha1_base64="dZGF9BRFrVZa/cyO3TveVsUnKcc="></latexit>

{↵
1 =

1}
<latexit sha1_base64="o+VLDyVHiUuz/IUSXcQOkC2ZAK8="></latexit>

{↵2 = 1}
<latexit sha1_base64="/4e4xtR44nD9J4LC8UIS73qQFfQ="></latexit>

ker(↵2)
<latexit sha1_base64="/xr5r9OKPSuEDPNE2mN5DTDOEmc="></latexit>

v1
<latexit sha1_base64="tNP1cb56P74f03hx0h9kkoih1do="></latexit>

v2
<latexit sha1_base64="1c2tloGATzADLua6ubKn+t17+SE="></latexit>

h↵i |v ji= �i j =

®
1 i = j
0 i 6= j

<latexit sha1_base64="ME56MtHIsutzbVv2AI6mB45Ow1Y="></latexit>



Derivative of a function
M

<latexit sha1_base64="ffRBQJp7RedLkketXu/x1UgqrAI="></latexit>

manifold
f : M ! R

<latexit sha1_base64="On9f5Gxe+mSfzAuVjy0Gk3MeZz8="></latexit>

d f |p 2 T ?p M
<latexit sha1_base64="O3zgXLBlOzqZoCkrHyLtlUi+y5Y="></latexit>

is a covector (1-form) field

hd f |vi
<latexit sha1_base64="bDGjohcgPOqSt/eS4dl7EF6YKHA="></latexit>

is the rate of change of     
as we move at velocity

f
<latexit sha1_base64="J3UNAM1TX6vVLaGUTjd50mbObEw="></latexit>

v
<latexit sha1_base64="o3Euzq3elz4wkPhfMMfkg7RStRM="></latexit>

• If we have a metric r f = d f ]
<latexit sha1_base64="F+G9uciZo8wQUb5aZWs4Dod7Cms="></latexit>

• If we a covector basis d x1, . . . , d xn
<latexit sha1_base64="JCo28VVigxqg0A0Z8en2OWc1ufQ="></latexit> v1<latexit sha1_base64="tNP1cb56P74f03hx0h9kkoih1do="></latexit>

v2<latexit sha1_base64="1c2tloGATzADLua6ubKn+t17+SE="></latexit>

d f = @ f
@ x1

d x1 + · · ·+ @ f
@ xn

d xn
<latexit sha1_base64="GGcG3xjJnVOY8IBsorTyllr8DYA="></latexit>



Wedge product

(·)^ (·):
Vk V ? ⇥
V` V ?!
Vk+` V ?

<latexit sha1_base64="iXQTd/92p/ZfzoRHnsnYqziiDW0="></latexit>

• Associative (↵^ �)^ �= ↵^ (� ^ �)
<latexit sha1_base64="yohEiPrgNcSsk+2mBBfukJEjLwE="></latexit>

• For 1-forms ↵1, . . . ,↵k
<latexit sha1_base64="CVAwq3tPXm7dJHBhFizVYQT9klA="></latexit>

(↵1 ^ . . .^↵k)(v1, . . . ,vk) = det

0
@
h↵1|v1i · · · h↵1|vki

...
...

h↵k|v1i · · · h↵k|vki

1
A

<latexit sha1_base64="b+IxWMcNJM7o4W65X1Qfjo5G770="></latexit>



Wedge product

<̂latexit sha1_base64="PeG9/lS/gkO+OkkaE2C2NsAZ6mk="></latexit>

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

↵
<latexit sha1_base64="+J8g79xjohoiP5MreRwyNtjEH2E="></latexit> �

<latexit sha1_base64="GG7vcBNUBFAphrRGg2YhIUO3ftM="></latexit>

↵^ �
<latexit sha1_base64="fFGRnceQjZqW7NdW8E9RhnEHbK4="></latexit>

1-form 1-form 2-form



Wedge product

<̂latexit sha1_base64="PeG9/lS/gkO+OkkaE2C2NsAZ6mk="></latexit>

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

↵
<latexit sha1_base64="+J8g79xjohoiP5MreRwyNtjEH2E="></latexit> �

<latexit sha1_base64="GG7vcBNUBFAphrRGg2YhIUO3ftM="></latexit>

↵^ �
<latexit sha1_base64="fFGRnceQjZqW7NdW8E9RhnEHbK4="></latexit>

1-form 1-form 2-form



Wedge product

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

↵^ �
<latexit sha1_base64="fFGRnceQjZqW7NdW8E9RhnEHbK4="></latexit>

2-form

<̂latexit sha1_base64="PeG9/lS/gkO+OkkaE2C2NsAZ6mk="></latexit>

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

�
<latexit sha1_base64="Rx0DPsxNq7p+BuR6NGMQPYO+tbk="></latexit>

1-form
↵^ � ^ �

<latexit sha1_base64="r+Ij0SdcAHIz58jv4gW3EIi+U9k="></latexit>

3-form



Wedge product

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

↵^ �
<latexit sha1_base64="fFGRnceQjZqW7NdW8E9RhnEHbK4="></latexit>

2-form

<̂latexit sha1_base64="PeG9/lS/gkO+OkkaE2C2NsAZ6mk="></latexit>

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

�
<latexit sha1_base64="Rx0DPsxNq7p+BuR6NGMQPYO+tbk="></latexit>

1-form
↵^ � ^ �

<latexit sha1_base64="r+Ij0SdcAHIz58jv4gW3EIi+U9k="></latexit>

3-form



Wedge product

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

<̂latexit sha1_base64="PeG9/lS/gkO+OkkaE2C2NsAZ6mk="></latexit>

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

<̂latexit sha1_base64="PeG9/lS/gkO+OkkaE2C2NsAZ6mk="></latexit>

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

cross product
(a1 d x + a2 d y + a3 dz)
^ (b1 d x + b2 d y + b3 dz)
= (a2 b3 � a3 b2)d y ^ dz
+ (a3 b1 � a1 b3)dz ^ d x
+ (a1 b2 � a2 b1)d x ^ d y

<latexit sha1_base64="FTse74M1ICR2rBMlegG0G4fNblU="></latexit>

dot product
(w1 d y ^ dz + w2 dz ^ d x + w3 d x ^ d y)
^ (c1 d x + c2 d y + c3 dz)
= (w1c1 + w2c2 + w3c3) d xd ydz

<latexit sha1_base64="NZ1LowJgmS4o1JwNlrMHd9J5TLs="></latexit>



Interior product

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

v 2 V
<latexit sha1_base64="gamMHkP3bxoK9BvpaveCK3JOtck="></latexit>

iv :
Vk V ?

linear���!
Vk�1 V ?

<latexit sha1_base64="WdVFaDU+c4ZMY8CVe9wKRtvvKCQ="></latexit>

• For 1-form iv↵= h↵|vi
<latexit sha1_base64="ZoonRDFCJKPAlhAy72Y3wjQoGhI="></latexit>

• Leibniz rule

iv(!^⌘) = (iv!)^⌘+ (�1)k!^ (iv⌘)
<latexit sha1_base64="tXrXimGoajNBXXbQ0x7/SkU4RMs="></latexit>

where        is a    -form!
<latexit sha1_base64="XfC4+ZDWWoaYnMiGFHL8FulhDaI="></latexit> k

<latexit sha1_base64="giHVnXJcYV3xkEMNu7Kn27IQ280="></latexit>



Interior product

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit> (iv!)(u1, . . . ,uk�1) =!(v,u1, . . . ,uk�1)
<latexit sha1_base64="feHsiH/p7FMPToaShO0ivtKeU64="></latexit>

Also known as the insertion



Interior product

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

<̆latexit sha1_base64="ZSFHJOHFMaiKaAhUsMfacMcxQug="></latexit> =<latexit sha1_base64="twRWrKhdDQoctJfaUtPt12SAgts="></latexit>

v
<latexit sha1_base64="o5ekZ9y2lHb3YdOnPaf2pwyaykI="></latexit>

3-formvector 2-form

iv⇢
<latexit sha1_base64="7cagXM2u/DzFNa3t/s7Vu0NT8bs="></latexit>

⇢
<latexit sha1_base64="6tBN3E7svPUWlUQXsiFoOphxWfg="></latexit>



Interior product

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

<̆latexit sha1_base64="ZSFHJOHFMaiKaAhUsMfacMcxQug="></latexit> =<latexit sha1_base64="twRWrKhdDQoctJfaUtPt12SAgts="></latexit>

v
<latexit sha1_base64="o5ekZ9y2lHb3YdOnPaf2pwyaykI="></latexit>

!
<latexit sha1_base64="bgWaseHfn/l/CKxLgJ5hUk0H9TI="></latexit>

2-formvector

iv!
<latexit sha1_base64="35aAGIM7C3wcxu5uCr0q0H2cVDc="></latexit>

1-form



Interior product

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

dot product
iv(a1 d x + a2 d y + a3 dz)
= a1v1 + a2v2 + a3v3

<latexit sha1_base64="8e1qN5yHcfdIurAuDIl7KqYxRDs="></latexit>

<̆latexit sha1_base64="ZSFHJOHFMaiKaAhUsMfacMcxQug="></latexit> =<latexit sha1_base64="twRWrKhdDQoctJfaUtPt12SAgts="></latexit>

cross product
iv(w1 d y ^ dz + w2 dz ^ d x + w3 d x ^ d y)
= u1 d x + u2 d y + u3 dz

<latexit sha1_base64="2T0RLPgPSdCrB+uK1PwZvvCqtt0="></latexit>

where u=w⇥ v
<latexit sha1_base64="DShBc0dzX4IiHo85d15dJUawxBM="></latexit>

vector • density = flux
<̆latexit sha1_base64="ZSFHJOHFMaiKaAhUsMfacMcxQug="></latexit> =<latexit sha1_base64="twRWrKhdDQoctJfaUtPt12SAgts="></latexit>iv(q d x ^ d y ^ dz)

= qv1 d y ^ dz + qv2 dz ^ d x + qv3 d x ^ d y
<latexit sha1_base64="vvpKKIaNwQ1agfxn8tdLLQYOyR8="></latexit>



Example

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

↵= a1 d x + a2 d y + a3 dz
<latexit sha1_base64="6MMHdaMLleFlnhIWXyYOCyJZT6o="></latexit>

� = b1 d x + b2 d y + b3 dz
<latexit sha1_base64="+smUN1PYXJgUcpzE5S8KV/B5Cg0="></latexit>

iv(↵^ �) = (iv↵)� �↵ iv�
<latexit sha1_base64="SC6P/oKpYoV7LA4LU7l6I2eq8mQ="></latexit>

Leibniz rule

(a⇥ b)⇥ v
<latexit sha1_base64="YQbhldsOiUhsxh5Vx+XLgHcaqqg="></latexit>

(v · a)b
<latexit sha1_base64="BJvgI0rxaFIDGTbFY5O6GF/AG6w="></latexit>

(v · b)a
<latexit sha1_base64="1LKJcyUBeRvfVAvwrTNhQEa/44s="></latexit>



Hodge star

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

?:
Vk V ?!
Vn�k V ?

<latexit sha1_base64="/PJ8I7CtrhODvM33UlpwxeZUI9Y="></latexit>

(V, h·, ·i)
<latexit sha1_base64="BM2/ZMeaeY1yNLZioS8F9X9vc7c="></latexit>

vector space with metric

• In 3D, suppose                       are orthonormal. Thend x , d y, dz
<latexit sha1_base64="UxrCvws6dSG2bu4Z7egynMBe9iM="></latexit>

? 1= d x ^ d y ^ dz
<latexit sha1_base64="QuYbDHYG2eRe+CGXlE/BwngrxO0="></latexit>

? d x = d y ^ dz, ?d y = dz ^ d x , ?dz = d x ^ d y
<latexit sha1_base64="zj6CKvw2hpXjFNE52USXKNL3jNw="></latexit>

?(d y ^ dz) = d x , ?(dz ^ d x) = d y, ?(d x ^ d y) = dz
<latexit sha1_base64="aFmx9U1X6YV34IIIvNNxnD2bMIM="></latexit>

?(d x ^ d y ^ dz) = 1
<latexit sha1_base64="YePhrvzhLSsYDJEtN8k2rUQXRZk="></latexit>



Hodge star

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

?:
Vk V ?!
Vn�k V ?

<latexit sha1_base64="/PJ8I7CtrhODvM33UlpwxeZUI9Y="></latexit>

(V, h·, ·i)
<latexit sha1_base64="BM2/ZMeaeY1yNLZioS8F9X9vc7c="></latexit>

vector space with metric

• In 3D, suppose                       are orthonormal. Thend x , d y, dz
<latexit sha1_base64="UxrCvws6dSG2bu4Z7egynMBe9iM="></latexit>

v[ = v1 d x + v2 d y + v3 dz
<latexit sha1_base64="yOIVAVvp2IKXKuHa+YybHTsFfFs="></latexit>

? v[ = v1 d y ^ dz + v2 dz ^ d x + v3 d x ^ d y
<latexit sha1_base64="5Kh4C6F3AMIqP/XPfpYcnvWIcp0="></latexit>



Hodge star

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

?:
Vk V ?!
Vn�k V ?

<latexit sha1_base64="/PJ8I7CtrhODvM33UlpwxeZUI9Y="></latexit>

(V, h·, ·i)
<latexit sha1_base64="BM2/ZMeaeY1yNLZioS8F9X9vc7c="></latexit>

vector space with metric

• The formula that relates wedge product and interior product

iv ?! = (�1)k ? (v[ ^!)
<latexit sha1_base64="ie/AOFz2/93WmjIAiCu1eUYYu7M="></latexit>

where        is a    -form!
<latexit sha1_base64="XfC4+ZDWWoaYnMiGFHL8FulhDaI="></latexit> k

<latexit sha1_base64="giHVnXJcYV3xkEMNu7Kn27IQ280="></latexit>



Hodge star

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

?:
Vk V ?!
Vn�k V ?

<latexit sha1_base64="/PJ8I7CtrhODvM33UlpwxeZUI9Y="></latexit>

(V, h·, ·i)
<latexit sha1_base64="BM2/ZMeaeY1yNLZioS8F9X9vc7c="></latexit>

vector space with metric

• In general ↵,� 2
Vk V ?

<latexit sha1_base64="WimZbpRMh2A1GhYFRkK0Ebey3mo="></latexit>

↵^ ?� = h↵,�i ? 1
<latexit sha1_base64="wLdRnNmab/hp6RhQEe34gqFO+P4="></latexit>



Example: spherical coordinate

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit> �
<latexit sha1_base64="sNj90QK4aeLKxFZUWoanNM8hQPo="></latexit>

✓
<latexit sha1_base64="rGPKFnBgSq7D+M25TMDkJ/CAonk="></latexit>

d✓ , d�
<latexit sha1_base64="eY03KrwZec8S/vSwfZ5jIws0Q90="></latexit>

basis covectors

hd✓ , d✓ i= 1
<latexit sha1_base64="wQQf3z4eBMlg708XpGe8q3mJX2E="></latexit>

hd✓ , d�i= 0
<latexit sha1_base64="1Rlbf89QTsCfuX6Z9rme/IDXmtU="></latexit>

hd�, d�i= 1
sin2 ✓

<latexit sha1_base64="PP23q/c1Ltd60yV49slI+KYoCOw="></latexit>

? 1= sin✓ d✓ ^ d�
<latexit sha1_base64="h6DpuOHRBZwmz+eTI0S8hLL5yVE="></latexit>

=)
<latexit sha1_base64="tRZoZwfee0HAcQw0hbhmhPy98ZY="></latexit>

? d✓ = sin✓ d�
<latexit sha1_base64="UjbYNUIigJQgOfTNJ0G/vfpHnPc="></latexit>

? d� = � 1
sin✓ d✓

<latexit sha1_base64="y4+Vd7r/sSImLlybpFejQJ2ZWr0="></latexit>



Pullback

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

F: V
linear���!W

<latexit sha1_base64="XHG0KTZ3eMIF2IhJ2HegcgWQVwI="></latexit>

F
<latexit sha1_base64="AtGA/UrofaMSKuntMdm3z4ZHtVo="></latexit>

F⇤ :
Vk W ?!
Vk V ?

<latexit sha1_base64="Goe8BIOQZXxNy4/XqKS9NNLJGtE="></latexit>



Pullback

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

F: V
linear���!W

<latexit sha1_base64="XHG0KTZ3eMIF2IhJ2HegcgWQVwI="></latexit>

F
<latexit sha1_base64="AtGA/UrofaMSKuntMdm3z4ZHtVo="></latexit>

! 2
Vk W ?

<latexit sha1_base64="MxMPCu1kY49s95JbjyqBUAdAECA="></latexit>

F⇤ :
Vk W ?!
Vk V ?

<latexit sha1_base64="Goe8BIOQZXxNy4/XqKS9NNLJGtE="></latexit>



Pullback

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

F: V
linear���!W

<latexit sha1_base64="XHG0KTZ3eMIF2IhJ2HegcgWQVwI="></latexit>

F
<latexit sha1_base64="AtGA/UrofaMSKuntMdm3z4ZHtVo="></latexit>

! 2
Vk W ?

<latexit sha1_base64="MxMPCu1kY49s95JbjyqBUAdAECA="></latexit>

F⇤! 2
Vk V ?

<latexit sha1_base64="EdoEOegIsdCipp4rHbbbEwAJEkI="></latexit>

(F⇤!)(v1, . . . ,vk) =!(Fv1, . . . ,Fvk)
<latexit sha1_base64="78iyDfVk2LBudPl+NTGcmGLwj1Y="></latexit>

F⇤ :
Vk W ?!
Vk V ?

<latexit sha1_base64="Goe8BIOQZXxNy4/XqKS9NNLJGtE="></latexit>



Pullback

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

(F⇤!)(v1, . . . ,vk) =!(Fv1, . . . ,Fvk)
<latexit sha1_base64="78iyDfVk2LBudPl+NTGcmGLwj1Y="></latexit>

F⇤(!^⌘) = (F⇤!)^ (F⇤⌘)
<latexit sha1_base64="Ti71X4OCKT1xAAuGmrF8P0RArhA="></latexit>

Pullback distributes over wedges

Pullback passes through insertion 

F⇤(iv!) = iF�1v(F⇤!)
<latexit sha1_base64="Ri2booKqRNbcqWgmqwSinUih5tU="></latexit>

Pullback doesn’t pass through Hodge star unless the map is isometric

F⇤(?!) 6= ?F⇤!
<latexit sha1_base64="eyZ5/v6ZSsLe3YcB0WD+Z2VE3Bg="></latexit>



k-form field

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

!|p 2
Vk T ?p M

<latexit sha1_base64="mhb7H7Uv0dj2TAECO9q/aWN4554="></latexit>

! 2 ⌦k(M)
<latexit sha1_base64="hj5WfCgXYR9VyVWUOd0UQLVW3FM="></latexit>



k-form field

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

!|p 2
Vk T ?p M

<latexit sha1_base64="mhb7H7Uv0dj2TAECO9q/aWN4554="></latexit>

! 2 ⌦k(M)
<latexit sha1_base64="hj5WfCgXYR9VyVWUOd0UQLVW3FM="></latexit>

• Wedge, interior product, Hodge star  
are operated pointwise.



Pullback

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

' : M ! N
<latexit sha1_base64="KxsoVDZjuBBGVf8j9ozSIu2CJqQ="></latexit>

'
<latexit sha1_base64="obPxsrKnDTjw1oAtaz2hRPYsXVc="></latexit>

'⇤ : ⌦k(N)! ⌦k(M)
<latexit sha1_base64="VS32qDQWIWZgNWupMwn4uF0yx5g="></latexit>



Pullback

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

' : M ! N
<latexit sha1_base64="KxsoVDZjuBBGVf8j9ozSIu2CJqQ="></latexit>

'
<latexit sha1_base64="obPxsrKnDTjw1oAtaz2hRPYsXVc="></latexit>

'⇤ : ⌦k(N)! ⌦k(M)
<latexit sha1_base64="VS32qDQWIWZgNWupMwn4uF0yx5g="></latexit>

! 2 ⌦k(N)
<latexit sha1_base64="0NBCGQSOX4oaKsTXuMkISpVigJ8="></latexit>



Pullback

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

' : M ! N
<latexit sha1_base64="KxsoVDZjuBBGVf8j9ozSIu2CJqQ="></latexit>

'
<latexit sha1_base64="obPxsrKnDTjw1oAtaz2hRPYsXVc="></latexit>

'⇤ : ⌦k(N)! ⌦k(M)
<latexit sha1_base64="VS32qDQWIWZgNWupMwn4uF0yx5g="></latexit>

! 2 ⌦k(N)
<latexit sha1_base64="0NBCGQSOX4oaKsTXuMkISpVigJ8="></latexit>

'⇤! 2 ⌦k(M)
<latexit sha1_base64="FAHmMp28ZTBYsQ5hrXygB5ypfZ8="></latexit>



Pullback

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

' : M ! N
<latexit sha1_base64="KxsoVDZjuBBGVf8j9ozSIu2CJqQ="></latexit>

'
<latexit sha1_base64="obPxsrKnDTjw1oAtaz2hRPYsXVc="></latexit>

'⇤ : ⌦k(N)! ⌦k(M)
<latexit sha1_base64="VS32qDQWIWZgNWupMwn4uF0yx5g="></latexit>

! 2 ⌦k(N)
<latexit sha1_base64="0NBCGQSOX4oaKsTXuMkISpVigJ8="></latexit>

'⇤! 2 ⌦k(M)
<latexit sha1_base64="FAHmMp28ZTBYsQ5hrXygB5ypfZ8="></latexit>

('⇤!)p(v1, . . . ,vk) =!|'(p)(d'(v1), . . . , d'(vk))
<latexit sha1_base64="Li2OjWlVenSR/z6QlAkoNannRBA="></latexit>



Simple change of variable formula

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

Z

'(S)
! =
Z

S
'⇤!

<latexit sha1_base64="3+2GziibnVldIzM3O1t0n1zVDJ8="></latexit>

'
<latexit sha1_base64="obPxsrKnDTjw1oAtaz2hRPYsXVc="></latexit>



Simple change of variable formula

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

Z

'(S)
! =
Z

S
'⇤!

<latexit sha1_base64="3+2GziibnVldIzM3O1t0n1zVDJ8="></latexit>

'
<latexit sha1_base64="obPxsrKnDTjw1oAtaz2hRPYsXVc="></latexit>

In vector calculus, if                 is the Jacobian matrixF= d'
<latexit sha1_base64="STJgLEAAZoe4NEpdLgWD12xB8F8="></latexit>

J = det(F)
<latexit sha1_base64="hbhsPNF8q8hv3bMpVSj2svVuuO4="></latexit>

the Jacobian determinant
function
circulation
flux
density

('⇤ f )(x) = f ('(x))
<latexit sha1_base64="GZO7gWK+Aag6xfSlTU/nqinSUDA="></latexit>

'⇤(?v[) = ?(JF�1v)[
<latexit sha1_base64="tv7zRSIwnlW2yxK18ATa1DF6dk0="></latexit>

'⇤v[ = (F¸v)[
<latexit sha1_base64="eY2lcRLb/jUfJjC6dniXjjeYQqY="></latexit>

'⇤(? f ) = J f
<latexit sha1_base64="mVuNBLgzlwN3BPJAperY1ont288="></latexit>



Simple change of variable formula

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

function
circulation
flux
density

('⇤ f )(x) = f ('(x))
<latexit sha1_base64="GZO7gWK+Aag6xfSlTU/nqinSUDA="></latexit>

'⇤(?v[) = ?(JF�1v)[
<latexit sha1_base64="tv7zRSIwnlW2yxK18ATa1DF6dk0="></latexit>

'⇤v[ = (F¸v)[
<latexit sha1_base64="eY2lcRLb/jUfJjC6dniXjjeYQqY="></latexit>

'⇤(? f ) = J f
<latexit sha1_base64="mVuNBLgzlwN3BPJAperY1ont288="></latexit>

https://en.wikipedia.org/wiki/Stress_measures



Exterior derivative

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

d : ⌦k(M)! ⌦k+1(M)
<latexit sha1_base64="gQNLwa3eDmROGAD6uYKD1foXwos="></latexit>

• For 0-form                         (i.e. ordinary function                     )f 2 ⌦0(M)
<latexit sha1_base64="Y7lIGxZCV8msHnmJZ4zL0wkZoP8="></latexit>

f : M ! R
<latexit sha1_base64="5IUTO4ndQMVXTu/chjUszP/vVhE="></latexit>

is the directional derivativehd f |vi
<latexit sha1_base64="G6ijgt3AjS0QpwXG6bWLUMO9wlQ="></latexit>

• Leibniz rule
d(!^⌘) = (d!)^⌘+ (�1)k!^ d⌘

<latexit sha1_base64="OEkXW7+4BVHTHrQikSV9JvpX2eU="></latexit>

where        is a    -form!
<latexit sha1_base64="XfC4+ZDWWoaYnMiGFHL8FulhDaI="></latexit> k

<latexit sha1_base64="giHVnXJcYV3xkEMNu7Kn27IQ280="></latexit>

•  dd↵= 0
<latexit sha1_base64="Fjp59HwXPlqklQP0/l5NiXS2+AY="></latexit>



Exterior derivative (in 3D)

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

On 0-form: gradient

d f = @ f
@ x d x + @ f

@ y d y + @ z
@ z dz

<latexit sha1_base64="rmtX7a8SDucKRKFA+HLYlgCQCy4="></latexit>

On 1-form: curl
d(v1 d x + v2 d y + v3 dz)

=
Ä
@ v3
@ y �

@ v2
@ z

ä
d y ^ dz

+
Ä
@ v1
@ z �

@ v3
@ x

ä
dz ^ d x

+
Ä
@ v2
@ x �

@ v1
@ y

ä
d x ^ d y

<latexit sha1_base64="MHARocFPlmSWMWcOUGQ0qdipsfs="></latexit>

On 2-form: divergence
d(v1 d y ^ dz + v2 dz ^ d x + v3 d x ^ d y)

=
Å
@ v1

@ x
+
@ v2

@ y
+
@ v3

@ z

ã
d x ^ d y ^ dz

<latexit sha1_base64="awHvM3+4DWV7uyj5j9ecVd4pE9w="></latexit>



Exterior derivative

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

dd f = 0
<latexit sha1_base64="m7Hb9AuIoZq282XcsdgnX10eqtQ="></latexit>

r⇥ (r f ) = 0
<latexit sha1_base64="2r6JMwnoAvEte2gqq+qiXZXpxb0="></latexit>

ddv[ = 0
<latexit sha1_base64="ZpWHKtRY1tlyKn1Tmo3DrFSRr6I="></latexit>

r · (r⇥ v) = 0
<latexit sha1_base64="upynzeGwb+VNFLI+seosQO8+m68="></latexit>



Exterior derivative

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

How does      interact with other operators?d
<latexit sha1_base64="u3taA1VaUZ02HBy/UBff4hMFUoU="></latexit>

• Integral: Stokes Theorem
Z

S
d! =
Z

@ S
!

<latexit sha1_base64="FaxzGWJmmvDi/inuPAW1PqwuVRc="></latexit>

• Wedge: Leibniz rule d(!^⌘) = (d!)^⌘+ (�1)k!^ (d⌘)
<latexit sha1_base64="nJItkTQkXuj+UjWtfUmjCJbnbbg="></latexit>

• Hodge star: Laplacian (�1)k�! = ?�1d ? d!� d ?�1 d ?!
<latexit sha1_base64="cGGes0ClgHvQKmzgCwFFM67BD3U="></latexit>

• Pullback: Just commute d'⇤! = '⇤d!
<latexit sha1_base64="DpC3E3QTHDhbRSFF78bYgJzeFkU="></latexit>

• Interior product: Lie derivative/Reynolds transport theorem
Lv! = (div + ivd)!

<latexit sha1_base64="NgUMHNfQi0JsEnvGTxiLd4J13Jo="></latexit>



Stokes theorem

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

Z

S
d! =
Z

@ S
!

<latexit sha1_base64="FaxzGWJmmvDi/inuPAW1PqwuVRc="></latexit>

Fundamental Theorem of Calculus
Z b

a
r f · dl= f (b)� f (a)

<latexit sha1_base64="gILiy5ZXf4HHP09QP2BHXKbHeUk="></latexit>

Kelvin–Stokes Curl Theorem
ZZ

S
(r⇥ v) · n dA=

I

@ S
v · dl

<latexit sha1_base64="z8WJW1Tyg/v/6FcTLWIJXwiv8fc="></latexit>

Divergence Theorem ZZZ

V
(r · v) dV =

á

@ V

v · n dA

<latexit sha1_base64="Mwz7DAsSUCDlUDOxTiSnDQX9qPE="></latexit>



Leibniz rule

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

d(!^⌘) = (d!)^⌘+ (�1)k!^ (d⌘)
<latexit sha1_base64="nJItkTQkXuj+UjWtfUmjCJbnbbg="></latexit>

1st Green’s Identity
ZZZ

V
v ·r f dV = �
ZZZ

V
fr · v dV +

á

@ V

f v · n dA

<latexit sha1_base64="uMHKIzsOFDYT4Y7D/xZglGlRtAQ="></latexit>



Laplacian (scalar)

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

� f = ?�1d ? d f
<latexit sha1_base64="L9LZx63LAB/MHzH0fSuTMFsLxB0="></latexit>

Vector calculus � f =r ·r f
<latexit sha1_base64="5+Pu6TUXC4ykR9EyBgISz5YQGRM="></latexit>

Under orthonormal coordinate

� f =
@ 2

@ x2
f +

@ 2

@ y2
f +

@ 2

@ z2
f

<latexit sha1_base64="eepyW2dgq+5McXn4BNRuxtw4Azc="></latexit>



Laplacian (scalar)
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� f = ?�1d ? d f
<latexit sha1_base64="L9LZx63LAB/MHzH0fSuTMFsLxB0="></latexit>

Under spherical coordinate
�

<latexit sha1_base64="sNj90QK4aeLKxFZUWoanNM8hQPo="></latexit>

✓
<latexit sha1_base64="rGPKFnBgSq7D+M25TMDkJ/CAonk="></latexit>

? d✓ = sin✓ d�
<latexit sha1_base64="UjbYNUIigJQgOfTNJ0G/vfpHnPc="></latexit>

? d� = � 1
sin✓ d✓

<latexit sha1_base64="y4+Vd7r/sSImLlybpFejQJ2ZWr0="></latexit>

? 1= sin✓ d✓ ^ d�
<latexit sha1_base64="h6DpuOHRBZwmz+eTI0S8hLL5yVE="></latexit>

d f = @ f
@ ✓ d✓ + @ f

@ � d�
<latexit sha1_base64="lXF33fYBGkmMkMPX7ziqP15v0h8="></latexit>

?d f = @ f
@ ✓ ? d✓ + @ f

@ � ? d�
<latexit sha1_base64="DzHKz0s70W4Y1jG7YvDCleXxegw="></latexit>

= sin✓ @ f
@ ✓ d� � 1

sin✓
@ f
@ � d✓

<latexit sha1_base64="x0eB6EoZL937SHffVMIrW1ePtn8="></latexit>

d ? d f = @
@ ✓

Ä
sin✓ @ f

@ ✓

ä
d✓ ^ d� + 1

sin✓
@ 2 f
@ �2 d✓ ^ d�

<latexit sha1_base64="mZC+GnZ3bP84s4wXyB2xbt9zAYQ="></latexit>

� f = 1
sin✓

@
@ ✓

Ä
sin✓ @ f

@ ✓

ä
+ 1

sin2 ✓

@ 2 f
@ �2

<latexit sha1_base64="USn0URZUnK7VzsoLj09JTL1qh8o="></latexit>



Exterior derivative and pullback

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0=">AAAU83iczZhbj9vGFceVpJdE6cVp9q0vdBaLFsFqIW5jrw3Yge1dGYqrvXjldVwvVWNEjkRavO3MSJZ2wE/Q1/apb0Vf+4EK9MP0zJBzSEpigAB9qACRM7//OWfmcC68jNMw4KLb/fdHH3/yk5/+7Oefftb+/Be//NWv73zxm9c8mTOXXrlJmLA3Y8JpGMT0SgQipG9SRkk0Dun349mx0r9fUMaDJH4lVikdRWQaB5PAJQLQy8 </latexit>

Z

S
d('⇤!) =
Z

'(@ S)
! =
Z

@ ('(S))
! =
Z

S
'⇤(dS)

<latexit sha1_base64="JvwgfnHz+/BcUOPWZFtl97T4W0o="></latexit>

d'⇤! = '⇤d!
<latexit sha1_base64="DpC3E3QTHDhbRSFF78bYgJzeFkU="></latexit>



Exterior derivative and pullback
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Z

S
d('⇤!) =
Z

'(@ S)
! =
Z

@ ('(S))
! =
Z

S
'⇤(dS)

<latexit sha1_base64="JvwgfnHz+/BcUOPWZFtl97T4W0o="></latexit>

In vector calculus, if                 is the Jacobian matrixF= d'
<latexit sha1_base64="STJgLEAAZoe4NEpdLgWD12xB8F8="></latexit>

J = det(F)
<latexit sha1_base64="hbhsPNF8q8hv3bMpVSj2svVuuO4="></latexit>

the Jacobian determinant

JF�1(r⇥ v) =r⇥ (F¸v)
<latexit sha1_base64="vToUny+WsI7fXfquC5FteynCQJk="></latexit>

Jr · v=r · (JF�1v)
<latexit sha1_base64="thLiJyRJxl1yM58tlrG+SSWoXiQ="></latexit>

F¸r f =r( f ('(x)))
<latexit sha1_base64="zGQB+8sf8EQsf5jwtBOaGMft7o4="></latexit>



Next Topics
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• Lie derivative (how to differentiate integrals)

d
d t

Z

S(t)
!(t)

<latexit sha1_base64="y67Wu81XAcyL56LIbxxrC67+JGs="></latexit>

=
Z

S(t)

@!(t)
@ t

+
Z

S(t)
iṠd!+
I

@ S(t)
iṠ!

<latexit sha1_base64="Y7Iu4p+k38BAjS8gt/uWJi54Jg4="></latexit>

•     -norm of differential forms

�↵,↵�=
Z

M
↵^ ?↵

<latexit sha1_base64="XGepWqss7cJRKmSM+dnAUJNn79U="></latexit>

L2
<latexit sha1_base64="rc650nFEwki5ClCauqRnGBt2Mt4="></latexit>


