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Exterior Calculus

* Think of multivariable calculus geometrically

f:M—>R

linear

df : TM — R

it TM is equipped
with (-, -)
if T"M has a basis

dx,dy,dz

Vf =df"

df =S-dx+ g dy+ 5L d»



Exterior Calculus

* Think of multivariable calculus geometrically

e Embrace differential forms
f:M—>R

linear

df :TM — R

Vf =df"

df = gid)ﬁ— dy—l—?; dz



Exterior Calculus

* Think of multivariable calculus geometrically
e Embrace differential forms

vector algebra exterior algebra
a-b 1 a N o
axb al . P
a7 f a *xQ
vector calculus exterior calculus
V Xu da d*a
Vf V- -u

u-Vvv diyp 1,df



History of Differential Forms

1739 Alexis Clairaut: Adx +Bdy =df ifandonlyif $2—52=0

: : . 0g;
2. & dx; =df if and only if Si} ai =0 for every 1i,j

1788 Lagrange: k-forms udydz +vdzdx +wdxdy dxdy = —dydx
Lagrange (1762), Gauss (1813), Ostrogradsky (1826), Green (1828), Poisson (1829):

udydz +vdzdx +wdxdy = U 4 94 IWYixdydz
#EV fffv Jdx Jy 0z

1830’s Ostrogradsky: change of variable for multiple integrals
1840’s Cauchy, Thomson (Kelvin), Stokes: curl theorem
Hamilton (1840’s), Grassmann (1860’s): quaternions, V, exterior algebra, modern linear algebra

Cauchy, Riemann, Thomson, Stokes, Helmholtz, Betti, Poincaré (1830-1880’s):
non-simply-connected domains, topology

1873 Maxwell: preliminary chapter of electromagnetism



History of Differential Forms

Weierstrass, Cantor (later half of 19th century): No more infinitesimals in calculus, use limits.
Gibbs, Heaviside (1880—-90’s): Vector Analysis. No more quaternions, use dot and cross product.
Elie Cartan (1899): Symbolic understanding of differential forms using Grassmann algebra.
Goursat (1917): Generalized Stokes Theorem for forms.

De Rham (1930’s): k-chains. Betti, Poincae & Mayer’s homology theory.

Cartan, de Rham, Weyl, Whitney, Chevalley (1930-50): Definition for differential form settled.

Flender (1964): Differential forms with applications to physical sciences.



To-be-integrated Objects

e

k-dim piece of geometry



To-be-integrated Objects

evaluation
of a function  Circulation flux mass
f f=fp) f ) f " f ;
C S v >~ mass per
\\ volume
value Clrculation flux per
per pomt er |ength aread




Alternating multilinear forms

a)‘p c /\k T;M

multilinear

: Tpr---prM—>R

~——————
k

)
p

w I p(Vl, oo Vk) represents the “flux” over the infinitesimal
parallelepiped spanned by v¢,...,V;




1-form

V' vector space

N linear
V ={a:V —— R} dual space




1-form

V' vector space

N linear
V ={a:V —— R} dual space

veV
vector
point
arrow




1-form

V' vector space

N linear
V ={a:V —— R} dual space

aeV” veV
covector vector
linear functional point

parallel hyperplanes arrow



1-form

V' vector space

N linear
V ={a:V —— R} dual space

aeV” veV
covector vector
linear functional point
parallel hyperplanes arrow
(alv) = 2.0
dual pairing

function evaluation
iIntersections of arrow & planes



1-form (when there is metric)

(V, {0
<.) ) VXV symmetric bilinear ™

“musical” correspondence

D
Vv &—/@— v*




1-form (when there is metric)
Y % %
(W) . < “ S

3

N

&\\\\\\

vV



1-form (when there is metric)




1-form (when there is metric)

% % %
(V, (-, -)) : \ %A,
“musical” correspondence \
V <—b—> V \\ oA
o
alY = (o
EVJI-)) =<<V,).>> vev (wl}



1-form (when there is metric)

% =
- Y
(V,{(-,)) CA




Dual basis

V' vector space

a basis
determines a dual basis

Vi,...,V,




Dual basis

AN
V' vector space IR

a basis
determines a dual basis

\\\\\\
AR g
NN

vV




Derivative of a function

M manifold
f:M—>R

df |, € Tp*M is a covector (1-form) field

(df|v) is the rate of change of f
as we move at velocity v

e If we have a metric Vf =df"

e If we a covector basis dx,..., dx,

df = &-dx; +---+ 2L dx,

0 X1




Wedge proaduct

(OAE): NV x AV = Ay
e Associative (AAPB)AY=aA(Pf AY)

e For1-forms Qq,..., Ay



Wedge proauct




Wedge proauct

1-form

1-form









Wedge proaduct

cross product
(a;dx +a,dy +a;dg)
A(b;dx+by,dy + b;dz)
= (a,b3 —azb,)dy Adz
+ (a3b; —a by)dz Adx
+ (a;b, —a,b;)dx Ady

dot product

(widy Adz+wy,dz Adx +wgdx Ady)
A(cidx +cody +c5dz)

= (Wyc; + wycy + W3cy)dxdydsz




INnterior product

veV
, e linear e—1
iv: N\ VI— N\

e For1-form i,a = (a|v)

e | eibniz rule

i(wAN)=({,w) An+(—1)w A (iyn)

where w is a k-form



INnterior product

Also known as the insertion

(iva))(ul, ¢ oo uk_l) — Q)(V, ul, ¢« ooy uk_l)



O
S
=
<
Q.
O
D
RS

© 0% ® @ 0 & @00 n o0
® © 00 ® O O W WNIINNO

0% @ § © W %geye P o @

2-form

3-form

vector
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1-form

2-form

vector



INnterior product

dot product

i,(a;dx+a,dy +a;dz)

— Cl1V1 + a2V2 + Cl3V3

cross product

i,(widy Adzg+wydz Adx +wydx Ady)
:uldx+uZdy+quZ

where u=wXxvVv

vector * density = flux Y s{,
P ':}::i‘:"-.: E ::;'.'::
i(qdx Ady Adz) 4l
=qvydy ANdz+qvydz Adx +qvsdx Ady ' g‘,f';"‘"::ieia




Example

a=a;dx+a,dy +a;dz
ﬁ:bldx+b2dy+b3dz

Leibniz rule iV(Ot N\ ﬁ) — (iva)ﬁ — & ivﬁ

(axb)xv (v-a)b (v-b)a



—Hodge star

(V,(-,-)) vector space with metric

. /\k V* —s /\n—k v

e In 3D, suppose dx,dy,dz are orthonormal. Then

x1=dx ANdy ANdz

xdx =dy ANdz, xdy=dzAdx, *xdz=dxAdy

x(dy ANdz)=dx, =*(dzAdx)=dy,
*x(dx Ady ANdz) =1

x(dx Ndy) =dz



—Hodge star

(V,(-,-)) vector space with metric
* /\k V' — /\n_k V*

e In 3D, suppose dx,dy,dz are orthonormal. Then

Vbzvldx+V2dy+V3dZ

*V =v,dy Adz+v,dz Adx +vadx Ady



—Hodge star

(V,(-,-)) vector space with metric
. /\k V* —s /\n—k v
* The formula that relates wedge product and interior product
ioxw=(—1)*x(¥ Aw)

where ¢ is a k-form



—Hodge star

(V,(-,-)) vector space with metric
*: /\k V* N /\n—k V*
e Ingeneral a,f € /\k V*

aA*p = {a, )1



Example: spherical coordinate

d6,d ¢ basis covectors

(dO,dO) =1
(dO,d¢p) =0
(do,dp) = =L
x*1=sin0dO Adg

xdO =sinfdo
xdp = — .19 do

—




Pullback

linear

F:V—sw  F: ANw - AV




Pullback

linear
F:V—W




Pullback

linear

X

&



Pullback

(Frw)(vq,...,vi) = w(Fvq,...,Fv)
Pullback distributes over wedges
F'(wAn)=(Fw)A(Fn)
Pullback passes through insertion
F'(iyw) = ip1(F o)
Pullback doesn't pass through Hodge star unless the map Is isometric

F*(xw) #*F w



kK-torm ftleld

wl|, € /\k T'M

\

w € QY (M)



kK-torm ftleld

wl|, € /\k T'M

\

e Wedge, interior product, Hodge star
are operated pointwise.

w € QY (M)
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p*: Q(N) — Q5 (M)

o: M —>N

&

'’
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p*: Q(N) — Q5 (M)

o: M —>N




Pullback

p:MoN g QNN) - )

p*w € (M) w € QK(N)

/:’._-——-"

\A
A
N AN NN\~ N————
=)
(O >\ —> S
=2
<




Pullback

o: M —>N p*: QF(N) — QY (M)

p*w € QN (M)

—_—




Simple change of variable formula




Simple change of variable formula

In vector calculus, if F = d g is the Jacobian matrix
J = det(F) the Jacobian determinant

function (¢ f)(x) = f(p(x))
circulation "V = (FTv)’
flux go*(*vb) — *(JF_lv)b

density e (xf)=Jf



Simple change of variable formula

circulation "V = (FTv)’
0*(xV') = *(JF'v)
o f)=Jf

flux

density

Conversion formulae [hide]
o P S T T M
o= o JIPFT | J'FSF7T Jlr J'RTFT JYF T MF7T (non isotropy)
P = JoF T P F'S TF 7" RT F ™M
S = JF loeF T Flp S F 't 7 U'r C'M
T = Jo PF" FSF” T RTF" F~"MF" (non isotropy)
T = JRYeF 7 R'P US R'rF T T U 'M
M = JF o F 1 (non isotropy) FTp (0N} FTTR ™ (non isotropy) ur M
J=det(F), C=F'F=U?, F=RU, R'=R"
P=JoF T +=Jo, S=JF'eF T T=R'P, M=cCS
https://en.wikipedia.org/wiki/Stress_measures
function (¢ f)(x) = f(p(x))




Exterior derivative

d: QY(M) — Q1(M)
e ForO-form f & Q°(M) (i.e. ordinary function f : M — R)

(df|v) is the directional derivative

e | eibniz rule
dlwAn)=([dw)An+ (=D w Adn
where @ is a k-form

e dda =0



Exterior derivative (in 3D)

On 0-form: gradient
df =S dx+ 5 dy + £ dz

On 1-form: curl

d(vidx +v,dy +vydg)
0V 31/2
:(8y )dy/\dz

+(33V21 avB)dz/\dx

+( G2 -2 )dxAdy

On 2-form: divergence
d(vidy ANdz+vydz Adx +vydx Ady)
_(9vi vy Ovg
_(5‘x | oy 9z

)dxAdyAdz



Exterior derivative

ddf =0 Vx(Vf)=0

ddv’ =0 V- (Vxv)=0



Exterior derivative

How does d interact with other operators?

e Integral: Stokes Theorem fda) = L w

S S
e Wedge: Leibnizrule d(wAn)=(dw)An+ (=1 w A (dn)
 Hodge star: Laplacian (—1D)*Aw=+1drxdw—d+1dx*w
 Pullback: Just commute d@ w = @ dw

* |Interior product: Lie derivative/Reynolds transport theorem
YL, =(di,+i,d)w



Stokes theorem

dezf w
S S

Fundamental Theorem of Calculus
b
f Vf-dl=f(b)—f(a)

Kelvin—-Stokes Curl Theorem

fJ‘(va)-ndA=§ v-dl
S dS

Divergence Theorem
m (v.v)dv:jgév.ndA

av



| elbniz rule

d(wAn)=(dw)An+(—1)w A (dn)

1st Green’s Identity

Jff V-Vdez—Jf fV-VdV+j%£fv-ndA
v v
oV



| aplacian (scalar)

Af = 'dxdf
Vector calculus Af =V -Vf

Under orthonormal coordinate

0 0°
Af = ﬁf 0 y? 3/ 0 22

f



| aplacian (scalar)

Af =x'dxdf

Under spherical coordinate
x*dO =sinf@do

xdp =—=—=d0

sin O

x1=sinOdO Ad¢

0+ 55 +dp =sin055 dp — 5 25 dO

d
dxdf = % (sin0%5) do Ade + 55 35 dO A d g

sinf d¢2
_ 1 3 (npdfY, 1 0°f
Af = w070 (Smeae) " Sin2 0 02




Exterior derivative and pullback

dp*w = dw

f d(¢"w) =f w =J W =f p~(dS)
S (35) 3(4(8)) s



Exterior derivative and pullback

f d(¢"w) =f w =f W =f p~(dS)
5 p(2S) d(¢(S)) S

In vector calculus, if F = d g is the Jacobian matrix
J = det(F) the Jacobian determinant

F'Vf =V(f(p(x))
JF YV xv)=V x (FTv)
JV -v=V-(JF v



Next lopics

e |ie derivative (how to differentiate integrals)

d dwl(t
— w(t) :f wlt) -I-f igda) +§ 1o
dt ) sy Ot NO 0

o Lz-norm of differential forms

(a,a) =f aN*a




