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Discrete Exterior Calculus



Laplacian in Physics
• Laplacian in Physics
• Finite Difference
• Graph Laplacian
• Discrete differential forms
• Discrete Hodge stars
• Example: heat equation



Calculus on Surface

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• Given a general (triangulated) domain, consider functions 
(scalar fields) over it.

• They can represent natural, physical fields, e.g. temperature, 
displacement, potential,…

• They can also be geometry processing fields like texture coordinates, 
filters,…

• These field satisfy physical equations or smoothness criterions, 
involving differential operators on these general domain.



Laplacian

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• Laplacian (the Laplace operator) is a 2nd order differential operator 
that appears in many applications.

• Notation     , sometimes written as        ; don’t confuse it with hessian�
<latexit sha1_base64="K02AQSMj3VvsxiwwG06QRBPlcjk="></latexit> r2

<latexit sha1_base64="ZBmbNbz3mPfeu2vpyoRiotC/IUM="></latexit>

• For function of one variable u= u(x)
<latexit sha1_base64="7yvOxa0KmXoCmRiN3IwBqA2WhEk="></latexit>

�u(x) =
d2u
d x2
(x)

<latexit sha1_base64="TgxBT3xbnjEbeHXZonpx/QPcG7s="></latexit>

�u=
@ 2u
@ x2

+
@ 2u
@ y2

<latexit sha1_base64="sib8/BlTApVe9nRctON45w76uuo="></latexit>

• For function of two variables u= u(x , y)
<latexit sha1_base64="g/GAMFsaT8RsjfD6erM1cBAx4Pk="></latexit>

u(x)
<latexit sha1_base64="Cn7OtQHOKGEH8/VwI56G5omjX7Y="></latexit>

x
<latexit sha1_base64="1+xO6E2bxhP43AAUJEdNu8w+wo0="></latexit>

Hessu=

ñ
@ 2u
@ x2

@ 2u
@ x@ y

@ 2u
@ x@ y

@ 2u
@ y2

ô

<latexit sha1_base64="VrXh2HqW41hUDslhFOSzO9kCTfY="></latexit>

Hessian is



Laplacian
• For function of one variable u= u(x)

<latexit sha1_base64="7yvOxa0KmXoCmRiN3IwBqA2WhEk="></latexit>

�u(x) =
d2u
d x2
(x)

<latexit sha1_base64="TgxBT3xbnjEbeHXZonpx/QPcG7s="></latexit>

�u=
@ 2u
@ x2

+
@ 2u
@ y2

<latexit sha1_base64="sib8/BlTApVe9nRctON45w76uuo="></latexit>

• For function of two variables u= u(x , y)
<latexit sha1_base64="g/GAMFsaT8RsjfD6erM1cBAx4Pk="></latexit>

• For function of three variables u= u(x , y, z)
<latexit sha1_base64="Vp23CoAokNIDSVkcZjOM67/kBzk="></latexit>

�u=
@ 2u
@ x2

+
@ 2u
@ y2

+
@ 2u
@ z2

<latexit sha1_base64="/3cFoJZXNQOUgc057BmVdyIreq0="></latexit>



Heat equation
• Let                 represents the (unknown) temperatureu(x , t)

<latexit sha1_base64="zxMYS9UQngM7+SVmWus4vh8mVek="></latexit>

• Temperature gradient induces heat flux

q(x , t) := �k
@ u(x , t)
@ x

<latexit sha1_base64="h7VNyKrYcKKpwuG5URRRr4WVUbc="></latexit>

k :
<latexit sha1_base64="0SD/YfyenPstlGcnJHFFGy4nRkA="></latexit>

conductivity

• Total in-flow of heat flux leads to rise of temperature

c
@ u(x , t)
@ t

= �@ q(x , t)
@ x

<latexit sha1_base64="JIzNyyd0ffLe8VaipELgEC+ZkTQ="></latexit>

c :
<latexit sha1_base64="Qy1RyFtX8OkJ+EWvQYxO4C3fTQc="></latexit> heat capacity

• Together: @ u
@ t
=

k
c
@ 2u
@ x2

<latexit sha1_base64="Sd231wx9tv5ZQrARvWeBQNuCu7Y="></latexit>

k/c :
<latexit sha1_base64="bdITBFiOGc6KQJBhvyliIH2STMs="></latexit>

diffusivity



Heat equation
• Let                      represents the (unknown) temperature

<latexit sha1_base64="/GmAcs1OQTZLWsSH7Ztue5ahixI="></latexit>

u(x , y , t)
• Temperature gradient induces heat flux

k :
<latexit sha1_base64="0SD/YfyenPstlGcnJHFFGy4nRkA="></latexit>

conductivity

<latexit sha1_base64="r5nHYNZW/gDorIQfKnRhhI1fs6M="></latexit>!
q1(x , y , t)
q2(x , y , t)

"
:= →k

#
ω u(x ,y ,t)
ω x

ω u(x ,y ,t)
ω y

$

• Total in-flow of heat flux leads to rise of temperature

c :
<latexit sha1_base64="Qy1RyFtX8OkJ+EWvQYxO4C3fTQc="></latexit> heat capacity

<latexit sha1_base64="22D2iBF7BIRyRa4R5DZQHEox6co="></latexit>

c
ω u(x , y , t)
ω t

= →ω q1(x , y , t)
ω x

→ ω q2(x , y , t)
ω y

• Together:
k/c :

<latexit sha1_base64="bdITBFiOGc6KQJBhvyliIH2STMs="></latexit>

diffusivity

<latexit sha1_base64="pDZ/ZfJNci7IhU4nr2ExtuiQh5s="></latexit>

ω u
ω t
=

k
c

!
ω 2u
ω x2

+
ω 2u
ω y2

"



Heat equation

@ u
@ t
=�u

<latexit sha1_base64="TuqOT364hBHfmHpGpt786fXdWgs="></latexit>

• What happens at steady/equilibrium state?
�u= 0

<latexit sha1_base64="Hj3Vf6fD12ORwOKurS68iSINIsA="></latexit>

harmonic!

initial condition over time



Harmonic functions

�u= 0
<latexit sha1_base64="Hj3Vf6fD12ORwOKurS68iSINIsA="></latexit>

• Function      is called harmonic ifu
<latexit sha1_base64="QXFeaQadhd+PfhW2dHrk1KCvifU="></latexit>

• Geometrically, it satisfies the mean value property
<latexit sha1_base64="OrnbcCNE0wvuKlcOz4/OxwwLf4o="></latexit>

u(x) = 1
|Bx(r)|
∫

y→Bx(r)
u(y) dA

where               denotes the ball of radius r centered at x. 
<latexit sha1_base64="a5E3YwDsEzRST4Oj1QPJ1SQpVm8="></latexit>

Bx(r)

(on flat spaces)



F
<latexit sha1_base64="zmbO2g38rhVR21UOqiBuJQQAjiY="></latexit>

r
<latexit sha1_base64="tg+6zYuazc8czc3TqesRmGL7wQk="></latexit>m

<latexit sha1_base64="jTDPCFEqDcwrzN+HTEf05b2bOfI="></latexit>

M
<latexit sha1_base64="oKN57BXyd3X46RCl05gM9qfSCuo="></latexit>

<latexit sha1_base64="Mtucp5XqKBfiNtAseKBnRy+feKg="></latexit>

U = → GM
r

<latexit sha1_base64="eP7EXq+UNG+W26qEqSfTgeDqFbg="></latexit>

F= →m↑U

Harmonic functions
• Gravitational potential is harmonic away from masses.

• Electric potential is harmonic away from charges.

• Each of the u,v coordinates of an  
angle preserving map is harmonic.

• Temperature field at equilibrium is harmonic.



Wave equation
• Wave equation

u(t; x , y)
<latexit sha1_base64="ATgBQHdy/Z/P/WYg8zmAy1W8Mag="></latexit>

pressure or displacement 
at time t and position 
(x,y)

@ 2u
@ t2

=�u
<latexit sha1_base64="53jRPbBO0M1FHJxTu/O1Y3Q1HYw="></latexit>



Laplacian eigenfunctions
• There are functions <latexit sha1_base64="rqDy5jZ4sQqgZg3NrwfpAyvoxx0="></latexit>ω1,ω2, . . .

satisfying
<latexit sha1_base64="rUp3ZZoxXWnlS6ZDXPArMwntzGI="></latexit>

ωωk = ϵkωk

• The eigenvalue       is the frequency
<latexit sha1_base64="T6oKmTq6TKyOIsjlHXHnlwSpK/k="></latexit>

ωk

• These are like the Fourier basis 
for functions on the surface.

• They are the standing waves 
solution of the wave equation.



Electrostatics
• Electrostatics

electric potentialu(x , y)
<latexit sha1_base64="LCYoGj7JCuyD6bBsx2OolhGjNfo="></latexit>

⇢(x , y)
<latexit sha1_base64="agQvVVXO/LGzSxvxFHrrMHfaW1E="></latexit>

�u= ⇢
<latexit sha1_base64="Xy2BCrUE9ev1nXnsKPzHJ0+UGmA="></latexit>

electric charge

Poisson equation



Vorticity and streamlines
• Fluid dynamics

function whose 
contour lines are  
streamlines

u(x , y)
<latexit sha1_base64="LCYoGj7JCuyD6bBsx2OolhGjNfo="></latexit>

⇢(x , y)
<latexit sha1_base64="agQvVVXO/LGzSxvxFHrrMHfaW1E="></latexit>

�u= ⇢
<latexit sha1_base64="Xy2BCrUE9ev1nXnsKPzHJ0+UGmA="></latexit>

vorticity

Poisson equation



Viscosity
• Fluid dynamics

velocity field

Navier–Soeks equation

[Qu et al 2019] BiMocq solver

~u(t; x , y, z)
<latexit sha1_base64="fJKLJgaEoSM219ROrdvYw4pzVMo="></latexit>

@ ~u
@ t
+ ~u ·r~u+rp = ✏�~u

<latexit sha1_base64="tZDCm7jPMOJSzc86bu0B4ewvwb8="></latexit>

viscosity 
is a Laplacian



Discrete Laplacian:  
Finite Difference

• Laplacian in Physics
• Finite Difference
• Graph Laplacian
• Discrete differential forms
• Discrete Hodge stars
• Example: heat equation



A simple discrete Laplacian

• In 1D �u(x) = u00(x)
<latexit sha1_base64="9PVh41n1QPf4+Jd6kJDj6hYeBxA="></latexit>

• Discretize 1D space into 
uniform grid

h
<latexit sha1_base64="o+X5735qR5MJkNjzAthPvbjNrS4="></latexit>

• grid size h
<latexit sha1_base64="VbqtHLrlLLyKxDlOsZkNA8gkKI4="></latexit>

ui
<latexit sha1_base64="uUsduLo4ppOeXRtWh+UwBLKWkqs="></latexit>

ui+1
<latexit sha1_base64="hrxTJx4OPOjLViLosQyr0mTdKUQ="></latexit>ui�1

<latexit sha1_base64="MUCx+jBMiYNOhtFW8iL0MaO6wf8="></latexit>

(du)i+ 1
2

<latexit sha1_base64="B9mIifUjk3cQcCFe8Y2wTMsycJQ="></latexit>(du)i� 1
2

<latexit sha1_base64="/Wvf7qQiwZ+IO09vI0BT6H5bxLw="></latexit>

(�u)i
<latexit sha1_base64="TAxu7t/dDG13S8DzWkDRWcsrl3o="></latexit>



A simple discrete Laplacian
• Function:

• Rate of change:

h
<latexit sha1_base64="o+X5735qR5MJkNjzAthPvbjNrS4="></latexit>

• Laplacian:
ui

<latexit sha1_base64="uUsduLo4ppOeXRtWh+UwBLKWkqs="></latexit>

ui+1
<latexit sha1_base64="hrxTJx4OPOjLViLosQyr0mTdKUQ="></latexit>ui�1

<latexit sha1_base64="MUCx+jBMiYNOhtFW8iL0MaO6wf8="></latexit>

(du)i+ 1
2

<latexit sha1_base64="B9mIifUjk3cQcCFe8Y2wTMsycJQ="></latexit>(du)i� 1
2

<latexit sha1_base64="/Wvf7qQiwZ+IO09vI0BT6H5bxLw="></latexit>

(�u)i
<latexit sha1_base64="TAxu7t/dDG13S8DzWkDRWcsrl3o="></latexit>

Assign values       on grid pointsui
<latexit sha1_base64="uUsduLo4ppOeXRtWh+UwBLKWkqs="></latexit>

On edges

(du)i+ 1
2
=

ui+1 � ui

h
<latexit sha1_base64="GyK37a08i6/gzCehGm8rRRab638="></latexit>

Back to grid points

(�u)i
<latexit sha1_base64="qfoBhdRBUIu/rLqELUmkP0BOqJ0="></latexit>

=
(du)i+ 1

2
�(du)i� 1

2
h

<latexit sha1_base64="K19o3z43hHDM8jbovTVRE47LhOY="></latexit>

= (ui+1�ui)�(ui�ui�1)
h2

<latexit sha1_base64="b5EavrZIgJZmtyGEc+xPbXqSnr0="></latexit>

= 1
h2 (ui+1 � 2ui + ui�1)

<latexit sha1_base64="boBM/0ltR5dTPiY5fODvNctqE90="></latexit>



A simple discrete Laplacian

h
<latexit sha1_base64="o+X5735qR5MJkNjzAthPvbjNrS4="></latexit>

ui
<latexit sha1_base64="uUsduLo4ppOeXRtWh+UwBLKWkqs="></latexit>

ui+1
<latexit sha1_base64="hrxTJx4OPOjLViLosQyr0mTdKUQ="></latexit>ui�1

<latexit sha1_base64="MUCx+jBMiYNOhtFW8iL0MaO6wf8="></latexit>

(du)i+ 1
2

<latexit sha1_base64="B9mIifUjk3cQcCFe8Y2wTMsycJQ="></latexit>(du)i� 1
2

<latexit sha1_base64="/Wvf7qQiwZ+IO09vI0BT6H5bxLw="></latexit>

(�u)i
<latexit sha1_base64="TAxu7t/dDG13S8DzWkDRWcsrl3o="></latexit>

(�u)i
<latexit sha1_base64="qfoBhdRBUIu/rLqELUmkP0BOqJ0="></latexit>

= 1
h2 (ui+1 � 2ui + ui�1)

<latexit sha1_base64="boBM/0ltR5dTPiY5fODvNctqE90="></latexit>



In 2D 

�u(x , y) =
@ 2u
@ x2

+
@ 2u
@ y2

<latexit sha1_base64="ysR2V31gtYM9E4gKID88zs3fYrg="></latexit>

• Continuous:

• Discrete

(�u)i, j =
1
h2

0
B@

+ ui, j+1

ui�1, j � 4ui, j + ui+1, j

+ ui, j�1

1
CA

<latexit sha1_base64="5++RWXiS42Llu8ei5rEBrR9j2og="></latexit>



Remark
• 1D:

• 2D: (�u)i, j =
1
h2

0
B@

+ ui, j+1

ui�1, j � 4ui, j + ui+1, j

+ ui, j�1

1
CA

<latexit sha1_base64="5++RWXiS42Llu8ei5rEBrR9j2og="></latexit>

(�u)i
<latexit sha1_base64="qfoBhdRBUIu/rLqELUmkP0BOqJ0="></latexit>

= 1
h2 (ui+1 � 2ui + ui�1)

<latexit sha1_base64="boBM/0ltR5dTPiY5fODvNctqE90="></latexit>

• In general:

Laplacian measures the difference between the value at a point 
and its neighbor’s average
(up to factors of         or 2 or 4 or …)1/h2

<latexit sha1_base64="nVIOM7NAwAGzo+/ZY6A9UdNEYrY="></latexit>



Discrete Laplacian:  
Graph Laplacian

• Laplacian in Physics
• Finite Difference
• Graph Laplacian
• Discrete differential forms
• Discrete Hodge stars
• Example: heat equation



Graph Laplacian
• Consider a graph G = (P,E)

<latexit sha1_base64="F67AdCphemuCAJlDP51k3pqjZ68="></latexit>

pts oriented edges

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

• A set of pt data is u: P ! R
<latexit sha1_base64="1KtPZFUVL0T+iMlyw0JT5YOFXQM="></latexit>

u=

2
4

u1
...

u|P|

3
5 2 R|P|

<latexit sha1_base64="pphzoNOuSyDQN3c6n//CfI2mEGE="></latexit>

(P ! R) = R|P|
<latexit sha1_base64="CGAmaeJtZoV9NTnwjMGISAbt5Ds="></latexit>

• The graph Laplacian is the linear operator L: R|P|! R|P|
<latexit sha1_base64="xbT96FncEc6qD14/6sOrR8003L8="></latexit>

(Lu)i = |Nbr(i)|ui �
P

j2Nbr(i) uj
<latexit sha1_base64="1DcXPKjiuZAdFokDrjx32lkpBhc="></latexit>

valence of i 
degree of i

=
P

j2Nbr(i)(ui � uj)
<latexit sha1_base64="ZmG1+eYq1YvGV7Biw7sECbIXCnU="></latexit>



0-forms and 1-forms on Graph
• Call quantities defined on pts 0-forms

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

Call those defined on oriented edges 1-forms

• Space of 0-forms:

R|P|
<latexit sha1_base64="qJV2FVFH3ZWJzRrt6zqVjI9swgE="></latexit>

= C0(G)
<latexit sha1_base64="cRTeRE1McXKHW5b9Dnnk2vE+F2U="></latexit>

= ⌦0(G)
<latexit sha1_base64="YeseI+U8FI5XOMevptduCxEZ3qQ="></latexit>

0-cochains 0-forms 
(usually for smooth theory)

Space of 1-forms:

R|E| = C1(G) = ⌦1(G)
<latexit sha1_base64="irw3dFIzmK9RGLQPUFl9uTWgFuE="></latexit>



Derivative

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

edge from i to j

• Define d0 : C0(G)
linear���! C1(G)

<latexit sha1_base64="EoUhM2rica+KadhzuJYJ58Rb07I="></latexit>

(d0u)[i, j]
<latexit sha1_base64="PyeQscyrGnKjILK8ZiNXIIUwQnw="></latexit>

:= uj � ui
<latexit sha1_base64="BAUrkmVBlqJdLl/a4bcYNuP+k7c="></latexit>

equivalently:

(d0u)e := udst(e) � usrc(e)
<latexit sha1_base64="kKrf7CjVj12gZ1/az84Qnc4Qkrw="></latexit>

•       is a                  sparse matrixd0
<latexit sha1_base64="ySRPvQa2iB6vzXJhZQ5SiuE5XIM="></latexit>

|E |⇥ |P|
<latexit sha1_base64="EYz0xNd9amQ1i3LDUryXQgff0JQ="></latexit>8
<
:

(d0)e,src(e) = �1, 8 e 2 E
(d0)e,dst(e) = 1, 8 e 2 E
(d0)e,i = 0, elsewhere

<latexit sha1_base64="0QdqWyFrzEYsJoHmAsuXpizaVso="></latexit>



Derivative

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

d0 =

2
66666664

1 �1
1 �1

�1 1
�1 1

1 �1
1 �1

�1 1

3
77777775

<latexit sha1_base64="ZgD/WelWXIU3MCHkeSPwNEYO58s="></latexit>

e1<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

1           2          3         4          5          6



Derivative

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

d0 =

2
66666664

1 �1
1 �1

�1 1
�1 1

1 �1
1 �1

�1 1

3
77777775

<latexit sha1_base64="ZgD/WelWXIU3MCHkeSPwNEYO58s="></latexit>

e1<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

1           2          3         4          5          6

• In general dk : Ck(M)! Ck+1(M)
<latexit sha1_base64="0DQTZAOURZ0bkLcnKcJt8FLcl8Q="></latexit>

<latexit sha1_base64="OzFtdppNbUF0+HvOF3BewlWfUAs="></latexit>

dk = ω
ᵀ
k+1with

• They are called exterior derivatives.



Derivative

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

d0 =

2
66666664

1 �1
1 �1

�1 1
�1 1

1 �1
1 �1

�1 1

3
77777775

<latexit sha1_base64="ZgD/WelWXIU3MCHkeSPwNEYO58s="></latexit>

e1<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

1           2          3         4          5          6

• Look at d¸0 2 R|P|⇥|E|
<latexit sha1_base64="lyUjb6oxWpnegNVPq4WkWRv+Heo="></latexit>

(d¸0↵)5 = �↵e2
+↵e3
�↵e5

<latexit sha1_base64="nyPdChQGLbBzhJgrVOH+k7Iiafw="></latexit>

• For example, for                     ,↵ 2 C1(G)
<latexit sha1_base64="14IbbGr78w2NZZ/95r+lvxuzpjk="></latexit>



Derivative

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

(d¸0↵)i =
X

e�i

si,e↵e
<latexit sha1_base64="zJ2e3QZYATSMVBcs9bdD7WU+Zec="></latexit>

si,e =

®
�1 i = src(e)
1 i = dst(e)

<latexit sha1_base64="XgAe8PFGGu/sylR/cXLOJH+wkIQ="></latexit>

• Interpretation:      is flux for a flow flowing along each edge, 
and          is the total in-flow into the cell at each vertex. 

<latexit sha1_base64="Z2NySrJRYaSiSmGtH8IH/eC/uN4="></latexit>ω
<latexit sha1_base64="eRESUlGgPb6JlczrrK+zTYLitQ0="></latexit>

dᵀ0ω



Graph Laplacian as 2nd Derivative

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

Theorem 
The graph Laplacian can be written as

L= d¸0d0
<latexit sha1_base64="3Ye8a3CMJpRNAizogBZ3dQQEHps="></latexit>



Graph Laplacian with Edge Weights

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

• Each edge can have different “amount of 
connectivity”

• Let                 represent a given weight 
for

we > 0
<latexit sha1_base64="RvEQNuX7PgBgKKhJg4MibhzLH8M="></latexit>

e 2 E
<latexit sha1_base64="ZtWpzvhQzmoVlzySqxFHbdekZlY="></latexit>

• Then the Laplacian is given by

(Lu)i :=
X

j2Nbr(i)

wi j(ui � uj)
<latexit sha1_base64="841eYoB3f/PCOJtCqDrZh1tm/Ck="></latexit>



Graph Laplacian with Edge Weights

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

(Lu)i :=
X

j2Nbr(i)

wi j(ui � uj)
<latexit sha1_base64="841eYoB3f/PCOJtCqDrZh1tm/Ck="></latexit>

• Define diagonal matrix ?1 2 R|E|⇥|E|
<latexit sha1_base64="XIBO/XAlGp538Ta7n7lBnVPPK04="></latexit>

?1 =

2
664

we1

we2

. . .
we|E|

3
775

<latexit sha1_base64="wkwKfzS4zAEGIl7/HnAYMd/xK1o="></latexit>

• Then we have: L= d¸0 ?1 d0
<latexit sha1_base64="hrnP11YYFSrpRR3TG0+mctyygdk="></latexit>



Graph Laplacian with Point Weights

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

• Points can also have weights, representing 
“mass” or “capacity”

• Then the Laplacian normalized by pt weight:

• Let                 represent a given weight 
for

mi > 0
<latexit sha1_base64="R93jxDFo5YnD4gY/swD9hi5KTSU="></latexit>

i 2 P
<latexit sha1_base64="N6EyuCrn4x0a1gOE5WlzuDMgMUU="></latexit>

(eLu)i :=
1
mi

X

j2Nbr(i)

wi j(ui � uj)
<latexit sha1_base64="5Dw2LaPjmkxBR+GwDMJ/LZ/dG6o="></latexit>



Graph Laplacian with Point Weights

1

2
3

4 5

6

e1
<latexit sha1_base64="a42LESPzhT6AUp5A3ewE50SP3mM="></latexit>

e2
<latexit sha1_base64="pfsrra4sqn9Uo+CuqHLcPB/FGok="></latexit>

e3
<latexit sha1_base64="e4yHnQRVUkFLBNKN1L4LRZVyl40="></latexit>

e4
<latexit sha1_base64="IgclhgXyKoF5XLnzpnGmidsN558="></latexit>

e5
<latexit sha1_base64="vDF5b01kAPOKU7+0xUljPyt/Qrg="></latexit>

e6
<latexit sha1_base64="6Je9IxrUXYwPtN413kYiStVXcds="></latexit>

e7
<latexit sha1_base64="yKdP9N4A8ih/p+fEC/NH4FlphhU="></latexit>

(eLu)i :=
1
mi

X

j2Nbr(i)

wi j(ui � uj)
<latexit sha1_base64="5Dw2LaPjmkxBR+GwDMJ/LZ/dG6o="></latexit>

= ?�1
0 d¸0 ?1 d0

<latexit sha1_base64="nrF6IGCq8H6TneP/J8tOXKC55XA="></latexit>

?0 =

2
664

m1
m2

. . .
m|P|

3
775 2 R

|P|⇥|P|

<latexit sha1_base64="FZZsVoI2CKbcNDtMA8grKR8qagA="></latexit>

where



Diagram for what we have so far

C0(M)
<latexit sha1_base64="vIKRfMhMVXRHsRMuZ/Xt19soMUQ="></latexit>

C1(M)
<latexit sha1_base64="GZkF8Hn/rEG6brPMuHqMitEWeXY="></latexit>

C2(M⇤)
<latexit sha1_base64="l7zO0p4HznkVBkzQuP5uemF7JJ0="></latexit>

C1(M⇤)
<latexit sha1_base64="zgKQ99P94GMi/983xsp/rdviCRs="></latexit>

d0
<latexit sha1_base64="gtR1Md0Vc25sbmu7CWtbXlquot4="></latexit>

d¸0
<latexit sha1_base64="aTWHdD0BTK5gg8yW/tQfrVRTWRQ="></latexit>

?0
<latexit sha1_base64="rapsdOaeHc0Xj1N2VCgGkg4kRT4="></latexit>

?1
<latexit sha1_base64="NSogJE22H7y2WvFRjZJ35tqc4fg="></latexit>L

<latexit sha1_base64="IN564zptA0kBs6ANb8Ougj2G3bU="></latexit>

eL= ?�1
0 d¸0 ?1 d0

<latexit sha1_base64="B/YfPvgFelA03Wfx5U+QPtYQRCs="></latexit>

L= d¸0 ?1 d0
<latexit sha1_base64="//CGJceiiCYrbNm0Zf9rK3GbuZE="></latexit>

In practice, we like to  
rearrange equation so that 
Laplacian is represented  
by L (e.g. moving      to the 
other side of the equation)

<latexit sha1_base64="xVz48XDK/K8A7LwCVQTEHZgcSSs="></latexit>ω0

Both L and       are symmetric 
positive (semi)definite, but not  
for

<latexit sha1_base64="xVz48XDK/K8A7LwCVQTEHZgcSSs="></latexit>ω0
<latexit sha1_base64="ep+Pc4N3cUx8eT2takZ7ys3HSPQ="></latexit>!L



Connectivity and Weights
• When it comes to a triangle mesh 

representing a surface

•       (as matrix with entries {-1,0,1}) 
encodes the topology (connectivity)
d0

<latexit sha1_base64="gtR1Md0Vc25sbmu7CWtbXlquot4="></latexit>

• The point weights      and edge weights  
encode the geometry/metric

?0
<latexit sha1_base64="rapsdOaeHc0Xj1N2VCgGkg4kRT4="></latexit>

?1
<latexit sha1_base64="NSogJE22H7y2WvFRjZJ35tqc4fg="></latexit>

‣ Point weight is the area of the point territory 
‣ Edge weight is the conductivity (crosssection ÷ length)



Discrete Differential Forms
• Laplacian in Physics
• Finite Difference
• Graph Laplacian
• Discrete differential forms
• Discrete Hodge stars
• Example: heat equation



Differential forms in a nutshell

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• Differential k-forms are fields to be integrated on k-dim oriented 
submanifolds.

‣ 0-form: functions

<latexit sha1_base64="Yt2K1szsLsmO8IoVJ8AINpIK0h4="></latexit>∫
ω
ϵ
differential k-form

k-dimension surface

‣ 1-form: circulation

‣ (n-1)-form: flux

‣ n-form: density

<latexit sha1_base64="jThvIBomEUwwgQO5hL6fguRC+Uk="></latexit>∫
p f := f |p

<latexit sha1_base64="HnhnJHogKZrMYLgYNqtJwkS82ls="></latexit>∫
ω
ϵu · dϵϑ

<latexit sha1_base64="dxJOjF/yyBQCl8cpGvP7lT9u5J0="></latexit>∫∫
S ωu · ωndA

<latexit sha1_base64="PgGHokzNArx4nzZFLr6kmmOKsX4="></latexit>∫∫∫
U f dV



Differential forms in a nutshell

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>
• The space of differential k-forms on a manifold       is 

denoted by 
<latexit sha1_base64="qf9l7TBfy9g7CMpAy12ROmq8Cto="></latexit>

ωk(M)

<latexit sha1_base64="YgctTkbIL0sMPfyErza5jg5nwzE="></latexit>

M



Derivatives on differential forms

• The exterior derivative
<latexit sha1_base64="UjsHd3JskuvclUUcyJPoaj9OADs="></latexit>

d : ωk(M)→ ωk+1(M)

• This equation is called Stokes Theorem (or definition).

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit> is defined so that
<latexit sha1_base64="NDf1e0LIMP0sED1168tArnVI4Gc="></latexit>∫

A
dω=
∫

ϵ A
ω for all

<latexit sha1_base64="M0PRdTEdndKqNrz36BLmFmv8nyQ="></latexit>

A→ Ck+1(M)

<latexit sha1_base64="nOJXM7WWGjcLAak29ih2NCaMp1c="></latexit>

ω → ωk(M)

• For now this is just a definition inherited from the boundary operator. 
We will learn more about how it unifies many calculus identities.



Discrete differential forms

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• Consider a discrete triangle mesh M = (P,E ,F)
<latexit sha1_base64="N0KUpXlH1DhWA8V1UT0qsW3juDg="></latexit>



Discrete differential forms

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• Consider a discrete triangle mesh M = (P,E ,F)
<latexit sha1_base64="N0KUpXlH1DhWA8V1UT0qsW3juDg="></latexit>

• We encode a 0-form                        by its samples on vertices� 2 ⌦0(M)
<latexit sha1_base64="qGKXcRpnV1ZKrbLfKWODhuXHNgI="></latexit>

�̂ : P ! R
<latexit sha1_base64="SZHW54yTyFJ/JZlMlklvyOzPLVU="></latexit>

�̂p = �(p)
<latexit sha1_base64="CiOzW6azZxtMACd5geaNSoWyK3A="></latexit>

p 2 P
<latexit sha1_base64="Bav/14nn4wW4ywABRKuqQOSQUX8="></latexit>

1.5
–2.0

1.2

–0.1

0.5

0.3 0.2

0.1



Discrete differential forms

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• Consider a discrete triangle mesh M = (P,E ,F)
<latexit sha1_base64="N0KUpXlH1DhWA8V1UT0qsW3juDg="></latexit>

• We encode a 0-form                        by its samples on vertices� 2 ⌦0(M)
<latexit sha1_base64="qGKXcRpnV1ZKrbLfKWODhuXHNgI="></latexit>

�̂ : P ! R
<latexit sha1_base64="SZHW54yTyFJ/JZlMlklvyOzPLVU="></latexit>

�̂p = �(p)
<latexit sha1_base64="CiOzW6azZxtMACd5geaNSoWyK3A="></latexit>

p 2 P
<latexit sha1_base64="Bav/14nn4wW4ywABRKuqQOSQUX8="></latexit>

• Encode a 1-form                        by its integrals on edges↵ 2 ⌦1(M)
<latexit sha1_base64="kfmHq0ub6GOYCfcOZxyRn1ys1a4="></latexit>

↵̂: E ! R
<latexit sha1_base64="Sxkqhcnzp3V3ltRV7dX+0ZuqqC0="></latexit>

↵̂e =
R

e ↵
<latexit sha1_base64="zRN9NJuh1Q3rhhjVABRRjTMHq58="></latexit>

e 2 E
<latexit sha1_base64="KeJEg3X1mGMPGwl1ZRDxVXzxUls="></latexit> 1.0

2.0–1.1

3.2

0.1
0.2

–0.1
0.1

1.0
0.5

3.0

–2.0

0.5
2.0

5.0



Discrete differential forms

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• Consider a discrete triangle mesh M = (P,E ,F)
<latexit sha1_base64="N0KUpXlH1DhWA8V1UT0qsW3juDg="></latexit>

• We encode a 0-form                        by its samples on vertices� 2 ⌦0(M)
<latexit sha1_base64="qGKXcRpnV1ZKrbLfKWODhuXHNgI="></latexit>

�̂ : P ! R
<latexit sha1_base64="SZHW54yTyFJ/JZlMlklvyOzPLVU="></latexit>

�̂p = �(p)
<latexit sha1_base64="CiOzW6azZxtMACd5geaNSoWyK3A="></latexit>

p 2 P
<latexit sha1_base64="Bav/14nn4wW4ywABRKuqQOSQUX8="></latexit>

• Encode a 1-form                        by its integrals on edges↵ 2 ⌦1(M)
<latexit sha1_base64="kfmHq0ub6GOYCfcOZxyRn1ys1a4="></latexit>

↵̂: E ! R
<latexit sha1_base64="Sxkqhcnzp3V3ltRV7dX+0ZuqqC0="></latexit>

↵̂e =
R

e ↵
<latexit sha1_base64="zRN9NJuh1Q3rhhjVABRRjTMHq58="></latexit>

e 2 E
<latexit sha1_base64="KeJEg3X1mGMPGwl1ZRDxVXzxUls="></latexit>

• Encode 2-form                        by its integrals on faces! 2 ⌦2(M)
<latexit sha1_base64="NiShwBTifwdz1PPhuw+C3w5zxZM="></latexit>

!̂ : F ! R
<latexit sha1_base64="XEVkb4iGuPl6ENQ4jPKVNXkZbgY="></latexit>

!̂ f =
R

f !
<latexit sha1_base64="T8Lriw9eEPAksRVapgHAnlVeMHc="></latexit>

f 2 F
<latexit sha1_base64="ZaWgLOtaiJMpW7+J3qjtqOgeosg="></latexit>

1.5
–2.0

1.2

–0.1

0.50.3
0.2

0.1



Discrete differential forms

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• Each discrete k-form      is an assignment of numbers per simplex 
on the k-skeleton

!
<latexit sha1_base64="pBzlswJY3YyzQEuVxqF0bevC4QI="></latexit>

!= (!�1
, . . . ,!�|Mk |

)¸
<latexit sha1_base64="dinJRKcmC3uOkV0yKFXpAX9lTfU="></latexit>

• Given any k-chain                                       , represented by  
the array

�=
PMk

i=1 ci �i 2 Ck
<latexit sha1_base64="+S4V3COdSoEQqpBpbI/w6V5tNBw="></latexit>

c= (c1, . . . , c|Mk |)
¸

<latexit sha1_base64="zyNY+vT/CRpEs+468jHUIoL0vJM="></latexit>

The evaluation of the k-form on the chain isR
�
!

<latexit sha1_base64="BURa51Ln11GbP5nGRIUmMjXxhU4="></latexit>

=
PMk

i=1 ci!�i
<latexit sha1_base64="d/f5yHIreT43DNNTdQ0nzNnqQT8="></latexit>

= c¸!
<latexit sha1_base64="QjUCRJL32Njm6gdsFPCYAtM0Juk="></latexit>

• Discrete k-forms are dual to k-chains.



Formal definition

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• Let                                                     be a simplicial/cell complexM = (M0, M1, M2, . . . , Mn)
<latexit sha1_base64="VvzX+PsPZxBi3ttUAYkmT3QAJnw="></latexit>

• Recall: space of k-chains Ck = spanR or ZMk
<latexit sha1_base64="RHJoXC5W0C4bTpSewa3Hbzo1jb0="></latexit>

• There are boundary operators making chain spaces a chain complex
a k-chain is a linear combination of k-cells

Cn
@n�! Cn�1

@n�1��! · · · @2�! C1
@1�! C0

<latexit sha1_base64="5o/6YeuBlH7L9U+NjYF19I657zM="></latexit>

@k � @k+1 = 0
<latexit sha1_base64="DpMp/EF5oRJynkzi4EJffBgrjjU="></latexit>

The space of k-cochains (discrete k-forms)

Ck :=
n
↵
���↵: Ck

linear���! R
o

<latexit sha1_base64="ZtLMf3ksLCHRaz4Pz7JJoZSRi2k="></latexit>

A k-cochain is an assignment of  
number on each k-cell.

Definition

= C⇤k
<latexit sha1_base64="BbTxP1QLR7SiEnIDyqxi5AXcLqY="></latexit>



Discrete exterior derivative

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

• For example,

• Representing discrete forms as integrated quantity make defining  
exterior derivatives easy.

’(d↵)�
<latexit sha1_base64="v6KUFNxvxsltV6VBVyK4H++Zy6I="></latexit>

• Take advantage of Stokes’ TheoremZ

S
d↵=
Z

@ S
↵

<latexit sha1_base64="9Okt0xP8WvS04Iyib4XY9I2ykNE="></latexit>

=
R
�

d↵
<latexit sha1_base64="BND/fWX8H55N3Rrju9UxIUQa908="></latexit>

Stokes’
Thm=
R
@ �
↵

<latexit sha1_base64="rTKPkd3d9ZVshlj4eo7AW18gYmw="></latexit>

=
P3

i=1

R
ei
↵

<latexit sha1_base64="6z6JSo0/brw1jZqs12uYnJARtK4="></latexit>

=
P3

i=1 ↵̂ei
<latexit sha1_base64="JaT2OebG8Q/AzGGJrZorNVjq5hY="></latexit>

�
<latexit sha1_base64="69BSHkYePRh7gMJvcFw9y3dYoqM="></latexit>

e1
<latexit sha1_base64="4qriSWH/ClXm+DDMfj3RbixBkK4="></latexit>

e2
<latexit sha1_base64="31IubgYuT55VTDgchIzP/Smn4z8="></latexit>

e3
<latexit sha1_base64="h0C/T89VEoRIYnxBcCLxnK6zUNw="></latexit>



Discrete exterior derivative

=<latexit sha1_base64="patRkuwEzsnPT3M4eHNoydSLVy0="></latexit>

The discrete exterior derivative (or coboundary operator) on  
discrete forms is the adjoint of the boundary operator on chains:

Definition

dk : Ck linear���! Ck+1
<latexit sha1_base64="eLugZLfr8ouJDiecK75vovTYGm8="></latexit>

hc |dk↵i= h@ k+1c |↵i
<latexit sha1_base64="nW6yoQS8cyg4MP49yk4TQQnuOww="></latexit>

for all c 2 Ck+1
<latexit sha1_base64="nfL9IJBRLX2W4+FTtkA/Q3ASvyg="></latexit>

• In matrix form: dk = @
¸
k+1

<latexit sha1_base64="pA0AgqIWMtXL5IkkupVUCmIjbhE="></latexit>

• Immediate consequence
dk+1 � dk = 0

<latexit sha1_base64="xjfkqgIu4LoPVU0ClOwSujZw5go="></latexit>

discrete exterior derivatives 
form a chain complex

C0 d0�! C1 d1�! C2 d2�! · · ·
<latexit sha1_base64="YWgtGxYQPsB8/9kQ5o98XF3cY5c="></latexit>



Discrete Hodge Stars
• Laplacian in Physics
• Finite Difference
• Graph Laplacian
• Discrete differential forms
• Discrete Hodge stars
• Example: heat equation



Dual mesh

Dual Mesh



Triangle Mesh and its Dual

• Let                                     be a triangle 
mesh (without boundary for now)

M = (M0, M1, M2)
<latexit sha1_base64="dQiBjHHPMxFdIwanYbwEpuzKZDE="></latexit>

pts
oriented 
edges

oriented 
faces

• Consider the dual mesh

M⇤ = (M⇤0 , M⇤1 , M⇤2 )
<latexit sha1_base64="Zx319w43U9SWw6BLFqhXjr1j1KY="></latexit>

M⇤0
⇠= M2

<latexit sha1_base64="MUOj1prPpWa8pgXodfMFwReMVbc="></latexit>

M⇤1
⇠= M1

<latexit sha1_base64="xOPvmQG63vF6XnqHHfkCgEFWPFM="></latexit>

M⇤2
⇠= M0

<latexit sha1_base64="CmExZnp3EMytUQhYnXRCiq9MSng="></latexit>

dual pts primal faces

dual edges primal edges

dual faces primal pts



Triangle Mesh and its Dual

e⇤
<latexit sha1_base64="entvICcv8yu9bBKuk1Nup5G1Gh4="></latexit>• Orientation of the dual edge       is chosen 

as pointing from the RHS triangle of      
to the LHS triangle of

e
<latexit sha1_base64="HqGTCbIWP2Hqm4Z8+gds+TBl0cU="></latexit>

e
<latexit sha1_base64="HqGTCbIWP2Hqm4Z8+gds+TBl0cU="></latexit>

e
<latexit sha1_base64="HqGTCbIWP2Hqm4Z8+gds+TBl0cU="></latexit>

e⇤
<latexit sha1_base64="entvICcv8yu9bBKuk1Nup5G1Gh4="></latexit>



Dual mesh
• By connecting dual mesh vertices to  

primal mesh vertices

‣ we have notions of “territory” for primal 
vertex and primal edge.

‣ The entire surface can be partitioned 
into territories of vertices (dual cell) 
or into territories of edges.



Dual mesh
• Edge cell has an area of

wrong

correct

1
2 |Pe? e⇤||e|

<latexit sha1_base64="vrRtqdhW8xXzq2B9kUjUaEeG794="></latexit>

edge’s 
cross 
section 
width

edge  
length

projection

width

length



Where to put dual center
• Circumcenter

dual edges are the 
orthogonal bisector 
of primal edges

‣ edge width = 
dual edge length

‣ Relies on good triangle mesh

Non-Delaunay 
mesh: edge weight  
becomes negative



Where to put dual center

• Barycenter

edge midpoint

‣ Always in the interior 
of the triangle

‣ Dual edge is no longer perpendicular 
to the primal edge 
(the “edge width” requires 
projection)

average pt

wrong correct



Discrete Hodge star

Back to Hodge star



Discrete Hodge star

Define 
Definition

?k : Ck(M)
linear���! Cn�k(M⇤)

<latexit sha1_base64="LgGC7e/Z097wgv+SL4bvkW4uHxY="></latexit>

by a diagonal matrix
with 

(?k↵)�⇤ =
|P�?�⇤|
|�| ↵�

<latexit sha1_base64="0FZ2a9aH3+35fm0fY8B14Y7LGFo="></latexit>

?k =

2
664

w�1

w�2

. . .
w�|Mk |

3
775

<latexit sha1_base64="MDpEkW9S55wrAKNykgL2OU9RhEs="></latexit>

w� =
|P�?�⇤|
|�|

<latexit sha1_base64="vBj5ZK+AcNkfeD5cUUkNnHaF1Ko="></latexit>



On triangle mesh

?1 =

2
664

we1

we2

. . .
we|E|

3
775

<latexit sha1_base64="wkwKfzS4zAEGIl7/HnAYMd/xK1o="></latexit>

?0 =

2
664

m1
m2

. . .
m|P|

3
775

<latexit sha1_base64="YcVOiDiVMsFePEMp+a1wZFQu0j0="></latexit>

?2 =

2
664

1/af1
1/af2

. . .
1/af|F |

3
775

<latexit sha1_base64="qaFQr0rTwnUDB4uWPengVH5+Iv0="></latexit>

point masses, 
point weights

edge weights, 
edge conductivity, 
edge stiffness

1/(face area)



Star on 1-form
• Once we have picked dual center,  

we build the edge weights

width

length

we =
width
length

<latexit sha1_base64="uK4Jz9BChTteRCNi7cwCiClHkX8="></latexit>

?1 =

2
664

we1

we2

. . .
we|E|

3
775

<latexit sha1_base64="wkwKfzS4zAEGIl7/HnAYMd/xK1o="></latexit>



Star on 1-form
• For circumcentric dual:

we =
width
length

<latexit sha1_base64="uK4Jz9BChTteRCNi7cwCiClHkX8="></latexit>

↵
<latexit sha1_base64="qdTeSDI31eGibzvQh8W9AGWVarQ="></latexit>

�
<latexit sha1_base64="aruoj8LAgW8ey1fgztmYBgGhMm0="></latexit>

=
1
2
(cot↵+ cot�)

<latexit sha1_base64="WbYjm9GeOIMTq9vclyn9Fhq7ePA="></latexit>

(exercise)

known as the  
cotangent weight



Star on 0-form
• As for point weight

mi = Areapti
<latexit sha1_base64="zjDSkZzZqcz8bZSJV1nRhEz3cZE="></latexit>

• For circumcentric:
area of the Voronoi cell

• For barycentric (much simpler formula):
1
3

X

f �i

Area f

<latexit sha1_base64="LD/cn3I2oORC4sBORXM59j47Rbc="></latexit>

?0 =

2
664

m1
m2

. . .
m|P|

3
775 2 R

|P|⇥|P|

<latexit sha1_base64="FZZsVoI2CKbcNDtMA8grKR8qagA="></latexit>These two yield the same order of accuracy

Voronoi cell



Most common setup
• In practice, we often use circumcentric “cotan” edge 

weights and the barycentric point area.

• (It is equivalent to the “piecewise linear  
Finite Element Method with lumped mass” 
which has good numerical guarantees.)

we =
1
2
(cot↵+ cot�)

<latexit sha1_base64="8BwPnj87IrX2/JXL127HsYsw5iE="></latexit>

mi =
1
3

X

f �i

Area f

<latexit sha1_base64="AkxK4SfBoDt6kbMStYUpFClyy8I="></latexit>

↵
<latexit sha1_base64="qdTeSDI31eGibzvQh8W9AGWVarQ="></latexit>

�
<latexit sha1_base64="aruoj8LAgW8ey1fgztmYBgGhMm0="></latexit>



L2 inner product

Relation to norm-squared 
of a differential form



L2 inner product
• The L2 inner product between two k-forms:

• Discretely

�↵,��= ↵¸[?k]� =
MkX

i=1

w�k
↵�k
��k

<latexit sha1_base64="4t8RCXf8CN3RQuAiCFwB6byBo34="></latexit>

<latexit sha1_base64="sVOR0y5STO9Grs6F1LlJdAsz2Ms="></latexit>

⌜ω,ϵ⌜=
∫

M
→ω,ϵ↑ dA

<latexit sha1_base64="gjLbEjahXB/iPTvp8urWWvMdeUg="></latexit>

ω,ϵ → ωk(M)

• We shall see roughly 
<latexit sha1_base64="FFr4CGHOeJvwICbSuJMPldAwjfc="></latexit>⌜ω,ϵ⌜→ ⌜ω,ϵ⌜



L2 inner product
• For 0-forms and 2-forms on triangle mesh

k�k2 =
|P|X

i=1

mi |�i |2
<latexit sha1_base64="Etvjg41lYphYqiN81jtFDmjdcXM="></latexit>

k!k2 =
X

f 2F

1
af
|! f |2

<latexit sha1_base64="0B0npIA3zFEr9Dr63XOkrLj0DM4="></latexit>

=
X

f 2F
af

����
! f

a f

����
2

<latexit sha1_base64="D4y8FIXp3Yyj3orm5qsyPJHyadk="></latexit>

� 2 C0
<latexit sha1_base64="gou2XbIxEFllQZ4hy5diCoNFYzg="></latexit>

! 2 C2
<latexit sha1_base64="+jLE3CrTm1jnke96lRNBYO3KEIo="></latexit>

⇡
Z

M
|�|2 dA

<latexit sha1_base64="xsVJTLywbOk8nqMXziCFspGLfsE="></latexit>

⇡
Z

M
|!|2 dA

<latexit sha1_base64="Jr2+puPclUG6dCwOuQ2ZKUdLvTs="></latexit>



L2 inner product
• For 1-forms

k↵k2 =
P

e2E
|edge width|
|edge length| |↵e|2

<latexit sha1_base64="43KfFCd/HLTn84wkB3PKLSTW1QE="></latexit>

‣ Let      be normalized edge vector,       its 90° rotationê
<latexit sha1_base64="QTOtI2doPSjxr4YJjibcV2AKUl0="></latexit> ê?

<latexit sha1_base64="JcVnQ2K/i9kLx/zwpQwDzWPbDQ4="></latexit>

‣ Pointwise |↵|2 = ↵πê∫2 +↵πê?∫2
<latexit sha1_base64="4NmDEM7riXkp+/WhLem0NUqvgEE="></latexit>

‣ Now,
R

M |↵|2 dA
<latexit sha1_base64="SYe335O6581D5d71kUC/CkndLmA="></latexit>

⇡
P

e2E
widthe lengthe

2 |↵|2
<latexit sha1_base64="4+ecWOpI7ywv/PcMp6wJTV0Qg3o="></latexit>

=
P

e2E
widthe lengthe

2

�
↵πê∫2 +↵πê?∫2

�
<latexit sha1_base64="Ym1B7M6vp0nthSyiTlCkgM3tohM="></latexit>

?⇡
R

M |↵|2 dA
<latexit sha1_base64="nxMJyhaaI2TClYoXiOl5r7l5TKw="></latexit>

⇡
P

e2E
widthe lengthe

2

�
2 ·↵πê∫2
�

<latexit sha1_base64="MnwOwdKipBDxRgxAOaYGRxn8qSo="></latexit>

(assuming 
edge orientation 
are sufficiently 
random)

=
P

e2E
widthe
lengthe

↵πe∫2
<latexit sha1_base64="LTHiCTVgf02LpkAof72aa1sso/c="></latexit>



More general Hodge stars
• Consider the cochain complex

• Define a “norm” for each k-cochain:

• Its dual complex

C0 d0�! C1 d1�! C2 d2�! · · ·
<latexit sha1_base64="YWgtGxYQPsB8/9kQ5o98XF3cY5c="></latexit>

C0
d¸0 � C1

d¸1 � C2
d¸2 � · · ·

<latexit sha1_base64="1w5iqrLwe9jviCqv/vf4FKDmfcw="></latexit>

Ck⇤ ⇠= Ck
⇠= Cn�k(M⇤)

<latexit sha1_base64="MietFIpTiGWuB1KZU9mG0C5uzjQ="></latexit>

only when dual mesh can be built 
(need manifold-ness)

k↵k2 = ↵¸[?k]↵
<latexit sha1_base64="4+sMH86pUA4RqmzA0aK7CNqnv7o="></latexit>

• This defines a symmetric positive-definite matrix called Hodge star

?k : Ck! Ck
<latexit sha1_base64="VY/mqdwjvcEAV39lX2diYKMmCgQ="></latexit>

doesn’t need to be 
diagonal



Chain complex with with norms
• We obtain a chain complex with stars (norms)

C0 d0�! C1 d1�! C2 d2�! · · ·
<latexit sha1_base64="YWgtGxYQPsB8/9kQ5o98XF3cY5c="></latexit>

C0
d¸0 � C1

d¸1 � C2
d¸2 � · · ·

<latexit sha1_base64="1w5iqrLwe9jviCqv/vf4FKDmfcw="></latexit>

?0
<latexit sha1_base64="Fe8C9M6XGl2fGGovJ123Aap8hH0="></latexit>

?1
<latexit sha1_base64="EIXtKwehczfpnC2Zmi9fpmqKT8s="></latexit>

?2
<latexit sha1_base64="5fMTmdJyXylbYWGh9Jk8MhRG9MU="></latexit>

• You can build this diagram as long as you have a chain complex 
with some notion of         . k · k2

<latexit sha1_base64="Bnog0nidYK09ghx7E+BGRI9gdjM="></latexit>



Hodge Laplacian for k-forms

• Laplacian is the 2nd derivative operator given by

· · · �! Ck�1 dk�1��! Ck dk�! Ck+1 �! · · ·
<latexit sha1_base64="gFW3zYYw0k0ZV3BKCxula0V5GPs="></latexit>

· · · � Ck�1
d¸k�1 �� Ck

d¸k � Ck+1 � · · ·
<latexit sha1_base64="dwmLEixWE6inkghfLwLGMoOpSaE="></latexit>

?k�1
<latexit sha1_base64="HJ3ecBSRSbBMOVhzxITANmgmJw4="></latexit>

?k
<latexit sha1_base64="CJabrrKAf5lqsR9p+6r6VuHyKTs="></latexit>

?k+1
<latexit sha1_base64="dgmwDdbI0O8cMwTwP1Cp1LuGANY="></latexit>

±�= ?�1
k d¸k ?k+1 dk + dk�1 ?

�1
k�1 d¸k�1?k

<latexit sha1_base64="OjoUrL9RV5ju8E1R1xLI05OODGk="></latexit>

• To keep it symmetric and positive (semi)definite, take another ?k
<latexit sha1_base64="nbVjmVe6jAGw8RauTMLLp/CeN9c="></latexit>

L= d¸k ?k+1 dk + ?kdk�1 ?
�1
k�1 d¸k�1?k

<latexit sha1_base64="Wp66DUohU+mNzSy7gxXf2x9s2cE="></latexit>



Example: Heat Equation
• Laplacian in Physics
• Finite Difference
• Graph Laplacian
• Discrete differential forms
• Discrete Hodge stars
• Example: heat equation



Setup

• Interplay between two physical quantities 

• Two physical laws:

‣ Spatial temperature difference induces heat flow

‣ Temperature rises when heat is added to a system

‣ Heat (amount of energy) (J or Calorie)
<latexit sha1_base64="1larie7okn12AdyV0ngCQAqrsN8="></latexit>

‣ Temperature (indication of hot/cold) (K or �C or �F)
<latexit sha1_base64="lTyz9BqrrST+rSIwanzm5gIr2rU="></latexit>



‣ Spatial temperature difference induces heat flow

Heat conduction

HotCold

length

width

conductor

q
<latexit sha1_base64="2lcQ9Z7vc48EkCnFRfqzSqLzfDs="></latexit>

| {z }
<latexit sha1_base64="y8aqfJvY9wjeo1q1fN+p8DLbWKI="></latexit>

proportional to width
length

<latexit sha1_base64="xn3XaguFEsapcZZse+IfNgjew+g="></latexit>

and a coefficient with unit
J

K s
<latexit sha1_base64="vXPrbL1qLGy3tQp40VQtaYv1+V0="></latexit>

heat
flux q = �Conductivity ·

�temperature
difference

�
<latexit sha1_base64="371qel928MuD3wAFDIpB2CJaI0k="></latexit>

(energy per time)



Temperature and heat

‣ Temperature rises when heat is added to a system

�
rise in

temperature

�
· Heat

capacity=
�

total inflow

of heat

�
<latexit sha1_base64="RC7QvVjXWzoQtzwk7oGXMDDeTIg="></latexit>

(energy)(temperature)
�

rate of rise in

temperature

�
· Heat

capacity=
�

total inflow

rate of heat

�
<latexit sha1_base64="ICzu+zYpZQCCPi3PdxBvq86cP5I="></latexit>

(energy per time)(temperature per time) | {z }
<latexit sha1_base64="y8aqfJvY9wjeo1q1fN+p8DLbWKI="></latexit>

proportional to 
volume and  
coefficient with 
unit K

J
<latexit sha1_base64="MGD4IUE4yxsco2v18OWljIjHmBI="></latexit>



Heat Equation

• Let                                     be a meshM = (M0, M1, M2)
<latexit sha1_base64="dQiBjHHPMxFdIwanYbwEpuzKZDE="></latexit>

• Let u 2 C0(M ;RK)
<latexit sha1_base64="RkgjYIAdeATENZ/rzXddPU0POv0="></latexit>

temperature-valued 0-form

20 �C
<latexit sha1_base64="1e9tK8OmD5fh25R9MHGDVP54bt0="></latexit>

5 �C
<latexit sha1_base64="YgY75RSvHWyHwbKJ0n/iQheSgvg="></latexit>

30 �C
<latexit sha1_base64="AmR6RbysaW6iAPop49yNWTzjvn0="></latexit>

15 �C
<latexit sha1_base64="0xgGxX1SZjqsDjY2NxnrrTiEV4o="></latexit>

• Temperature difference

d0u 2 C1(M ;RK)
<latexit sha1_base64="U9cQaiTXHQIpoKcqVI9i5A3pofk="></latexit>

• Let                        be the heat conductivity of edgewe 2 R>0
J

sK
<latexit sha1_base64="WIKZ2zRc21+qmp9Y7xsWE3YGSDU="></latexit>

e
<latexit sha1_base64="8zRq+NuyQU2av4MHfAXxnNDqxDs="></latexit>

• Each edge gets a heat flux q 2 C1(M⇤;R J/s)
<latexit sha1_base64="mRK4jVLNJ7tDAQyMtD1Vh5TGY5A="></latexit>

qe = �we (d0u)e
<latexit sha1_base64="wQlSf5rsxsiqXfQ93iZrwLjfCjI="></latexit>

q = � ?1 d0u
<latexit sha1_base64="CnzVomcAdvS5p7763zKCEdFfMXY="></latexit>

or simply



Heat Equation

• Give heat flux q 2 C1(M⇤;R J/s)
<latexit sha1_base64="mRK4jVLNJ7tDAQyMtD1Vh5TGY5A="></latexit>

(d¸0q)i =
X

e�i

®
�qe if i = src(e)
+qe if i = dst(e)

<latexit sha1_base64="ddq9WQqDU6zSmw8TlimDaGkADRM="></latexit>

=<latexit sha1_base64="1kb3oeGWHWB7WZHnKdMNGcK9zU0="></latexit> Total heat flowing  
into cell    per unit timei

<latexit sha1_base64="ravAOgE1PQxNLKsdSfjZg1BdZUE="></latexit>

• Let                        be the heat capacity mi 2 R>0
K
J

<latexit sha1_base64="cx2CP6niDvz6rf+4Qdl/LLqU0hM="></latexit>

• Then mi
@ ui

@ t
= (d¸0q)i

<latexit sha1_base64="iDU9uPYkAZRWKcEJg59TuJBicW4="></latexit>

or simply ?0
@ u
@ t
= d¸0q

<latexit sha1_base64="jp07tihH8GQAtS9rE4APWBLoGcI="></latexit>



Heat Equation

q = � ?1 d0u
<latexit sha1_base64="CnzVomcAdvS5p7763zKCEdFfMXY="></latexit>

?0
@ u
@ t
= d¸0q

<latexit sha1_base64="jp07tihH8GQAtS9rE4APWBLoGcI="></latexit>

?0
@ u
@ t
= �Lu

<latexit sha1_base64="sQfHo/VaYPUindyMGmNCc4u25xs="></latexit>

i.e.

• Putting together

?0
@ u
@ t
= �d¸0 ?1 d0u

<latexit sha1_base64="z1z1UzathAYKnSM10AxgQNzOJ3g="></latexit>

=)
<latexit sha1_base64="U0BeIpxPTLVx9ImxiVxLcKWfZZY="></latexit> Heat equation

• We get



Heat Equation

d0
<latexit sha1_base64="gtR1Md0Vc25sbmu7CWtbXlquot4="></latexit>

d¸0
<latexit sha1_base64="aTWHdD0BTK5gg8yW/tQfrVRTWRQ="></latexit>

?0
<latexit sha1_base64="rapsdOaeHc0Xj1N2VCgGkg4kRT4="></latexit>

?1
<latexit sha1_base64="NSogJE22H7y2WvFRjZJ35tqc4fg="></latexit>L

<latexit sha1_base64="IN564zptA0kBs6ANb8Ougj2G3bU="></latexit>

C0(M ;RK)
<latexit sha1_base64="0zzj1XZ8qxs1Ylnnu2odAku4uVM="></latexit>

C0(M ;R K/s)
<latexit sha1_base64="CSCFgXLCiA3ruugxcGWnkPfjBhc="></latexit>

C1(M ;RK)
<latexit sha1_base64="8WfIhE91NHJaXXg3NT0XGEGf9XU="></latexit>

C1(M⇤;R J/s)
<latexit sha1_base64="st4lUsjMRlzSFhr39FVCQJrCPo8="></latexit>

C2(M⇤;R J/s)
<latexit sha1_base64="alwLBwv+LvZosHEWNF8SwX1RodQ="></latexit>

@

@ t
<latexit sha1_base64="PweRyUtdRFCk7b/CljY09Lt0ADA="></latexit>

temperature

rate of change 
of temperature

spatial difference of 
temperature

heat fluxtotal inflow of  
heat per unit time

neighborhood 
relation

neighborhood 
relation

geometry 
& physicsgeometry 

& physics

?0
@ u
@ t
= �d¸0 ?1 d0u

<latexit sha1_base64="z1z1UzathAYKnSM10AxgQNzOJ3g="></latexit>


