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Laplacian in Physics

e | aplacian in Physics




Calculus on Surface

e (Given a general (triangulated) domain, consider functions
(scalar fields) over it.

e They can represent natural, physical fields, e.g. temperature,
displacement, potential, ...

e They can also be geometry processing fields like texture coordinates,
filters,...

e These field satisty physical equations or smoothness criterions,
iInvolving differential operators on these general domain.



| aplacian

e | aplacian (the Laplace operator) is a 2nd order differential operator
that appears in many applications.

e Notation A, sometimes written as Vz - don’t confuse it with hessian

e For function of one variable u = u(x)

Aulx) = dxz (x) /\ L u(x)

e For function of two variables u = u(x, y)

X

Hessian Is

32 32 - 8_2u 32,
Ny = —— + — Hessu = g%ci 3;35 }
axz ay _O0xdYy dy2



| aplacian

e For function of one variable u = u(x)

Au(x) = dx2 (x)

e For function of two variables u = u(x, y)

0°u 0°u
Au= — + —
o ox2 Jdy?

e For function of three variables u = u(x, y,2)

=8y T O
ox2 Jdy? 0%?



Heat equation

e Let u(,t) represents the (unknown) temperature

e [emperature gradient induces heat flux

ou(o,t
q(oc, 1) 1= —k% k : conductivity
e TJotal in-flow of heat flux leads to rise of temperature
ou(x,t aq(o,t
c¥ — —M C . heat capacity
ot 0

e Jogether: g e 821

FTRR k/c : diffusivity
C



Heat equation

e Let u(x, v,t) represents the (unknown) temperature
e [emperature gradient induces heat flux

ou(x,y,t)
ql( 5 )t)] [ 0 ] Do
= —k| au’. .0 | k: conductivity
[qZ( ’ 9t) P

e TJotal in-flow of heat flux leads to rise of temperature

ou(x, v,t) 0q.(x,v,t)  dqy(x, v, 1)

(———————— =————— —————— (. heat capacity

ot 0 %

e Together: 3, Lk (82%2y 082y
E (ﬁ + ﬁ) k/c: diffusivity




Heat equation

Initial condition over time

ou
ot

e \What happens at steady/equilibrium state?
Au =0 harmonic!



Harmonic functions

e Function u iIs called harmonic if

Au =20

e (Geometrically, it satisfies the mean value property

u(X) — ‘Bxl(r)‘ vEB.(r) u(y) dA (on flat spaces)

where B,(r) denotes the ball of radius r centered at x.



Harmonic functions

e (Gravitational potential is harmonic away from masses.

e Electric potential is harmonic away from charges.

e Fach of the u,v coordinates of an ‘@i
0§

angle preserving map Is harmonic. /

e Temperature field at equilibrium is harmonic. Fx.
L
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e \Wave equation
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|_aplacian eigenfunctions

e There are functions ©1, Po,... J— —
satisfying

Ay = Ay
e The eigenvalue A, is the frequency

e [hese are like the Fourier basis
for functions on the surface.

e [hey are the standing waves
solution of the wave equation.




Electrostatics

e Electrostatics

u(x,y) electric potential
o(x,y) electric charge

AU = O Poisson equation




Vorticity and streamliines

e Fluid dynamics

u(x,y) function whose
contour lines are
streamlines

o(x,y) vorticity

AU = O Poisson equation




Viscosity

e Fluid dynamics

u(t;x,y,z) velocity field

ViScosity
— IS a Laplacian
Ju . _ S
— +u-Vu+ Vp = ~

Navier—Soeks equation




Discrete Laplacian:
Finite Difference

e Finite Difference




A simple discrete Laplacian

e INn1D Au(x) =u"(x)

e Discretize 1D space into
uniform grid

e grid size h




A simple discrete Laplacian

* Function: Assign values U; on grid points

e Rate of change: On edges
R
e

e | aplacian: Back to grid points

(du). ! —(du). !
h

(o —u ) —(u—u; 1)
h2

1
— h_z(ui+1 —2u; +U;_q)

(Au); =




A simple discrete Laplacian

(Au); = — 72 (ul-l-l —2u; +u; )
(Au);

(dU) 1 U (dU)H_%

'/0/‘\1%0/‘\'
U1

U;_q

o —0o—0 900000
h



N 2D

e Continuous:

Au(x,y) = 3_2u + 8_2u
dx2 Oy?
o Discrete
. T Ui iy
(Au)i,j — 2 U1 —4AU; ;T Ui

T U1



Remark

e 1D: (Au); = — 73 (uz+1 —2u; + u;_q)

T U 41
1
o 2D: (AU) h2 ul 1, — 4u i, + ul_|_1,]'
+U; i
* |n general:

Laplacian measures the difference between the value at a point
and its neighbor’s average

(up to factors of 1/p2 or 2 or 4 or ...)



Discrete Laplacian:
Graph Laplacian

e Graph Laplacian




Graph Laplacian

pts oriented edges

e Consideragraph g = (P, &) @
e Asetof ptdatais u: P — R

" O

u= ; cRP (P->R)=R7

O

e The graph Laplacian is the linear operator [.: Rl — RIP!

(Lu)i — |Nb1'(l)| U; — Zjerr(i) Uy = Zjerr(i)(ui o uj)

Up



O-torms and 1-forms on Graph

e Call quantities defined on pts 0-forms @
Call those defined on oriented edges 1-forms
e Space of 0-forms: 0

RIPI =¢C0%G) =0°(g) oW

Space of 1-forms:

R = (@) = Q'(G)




Derjvative

linear

e Define dy: C°(G) — C'(G) @

(dow)yi 1 = U — U

equivalently:
(dOu)e $ = Udst(e) — Usre(e) @\A
o d,isa |E| X |P| sparse matrix
(dO)e,src(e) =—1, Veel

(dO)e,dst(e) = 1, Ve
(dg)ei =0, elsewhere



Derjvative




Derjvative

e Ingeneral d,: C“(M)— C*"'(M) with d, = Ot 1

e They are called exterior derivatives.



Derjvative

—1 1

e Look at d(T) c RIPIXIE]

e For example, for o € C}(G), (d(T)a)S =—Q,, +0a, —a,



Derjvative

(&)
()i = D s,
e>1 0
B {—1 i = src(e)

1 i=dst(e) @\

e |nterpretation: o is flux for a flow flowing along each edge,
and d(T)a IS the total in-flow into the cell at each vertex.




Graph Laplacian as 2nd Derivative

Theorem
The graph Laplacian can be written as

L= d;r)do




Graph Laplacian with Edge Weights

e Each edge can have different “amount of @
connectivity”

e Let w, > 0 represent a given weight 0 e
for e €&

e Then the Laplacian is given by @\

(Lu); = Z wii(u; —u;)

jE€NDbr (i)



Graph Laplacian with Edge Weights

(Lu); == > wy(u— 1)) (&)
jE€NDr(i) 0 e

e Define diagonal matrix *; &€ RIEXIE]
W61 &
W,
*1 = .

€&l

e Then we have: L = d(T) *x1 dg



Graph Laplacian with Point Weights
O

e Points can also have weights, representing
‘mass” or “capacity”

e Let m; > 0O represent a given weight
for 1 €P

e Then the Laplacian normalized by pt weight:

(iu)i = mi Z wii(u; —u;)

L jeNDr(i)



Graph Laplacian with Point Weights

~ 1 6,
L) =— > wylu—u))
M, jENDbr (i) 0 e
= *g dy 1 dg
©
iy

mo

PIx|P|
where *g = c R



Diagram for what we have so far

r~/

L — *ald-(r) *1 dO

d,
L=d;*; d, CO(M) — CY(M)
Both L and x5 are symmetric
positive (semi)definite, but not *0 *1
for L
In practice, we like to , d(T) ,
rearrange equation so that C‘(M*) €—— C'(M")

Laplacian is represented
by L (e.g. moving *o to the
other side of the equation)



Connectivity and Weights

e \When it comes to a triangle mesh
representing a surface

e d, (as matrix with entries {-1,0,1})
encodes the topology (connectivity)

e The point weights *p and edge weights *1
encode the geometry/metric

> Point weight is the area of the point territory
» Edge weight is the conductivity (crosssection + length)

o



Discrete Differential Forms

e Discrete differential forms




Ditfferential forms in a nutshell

e Differential k-forms are fields to be integrated on k-dim oriented

submanifolds.
differential k-form

| a

k-dimension surface
» (O-form: functions fpf 3:f|p

» 1-form: circulation fyﬁ .df

> (n-1)-form: flux ffs u-ndA

> n-form: density ffof dVv



Ditfferential forms in a nutshell

e The space of differential k-forms on a manifold M is
denoted by

Q“(M)



Derivatives on differential forms

e The exterior derivative
d: QY(M) — Q1(M)

IS defined so that

for all & € QF(M)
A€ Cyy1(M)

e This equation is called Stokes Theorem (or definition).

e For now this is just a definition inherited from the boundary operator.
We will learn more about how it unifies many calculus identities.



Discrete ditferential forms

e Consider a discrete triangle mesh M = (P, &, F)




Discrete ditferential forms

e Consider a discrete triangle mesh M = (P, &, F)
e We encode a 0-form @ € QO(M ) by its samples on vertices

N\

$:P—>R ¢,=¢(p) peP




Discrete ditferential forms

e Consider a discrete triangle mesh M = (P, &, F)
e We encode a 0-form @ € QO(M ) by its samples on vertices

p:Po>R ¢, =¢(p) pepP
e Encode a 1-form a Ql(M ) by its integrals on edges

a:€&—-R &ezfea e€f




Discrete ditferential forms

e Consider a discrete triangle mesh M = (P, &, F)
e We encode a 0-form @ € QO(M ) by its samples on vertices

p:Po>R ¢, =¢(p) pepP
e Encode a 1-form a Ql(M ) by its integrals on edges

a:€&—-R &ezfea e€f
e Encode 2-form w € Q*(M) by its integrals on faces

w: F—R cf)f=ffa) reF




Discrete ditferential forms

e Each discrete k-form ¢ is an assignment of numbers per simplex
on the k-skeleton

W = (Q)O.l,...,a)o_‘Mk‘)T

M
e Given any k-chain ¢V = Zi:kl c; 0; € (y, represented by
the array

C— (Cl, c oo C|Mk\)T
The evaluation of the k-form on the chain is
f W = G, =cTw

e Discrete k-forms are dual to k-chains.



Formal definition

e Let M =(M,,M;,M,,...,M,) be asimplicial/cell complex
e Recall: space of k-chains C; = spang ., M

e [here are boundary operators making chain spaces a chain complex
an an—1 a2 a1
Cp—=Chpy— > C; — (g O © 01 =0

Definition The space of k-cochains (discrete k-forms)

linear
Ck = {a|a:Ck—?—>R}=le



Discrete exterior derivative

e Representing discrete forms as integrated quantity make defining
exterior derivatives easy.

e Take advantage of Stokes’ Theorem

f da = f a
S 2S
e For example,

(dAajaz fada — f&’ca

3 A
— Zi=1 fei @ = Zle aei




Discrete exterior derivative

Definition
The discrete exterior derivative (or coboundary operator) on
discrete forms is the adjoint of the boundary operator on chains:

linear
d, :Cft—— crt!

<C | dka) — (8 k_|_1C| a) forall € &€ Ck+1

* |n matrix form: dk — 3,I+1

discrete exterior derivatives
form a chain complex

CO dO C]' dl C2 d2

e |mmediate consequence
diy10d =0



Discrete Hodge Stars

e Discrete Hodge stars




Dual mesh

Dual Mesh



ITriangle Mesh ana its Dual

* Let M = (M, M, M, ) be atriangle
mesh (without boundary for now)

e Consider the dual mesh

X
M* = (M?, M, M)

M 2 M,
M* 2 M,
M2 M,



ITriangle Mesh ana its Dual

e QOrientation of the dual edge ¢" is chosen
as pointing from the RHS triangle of €
to the LHS triangle of €




Dual mesh

¢ By connecting dual mesh vertices to
primal mesh vertices

> we have notions of “territory” for primal
vertex and primal edge.

> The entire surface can be partitioned
into territories of vertices (dual cell)
or into territories of edges.




Dual mesh

e Edge cell has an area of

projection
1 *
D) |Pe € | | € |
edge’s  edge
Cross length
section
width

wrong

OﬁgSt




Where to put dual center

e Circumcenter

> edge width =
dual edge length

> Relies on good triangle mesh

Non-Delaunay
mesh: edge weight
becomes negative



Where to put dual center

e Barycenter

> Always In the interior
of the triangle

> Dual edge is no longer perpendicular ™
to the primal edge Wrong

(the “edge width” requires
projection) O><)

correct



Discrete Hodge star

Back to Hodge star



Discrete Hodge star

Definition linear
Define *;.: CX(M) —— C"*(M*) by a diagonal matrix

with
|Po'i O-*|

(*ka)c)'* — 0 %
o




On triangle mesh

point masses

' point weights
My
ko =
Mp *1
1/(face area)
1/ay,
1/ay,
ko =

edge weights,
edge conductivity,
edge stiffness

€9

€&l



Star on 1-form

e Once we have picked dual center,
we build the edge weights

width
w, =
length
We1
|4%

€&l




Star on 1-form

e For circumcentric dual:
width
W, =
length

1
= 5(cota+ cot f3)

(exercise)

known as the
cotangent weight




Star on O-form

e As for point weight
P POIM WEIY Voronoi cell

m; = Area,
e [Or circumcentric:

area of the Voronoi cell

e For barycentrlc (much simpler formula):

— ZAreaf

f>-l ms

_ c RIPIXIP

These two yield the same order of accuracy



Vlost common setup

e |n practice, we often use circumcentric “cotan” edge
weights and the barycentric point area.

1
w, = 5(cota+ cot 3)

e (It is equivalent to the “piecewise linear
Finite Element Method with lumped mass”
which has good numerical guarantees.)



| 2 Inner product

Relation to norm-squared
of a differential form



| 2 Inner product

e The L2 inner product between two k-forms:

(o, B) = f (0, pYdA o, € QX (M)
o Discretely
(a,B)=a[xIB =) w, a Py,
=1

e We shall see roughly (o, 2) ~ (a, )



| 2 Inner product

e For O-forms and 2-forms on triangle mesh

¢ € C° P

191> = Zm ¢, ~f [ dA

w <€ C*

lol?= )




| 2 Inner product

e For 1-forms

2 ledge width] 5 ? 9
||(1|| T Zeeg ledge length] |a€| ~ fM |(X| dA

» Let € be normalized edge vector, e its 90° rotation

> Pointwise |a|? = af[é]? + afée-T?

2 width,length, 2
> Now, fM al® dA %Zeeg —5——=|a

idth, length, \ )
= S ce 0 (al T + al¢' )

(assuming width,length A 3 width, 2
edge orientation R E oCE eTge (2 ' a[[e]]z) — ZaecE length aﬂ:e]]
are sufficiently €

random)




More general Hodge stars

d d d
e Consider the cochain complex c' Sl 2

dT dT dT
e |ts dual complex Cy — C, — C, «—

Ck>l< g Ck g Cn—k(M*)

e Define a “norm” for each k-cochain: ||a||* = aT[*, ]a

e This defines a symmetric positive-definite matrix called Hodge star



Chain complex with with norms

e We obtain a chain complex with stars (norms)

do d; ds

c' S cl—-c?=S

*OJ *1J *2J
d} d! dT

Co‘_C1‘_C2

e You can build this diagram as long as you have a chain complex
with some notion of || - ||



Hodge Laplacian for k-forms

e | aplacian is the 2nd derivative operator given by
N D | —1 4T
A= dy *ppq di +dieq % 4
e Jo keep it symmetric and positive (semi)definite, take another *;
T —1 4T
L=d, %41 dic +*edieq % 4



Example: Heat Equation

e Example: heat equation



Setup

e [nterplay between two physical quantities

» Temperature (indication of hot/cold) (K or °C or °F)

> Heat (amount of energy) (J or Calorie)

e [wo physical laws:

> Spatial temperature difference induces heat flow

» Temperature rises when heat is added to a system



Heat conduction

> Spatial temperature difference induces heat flow

conductor

heat _ . (temperature)
fux ¢ = —Conductivity - ( ~ jifreronce
(energy per time) —
proportional to V14th
length

and a coefficient with unit K_
S



Temperature and heat

> Temperature rises when heat is added to a system

temperature ) ~ capacity — of heat
(temperature) (energy)
rate of risein) ., Heat __ (total inflow
temperature capacity = \rate of heat
(temperature per time) . (energy per time)

proportional to

volume and

coefficient with

unit E

J

( rise in ) Heat (total inﬂow)



Heat Equation

o | et M — (MO?MlﬂMZ) be a mesh
e Let u € C(M;RK)

e Temperature difference
d,u € C'(M;RK)

e Let W, & R>OSLK be the heat conductivity of edge €

e Each edge gets a heatflux g € C'(M*;RJ/s)

g = —W, (dou), orsimply g=—x;dyu



Heat Equation

e Give heatflux g € C*(M*;RJ/s)

—q, if i = src(e)
d —_
(doq); = ; {+qe if i = dst(e)

Total heat flowing
Into ceII per unit time

K
e Let M; € R, y5 be the heat capacity

0
.ﬁu — (d q); or simply *O_u = d(T)q

e [hen
" Ot Ot




Heat Equation

e Putting together

q = —* dou *o— = d}
o We get
ou ¢ _
—> Y05 = —d, x; dyu Heat equation
ou

.e. —Lu

* A —
00t



Heat Equation

spatial difference of
temperature

ot CO(M; RK/S)
rate of change
of temperature

*0

temperature d
0

*q

dT
C2(M*:RJ/s) €e———— CYM*:R/s)

ou

*n— = —d! x dnu



