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Meshes



Discrete surface

• There are many digital surface  
representations

‣ Spline / subdivision

low res control polygon

interpolated smooth 
surface



Discrete surface

• There are many digital surface  
representations

‣ Spline / subdivision

‣ Level set

g(x , y, z) = 0
<latexit sha1_base64="sDuiqjh91VPajztEUyAUGKX0YjY="></latexit>

g(x , y, z) = x4 + y4 + z4 � 1
<latexit sha1_base64="6xd0qL3UY7AVbCL7J8Vivo281Cs="></latexit>

g
<latexit sha1_base64="pC6Q2lCqjIYLzNSre3SezR2tfJ8="></latexit>

    is obtained from a CT scan,
stored on a volumetric grid



Discrete surface

• There are many digital surface  
representations

‣ Spline / subdivision

‣ Level set

‣ Triangle mesh

• We will primarily use  
triangle meshes
‣ Flexible
‣ Simple to describe



Today

• General simplicial complex

• Chain complex

• Manifold mesh

Topology / connectivity of a mesh

• Global topology

• Euler characteristics



Simplicial Complex
• Simplicial complex
• Chain complex
• Manifold surface mesh
• Surface topology 
• Euler characteristics



Simplex
• Simplex encompasses the idea of simplest polygonal/polyhedral 

object of a given dimension

• 0D simplex = point

• 1D simplex = edge

• 2D simplex = triangle

• 3D simplex = tetrahedron

non-simplex

ruled out for now



Simplicial complex
• A simplicial complex is a collection of simplices of  

a variety of dimensions 

• They need to satisfy certain rules, e.g. boundary of a triangle 
must also be collected in the complex

• A proper triangle mesh need to  
satisfy a bit more rule

Ok

Not ok general simplicial complex



Simplicial complex
• A simplicial complex is a collection of simplices of  

a variety of dimensions 

general simplicial complex

M = (M0, M1, M2, . . . , Mn)
<latexit sha1_base64="H6kuVbz8wksSeLPiPni7DS5dtiQ="></latexit>

where        is the set of all k-D simplices Mk
<latexit sha1_base64="YYDuglbjPiFvAJX46r6hEUrFqo4="></latexit>

We also call        the k-skeletonMk
<latexit sha1_base64="YYDuglbjPiFvAJX46r6hEUrFqo4="></latexit>

• For triangle mesh (maximal dimension n=2)
M = (M0, M1, M2)

<latexit sha1_base64="y/EE74Ara7sFp5NeilCdnH+Q/zY="></latexit>

= (V, E, F)
<latexit sha1_base64="ME6cgN0qKOPVRpoHUVNK2OKQe/o="></latexit>

‣ V: vertices or “points” (in Houdini’s terminology)
‣ E: edges
‣ F: faces



Simplicial complex

general simplicial complex

• The point set (0-skeleton)
M0 = {1, 2, . . . , i, . . . , |M0|}

<latexit sha1_base64="hSEFd8omc++RefxZhULgiU/FQDg="></latexit>

12

3

4

5

6
7

8
9

is a finite set of indices, just as labeling

• The edge set (1-skeleton)
M1 = {e1, e2, . . . , e|M1|}

<latexit sha1_base64="rp5mlT8tCihZlW9WQpQNevoobH4="></latexit>

e1
<latexit sha1_base64="IsP+hIbVjjyklkNZKGmPos+qjrM="></latexit>

e2
<latexit sha1_base64="cfIVss1TCIg0T2vPkVflgstMpu4="></latexit> e3

<latexit sha1_base64="Q+qnjEuIvmh9+E3aCLHQQ/xsGkk="></latexit>

e4
<latexit sha1_base64="WVzj4xiXisAjwK00x/7k13ysYAU="></latexit>

e5
<latexit sha1_base64="LXdBZXX89gYw4mBF8dbK65ozkOM="></latexit>

e6
<latexit sha1_base64="EY3kS/Ymu8bt+ckha3o2ZPOwVJQ="></latexit>e7

<latexit sha1_base64="xCAq/CZNpQIab4puRCENg1I3mrE="></latexit>e8
<latexit sha1_base64="BCBV4yDmlEjlh2QxXjkB/RBiojw="></latexit>

e9
<latexit sha1_base64="bHgH4orF2mUsQ4J05veGgDvgo1E="></latexit>

where each edge is a pair of points
e3 = (2, 5)

<latexit sha1_base64="hwgb0DP1bWBipW8HZcvrpS6hLeQ="></latexit>

for example
‣ Unoriented edge: treat the pair like “set” e3 = {2,5}= {5, 2}

<latexit sha1_base64="b5sW9T/3yqy6F/aUun+ht+LPHBg="></latexit>

‣ Oriented edge: treat the pair like “ordered list” e3 = [2,5] = �[5,2]
<latexit sha1_base64="jx5kvpfkNodB2kWxA4MyMJFBYYs="></latexit>



Simplicial complex

general simplicial complex
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• The edge set (1-skeleton)
M1 = {e1, e2, . . . , e|M1|}

<latexit sha1_base64="rp5mlT8tCihZlW9WQpQNevoobH4="></latexit>

e1
<latexit sha1_base64="IsP+hIbVjjyklkNZKGmPos+qjrM="></latexit>

e2
<latexit sha1_base64="cfIVss1TCIg0T2vPkVflgstMpu4="></latexit> e3

<latexit sha1_base64="Q+qnjEuIvmh9+E3aCLHQQ/xsGkk="></latexit>

e4
<latexit sha1_base64="WVzj4xiXisAjwK00x/7k13ysYAU="></latexit>

e5
<latexit sha1_base64="LXdBZXX89gYw4mBF8dbK65ozkOM="></latexit>

e6
<latexit sha1_base64="EY3kS/Ymu8bt+ckha3o2ZPOwVJQ="></latexit>e7

<latexit sha1_base64="xCAq/CZNpQIab4puRCENg1I3mrE="></latexit>e8
<latexit sha1_base64="BCBV4yDmlEjlh2QxXjkB/RBiojw="></latexit>

e9
<latexit sha1_base64="bHgH4orF2mUsQ4J05veGgDvgo1E="></latexit>

where each edge is a pair of points
e3 = (2, 5)

<latexit sha1_base64="hwgb0DP1bWBipW8HZcvrpS6hLeQ="></latexit>

for example

‣ Unoriented edge: treat the pair like “set” e3 = {2, 5}= {5, 2}
<latexit sha1_base64="b5sW9T/3yqy6F/aUun+ht+LPHBg="></latexit>

‣ Oriented edge: treat the pair like “ordered list” e3 = [2,5] = �[5,2]
<latexit sha1_base64="jx5kvpfkNodB2kWxA4MyMJFBYYs="></latexit>

2
5{2, 5}

<latexit sha1_base64="vEvn1vYqVp8lUZkmpNPbC41r6GA="></latexit>

2

5[2, 5]
<latexit sha1_base64="SEnCeCKDv9h+MSMxRSZpN9Onq4g="></latexit>

‣ To denote incidence relation, write 5� e3
<latexit sha1_base64="1gDgyGw8rbliyjh1Wsa3/ALmZKg="></latexit>

“point 5 is incident to edge_3”



Example: Graph
• A graph is a simplicial mesh of dimension 1

M = (V, E)
<latexit sha1_base64="MsHv2DWuRsMDhPW14rvsEt/aVLQ="></latexit>

• If each edge is unordered pair, then we have 
an unoriented graph

• If each edge is ordered pair, then we have 
an oriented graph, or directed graph

• Side note: sometimes multigraph  
is considered in graph theory, so 
“edge = pair of points” is not enough 
to distinguish edges



Simplicial complex

general simplicial complex
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• The face set (2-skeleton)
e1

<latexit sha1_base64="IsP+hIbVjjyklkNZKGmPos+qjrM="></latexit>

e2
<latexit sha1_base64="cfIVss1TCIg0T2vPkVflgstMpu4="></latexit> e3

<latexit sha1_base64="Q+qnjEuIvmh9+E3aCLHQQ/xsGkk="></latexit>

e4
<latexit sha1_base64="WVzj4xiXisAjwK00x/7k13ysYAU="></latexit>

e5
<latexit sha1_base64="LXdBZXX89gYw4mBF8dbK65ozkOM="></latexit>

e6
<latexit sha1_base64="EY3kS/Ymu8bt+ckha3o2ZPOwVJQ="></latexit>e7

<latexit sha1_base64="xCAq/CZNpQIab4puRCENg1I3mrE="></latexit>e8
<latexit sha1_base64="BCBV4yDmlEjlh2QxXjkB/RBiojw="></latexit>

e9
<latexit sha1_base64="bHgH4orF2mUsQ4J05veGgDvgo1E="></latexit>

where each face is a triplet of points
M2 = { f1, f2, . . . , f|M2|}

<latexit sha1_base64="pBZ7Q3GUGVYpVhGL5+2+TeDxcLo="></latexit>

f1
<latexit sha1_base64="iDlGImu53puuF8nsjwG/QxgEAuo="></latexit>

f2
<latexit sha1_base64="BG8otgxobsGb9E7yCIJd/1jn3+I="></latexit>

f3
<latexit sha1_base64="rtEr9aAGxZDf/vjOGJGuspaS2VI="></latexit>

f2
<latexit sha1_base64="SZ925ZJ0XFhd4s6aPKpcCjqYwE0="></latexit>

= {6,7, 9}
<latexit sha1_base64="AbUML5HclUMhx/wponjYI1nrMS4="></latexit>

= {7,6, 9}
<latexit sha1_base64="DG5ig1U5zr6OZcN7trfto3t5Alc="></latexit>

= {7,9, 6}
<latexit sha1_base64="icJWSXTLRYOvcdhjo0G+8m8a4mY="></latexit>

Un-oriented case:

= · · ·<latexit sha1_base64="T4/1bFEc59l04IGtf/3bE5SLeQY="></latexit>
(All permuted versions represent the same face)
Oriented case

(Even permutation versions represent the same face)

f2 = [6, 7,9] = �[7, 6,9] = [7, 9, 6]
<latexit sha1_base64="XE8tM6BKiG7Uyn7+IVpwDZ7uRes="></latexit>



Simplicial complex
• The face set (2-skeleton)

where each face is a triplet of points
M2 = { f1, f2, . . . , f|M2|}

<latexit sha1_base64="pBZ7Q3GUGVYpVhGL5+2+TeDxcLo="></latexit>

f2
<latexit sha1_base64="SZ925ZJ0XFhd4s6aPKpcCjqYwE0="></latexit>

= {6,7, 9}
<latexit sha1_base64="AbUML5HclUMhx/wponjYI1nrMS4="></latexit>

= {7,6, 9}
<latexit sha1_base64="DG5ig1U5zr6OZcN7trfto3t5Alc="></latexit>

= {7,9, 6}
<latexit sha1_base64="icJWSXTLRYOvcdhjo0G+8m8a4mY="></latexit>

Un-oriented case:

= · · ·<latexit sha1_base64="T4/1bFEc59l04IGtf/3bE5SLeQY="></latexit>
(All permuted versions represent the same face)
Oriented case

(Even permutation versions represent the same face)

7

6

9

7

6

9
f2 = [6, 7,9] = �[7, 6,9] = [7, 9, 6]

<latexit sha1_base64="XE8tM6BKiG7Uyn7+IVpwDZ7uRes="></latexit>



Simplicial complex
• The face set (2-skeleton)

where each face is a triplet of points
M2 = { f1, f2, . . . , f|M2|}

<latexit sha1_base64="pBZ7Q3GUGVYpVhGL5+2+TeDxcLo="></latexit>

Incidence 
7

6

9

7

6

9

6� (6, 7,9)
<latexit sha1_base64="DOejFoL6akXjLPslwGd1MZhI0/o="></latexit>

(7, 6)� (6, 7,9)
<latexit sha1_base64="P55xvrQQuRUrLeEGOHgRR0fgBMo="></latexit>



Boundary
• What is the boundary of an (oriented) simplex?

j

i

k
@ [i, j, k] = [i, j] + [ j, k] + [k, i]

<latexit sha1_base64="LlbMmMx6aZzRJIfZ6zuTVJ59AS8="></latexit>

@ [i, j] = �[i] + [ j]
<latexit sha1_base64="hN8XeE5zKeV6hP78Odsz9mhAyJY="></latexit>

i
j



Boundary
• What is the boundary of an (oriented) simplex?

j

i

k

i
j

the hat ^ means removing that term

@ [i0, . . . , ik] =
kX

`=0

(�1)`[i0, . . . , bi`, . . . , ik]
<latexit sha1_base64="yrFSroHNMsQByR4Erq6AMM8vW/w="></latexit>



Simplicial complex (summary)
• A simplicial complex is a collection of points, edges, triangles,  

and potentially higher dimensional simplices

• It’s a generalization of graph

• Triangle mesh is a special case

• Boundary of each simplex should be 
collected in the complex

• Oriented or non-oriented 

• Incidence notation i � (i, j)
<latexit sha1_base64="+a+CbnZQuVcns4Mth9G/TWnfBBg="></latexit>



Chain Complex
• Simplicial complex
• Chain complex
• Manifold surface mesh
• Surface topology 
• Euler characteristics



Chains

• As we can see, it is convenient to write “sums of simplices” to 
express the boundary operation

j

i

k

i
j

@ [i, j, k] = [i, j] + [ j, k] + [k, i]
<latexit sha1_base64="LlbMmMx6aZzRJIfZ6zuTVJ59AS8="></latexit>

@ [i, j] = �[i] + [ j]
<latexit sha1_base64="hN8XeE5zKeV6hP78Odsz9mhAyJY="></latexit>

• We call “linear combinations of simplices” expressions chains.

@ [i0, . . . , ik] =
kX

`=0

(�1)`[i0, . . . , bi`, . . . , ik]
<latexit sha1_base64="yrFSroHNMsQByR4Erq6AMM8vW/w="></latexit>

• Recall:



Chains

• Let                                                      be a (simplicial) complex.M = (M0, M1, M2, . . . , Mn)
<latexit sha1_base64="H6kuVbz8wksSeLPiPni7DS5dtiQ="></latexit>

• k-skeleton: Mk = {�1, . . . ,�|Mk |}
<latexit sha1_base64="g8SRvEj5xDhQ69bly7kyqw8rG38="></latexit>

each       is a k-dim simplex.� j
<latexit sha1_base64="cnQQAE2OB3YrqZAbs0vs+iy1U7w="></latexit>

= spanR{�1, . . . ,�|Mk |}
<latexit sha1_base64="VPAZS0wTY7UuXMUxYl6XTc78KQw="></latexit>

= spanR Mk
<latexit sha1_base64="NlV8anRXg1JtlKsAmiuPcYCtmYc="></latexit>

• The space of k-chains is defined by

Ck :=
n

a1�1 + · · ·+ a|Mk |�|Mk |

��� aj 2 R
o

<latexit sha1_base64="CbWwNdZWWYEC+I0p3JjaM40QCDw="></latexit>

R= Z or R
<latexit sha1_base64="K44QXhveoXi8ku0dWYpfB4DFL8U="></latexit>



Boundary operator is a linear map

@k[i0, . . . , ik] =
kX

`=0

(�1)`[i0, . . . , bi`, . . . , ik]
<latexit sha1_base64="QMZtRWpls0KvRoqc93Jf1gJ5GJU="></latexit>

Boundary 
operator  
for k-simplices k-simplex

(k–1)-chain

• Extend this boundary operator to a map from chains to chains.

@k : Ck
linear���! Ck�1

<latexit sha1_base64="/o7o60jyKs+oQqoA6yD5HZCvynQ="></latexit>

@k(a1�1 + · · ·+ am�m) := a1@1�1 + · · ·+ am@m�m
<latexit sha1_base64="Kveg//10Hh8K0m+3UTVP8kso+WA="></latexit>



Boundary matrix
• Express the boundary linear maps as matrices

e1
<latexit sha1_base64="Oz8ygOk3Bj1ytkV/1D43wvLZn5o="></latexit>

e2
<latexit sha1_base64="EvW5BxOPOvwXoBlgaMcNgwEjUws="></latexit>

e3
<latexit sha1_base64="xLVivcybpmKrT/Ekv2vQy5hLWbY="></latexit> e4

<latexit sha1_base64="S4Kt+zrFQ5W7sdrJUQHqSa7129k="></latexit>

e5
<latexit sha1_base64="Nb9Tjqte4N2blXMh2dSfuxiDX8k="></latexit>

f2
<latexit sha1_base64="0/Ge7jWzzl3dtKiY7vWXB9f7uNc="></latexit>

f1
<latexit sha1_base64="kBsOcZFoMk5bVojqe+IfP5712GI="></latexit>

p1
<latexit sha1_base64="yHXMha118gCXDu5DBGY1H09Egr0="></latexit>

p2
<latexit sha1_base64="gW1fNPJ9y88/vDTAREXIO8hnTak="></latexit>

p3
<latexit sha1_base64="Ofh/ZVynK6i7/uZLWGbtFTrwXKI="></latexit>

p4
<latexit sha1_base64="AEuz0Pihk9Lde5y5zpo2qgkp/Lk="></latexit>

@1(e3 + e4)
<latexit sha1_base64="OLq3huUBqk0R/IiIEThOv4nq9hk="></latexit>

[@1] =

2
64

1 1 �1 0 0
�1 0 0 1 0
0 �1 0 0 �1
0 0 1 �1 1

3
75

<latexit sha1_base64="VmMpkUtt7PfbdwjvbHrDKsksaQA="></latexit>

[@2] =

2
6664

0 1
�1 0
�1 1
0 1
1 0

3
7775

<latexit sha1_base64="zmStoiRvAez/ek6kXUkdCvMjy34="></latexit>

[@1]

ñ 0
0
1
1
0

ô

<latexit sha1_base64="IGFtRYfeJLP6lcTHBuBffn+ImCg="></latexit>

=
ï�1

1
0
0

ò

<latexit sha1_base64="VjslEcZse+PD4+tCf44XGrMI7K8="></latexit>

= �p1 + p2
<latexit sha1_base64="7iWY+WWPv7EwN/WbnP8+IknF340="></latexit>



Boundary matrix
• Express the boundary linear maps as matrices

[@1] =

2
64

1 1 �1 0 0
�1 0 0 1 0
0 �1 0 0 �1
0 0 1 �1 1

3
75

<latexit sha1_base64="VmMpkUtt7PfbdwjvbHrDKsksaQA="></latexit>

[@2] =

2
6664

0 1
�1 0
�1 1
0 1
1 0

3
7775

<latexit sha1_base64="zmStoiRvAez/ek6kXUkdCvMjy34="></latexit>

•  [@1][@2] =
<latexit sha1_base64="qhulJohVDwOSp7uAklpUsGWo/48="></latexit>

[0]
<latexit sha1_base64="eC0oR8XpBH0z2mlnGz7LSgNpRPg="></latexit>



Chain complex
• Boundary operators are linear maps connecting the sequence of 

chain spaces

· · · @k+1��! Ck
@k�! Ck�1

@k�1��! · · ·
<latexit sha1_base64="zf9gpbkoFmlBBprAe8MjO1S5HKE="></latexit>

with the property that consecutive maps compose into the zero map

@k@k+1 = 0
<latexit sha1_base64="ATRFR3AeckKIKNvGV8xiRnKsjg4="></latexit>

• In general, such a sequence of linear spaces and linear maps 
is a category called a chain complex.

• In a chain complex, we can define notions of “closedness” and 
 “exactness.”



Chain complex: Closed v.s. Exact

• A chain               is called closed if it has vanishing boundary� 2 Ck
<latexit sha1_base64="8KJM3lY1Yc3dBo2SyyL1qxvEaWA="></latexit>

@ �= 0
<latexit sha1_base64="VAKbdk5LpsjmwQfIVC7ASyVy8dw="></latexit>

• Consider a chain complex

· · · @k+1��! Ck
@k�! Ck�1

@k�1��! · · ·
<latexit sha1_base64="zf9gpbkoFmlBBprAe8MjO1S5HKE="></latexit>

@k@k+1 = 0
<latexit sha1_base64="ATRFR3AeckKIKNvGV8xiRnKsjg4="></latexit>

• A chain               is called exact if it is the boundary of some chain:� 2 Ck
<latexit sha1_base64="8KJM3lY1Yc3dBo2SyyL1qxvEaWA="></latexit>

�= @ �
<latexit sha1_base64="AdwKsJhuikyLmySnj9nD3sUU0B8="></latexit>

� 2 Ck+1
<latexit sha1_base64="3PBKFw9zBHudpOv1wBLbgXJkwPs="></latexit>

• Exact chains are closed im(@k+1) ⇢ ker(@k)
<latexit sha1_base64="mNADqobZg1wxGkiTZiarnWIHmW4="></latexit>

• Closed chains may not be exact.



Chain complex (summary)

· · · @k+1��! Ck
@k�! Ck�1

@k�1��! · · ·
<latexit sha1_base64="zf9gpbkoFmlBBprAe8MjO1S5HKE="></latexit>

@k@k+1 = 0
<latexit sha1_base64="ATRFR3AeckKIKNvGV8xiRnKsjg4="></latexit>

• Boundary operators are linear maps between chains

• A k-chain is a linear combination of k-dimensional cells
Ck = span Mk

<latexit sha1_base64="pEERlQnC1s0vsfg/JFVuHDBbU3c="></latexit>

• Such a sequence of linear maps with the zero-consecutive- 
composition property is called a chain complex

• Closed chains ker(@k)
<latexit sha1_base64="dOLJkTScjG5XEfKDbASFn8Y3iDQ="></latexit>

• Exact chains im(@k+1)
<latexit sha1_base64="0JVBIRy4Wr3E8yXGAJDfJ+XGnWI="></latexit>

•  im(@k+1) ⇢ ker(@k)
<latexit sha1_base64="mNADqobZg1wxGkiTZiarnWIHmW4="></latexit>



Manifold Surface Mesh
• Simplicial complex
• Chain complex
• Manifold surface mesh
• Surface topology 
• Euler characteristics



Manifold mesh

YES NO



Manifold mesh
• Mathematically, an n-dimensional manifold is a space that can be  

continuously parametrized by n parameters around every point.

Locally parametrizable by 2 parameters

non-manifold point



Manifold mesh
• A triangle mesh                            is a manifold mesh ifM = (V, E, F)

<latexit sha1_base64="iy57ztXE8p2qTwwZd+H3g34maVY="></latexit>

‣ Every edge is incident to 2 or 1 faces

interior edge boundary edge

non-manifold edge

‣ Every vertex has incident faces forming a closed fan  
or an open fan

interior vertex

boundary vertex non-manifold point



About boundary
• Every boundary vertex is incident to two boundary edges

boundary vertex

boundary edge

boundary edge

• Every boundary edge connects two boundary vertices

boundary vertex

boundary vertex
• Boundary vertices and edges form 

“doubly linked list(s)”

• A boundary component is a cycle 
of this list

3 boundary 
components



About orientability
• Every manifold triangle mesh is either orientable or non-orientable

• An oriented mesh is to have all triangles (top-dimensional  
simplices) oriented so that the oriented boundary cancels out on 
shared interior edges

consistently oriented not consistently oriented



About orientability
• Every manifold triangle mesh is either orientable or non-orientable

non-orientable



Manifold mesh (summary)
• Discrete surfaces are manifold triangle meshes

Nice Nope

• A manifold mesh may have a few boundaries  
and we can count the number of boundary  
components

• A manifold mesh may be oriented or non-orientable.   
We’ll consider oriented surface most of the time.



Surface Topology
• Simplicial complex
• Chain complex
• Manifold surface mesh
• Surface topology 
• Euler characteristics



Topology of surfaces
• Two surfaces are said to have the “same topology” (homeomorphic) 

if there exists continuous map between them (in both directions)

Topological 
sphere

Torus



Topology of surfaces
• Genus ( g ) describes number of holes

genus-0

genus-1

genus-2

genus-3



Topology of surfaces
• Genus ( g ) describes number of holes

genus-0
genus-1

genus-2

genus-3

Definition
The genus of a connected orientable surface is the maximal number  
of cuttings along non-intersecting closed curves without making 
the surface disconnected.



Topology of surfaces
• A genus g surface with b boundary components

g=2, b=0

g=2, b=1

g=2, b=4

• Two surfaces with different (g,b) profile cannot be continuously  
mapped to each other

• that is, same topology must have same (g,b) profile



Classification of oriented surface

• Theorem  
Two orientable surfaces have the same topology if and only if 
they share the same genus and number of boundaries

We only need to know genus g and number of boundaries b 
to describe the topological type of an oriented surface.

Use (g,b) to build the “periodic table” of surfaces



Classification of oriented surface

sphere

g=0 g=1 g=2 g=3

b=0

b=1

b=2

b=3

torus

disk

annulus

“double torus”

“double torus 
with a disk removed”

genus-3 surface



Fusion
• There is one operation which we often use to describe 

change of topology: connected sum

• The g and b components just add up during the connected sum
(gA#B, bA#B) = (gA+ gB, bA+ bB)

<latexit sha1_base64="Hkq3dl/N4vI0yJ8wANNZY+q0SZQ="></latexit>



Classification of oriented surface

sphere

g=0 g=1 g=2 g=3

b=0

b=1

b=2

b=3

torus

disk

annulus

“double torus”

fundamental 
elements

‣ everything else is a disk removal  
or connected sum from the  
fundamental elements



What are these?
figure-8 ribbon glued at the crossing

two ribbons glued together



What are these?
figure-8 ribbon glued at the crossing

two ribbons glued together

g=0, b=3 g=1, b=1



Classification of surface

• Theorem  
Two orientable surfaces have the same topology if and only if 
they share the same genus and number of boundaries

What about the classification of non-orientable surfaces?



Classification of surface

• Theorem  
Two surfaces have the same topology if and only if 
they share the same orientability, genus and number of boundaries

‣ every non-orientable surface is the connected sum 
of the fundamental element (followed by some  
disk removal)



cross-cap

Non-orientable surface
Real projective plane

• Elementary non-orientable 2D space.

• Definition the space of all lines through the origin.

• It is the same as the sphere with  
antipodal points viewed as 
the same point.

• Same as the hemisphere (disk) with  
the antipodal points of the boundary  
identified. 



Non-orientable surface
Boy’s Surface (discovered by Werner Boy in 1901)

• It is a smooth realization of the real 
projective plane.

• “genus = 0.5,”   (and b = 0)

• k=1 (number of projective 
planes)

• k is also called the 
non-orientable genus



Non-orientable surface
Boy’s Surface (discovered by Werner Boy in 1901)

• Other non-orientable surfaces 
can be made by Boy’s surfaces

Klein bottleFusing 2 BoysMöbius strip is  
a Boy’s surface with  
one disk removed

k=1, b=1 k=2, b=0



Euler Characteristics
• Simplicial complex
• Chain complex
• Manifold surface mesh
• Surface topology 
• Euler characteristics



Euler characteristic
• For any discrete surface

M = (V, E, F)
<latexit sha1_base64="iy57ztXE8p2qTwwZd+H3g34maVY="></latexit>

define the Euler characteristic

�(M) = |V |� |E|+ |F |
<latexit sha1_base64="lYy+YK/sdBwgN1QA3g2Mb2YawVU="></latexit>



Euler characteristic
Discrete annulusDiscrete disk



Euler characteristic
• For any discrete surface

M = (V, E, F)
<latexit sha1_base64="iy57ztXE8p2qTwwZd+H3g34maVY="></latexit>

define the Euler characteristic

�(M) = |V |� |E|+ |F |
<latexit sha1_base64="lYy+YK/sdBwgN1QA3g2Mb2YawVU="></latexit>

• The Euler characteristic is a topological invariant

• No matter how big the mesh is,              is determined by 
its topological type

�(M)
<latexit sha1_base64="Fi1E/GKcIdrjbxdJXGH9GjM4Fjc="></latexit>



Euler characteristic
• Show that topological disk has Euler characteristic = 1

‣ Start peal off triangle from the boundary 
while maintaining being disk

‣ Whenever a triangle is removed, 
show Euler characteristic is the same

‣ When there is only one triangle left, 
we get Euler characteristic = 1



Euler characteristic
• Show that topological disk has Euler characteristic = 1

‣ Place a positive charge on each vertex and face

‣ negative charges on each edge

‣ Slide all face and edge charges to the right

https://www.ics.uci.edu/~eppstein/junkyard/euler/
20 proofs of Euler’s Formula

‣ All charges will cancel except for 1 
left-most vertex



Euler characteristic

• For other topology

‣ Cut, remove disk, or fill in holes 
so that it becomes a disk



Euler–Poincaré Theorem

�(M) = 2� 2g � b
<latexit sha1_base64="HgjakA2MrabUR+B72nYIFpuO89s="></latexit>

|V |� |E|+ |F |= 2� 2g � b
<latexit sha1_base64="a2MLCE1+xrNa4H/q3PN65UsEqIA="></latexit>



Euler–Poincaré Theorem

sphere

g=0 g=1 g=2 g=3

b=0

b=1

b=2

b=3

torus

disk

annulus

“double torus”

� = 2
<latexit sha1_base64="3eXEZf0BcJj997IRxgEqr/EJR8k="></latexit>

� = 1
<latexit sha1_base64="5TzveCKXZajjsK6PjMuT/bziPvI="></latexit>

� = 0
<latexit sha1_base64="MjcrsEEg8si7ROigF+Sh2AErNKg="></latexit> � = �2

<latexit sha1_base64="n75Ol5GTGcWjfrlc/DM+IRMtwkY="></latexit>

� = �4
<latexit sha1_base64="+5ZcKkkxneaX5+JFl8k0c6y5bLs="></latexit>

� = �1
<latexit sha1_base64="dbhjBmQqzHsAeR2ZfacZxZ/CKqA="></latexit>

� = 0
<latexit sha1_base64="MjcrsEEg8si7ROigF+Sh2AErNKg="></latexit>

� = �1
<latexit sha1_base64="dbhjBmQqzHsAeR2ZfacZxZ/CKqA="></latexit>

� = �3
<latexit sha1_base64="tT5P4jnzCG1P1jz6a/cRlxuaHrk="></latexit>



Euler–Poincaré Theorem

� = 1
<latexit sha1_base64="5TzveCKXZajjsK6PjMuT/bziPvI="></latexit>



Count |V| and |F| in Houdini
1. read a triangle mesh
2. put an attribute wrangle
3. (important) Select “Detail” for “RunOver”

This defines new integer detail attributes 
(with prefix i@)

0 here means the geometry from 
the 0th input



vex functions are quite easy to look up
(if you know what to search for…)



Count |V| and |F| in Houdini
Geometry spreadsheet

detail attributesprimitive  
attributes

vertex  
attributes

point  
attributes

|V |= 14,290
|F |= 28, 576

<latexit sha1_base64="5kvkMxP5PA45+2Ofrj+bkEPZVP4="></latexit>

So, for our mesh, we have



Count |V| and |F| in Houdini

• You can compute number of edges by 3|F |= 2|E|
<latexit sha1_base64="rlPFlawiPVRDt+s8ibRWcmOIWoA="></latexit>

‣ For triangle surface without boundary, every face owns 
three edges, and each edge is owned by 2 faces.

|V |= 14,290
|F |= 28, 576

<latexit sha1_base64="5kvkMxP5PA45+2Ofrj+bkEPZVP4="></latexit>

So, for our mesh, we have

|E|=
<latexit sha1_base64="OcPqjmqyJjmgf4ZlLLg643SviKI="></latexit>



Count |V| and |F| in Houdini

|V |= 14,290
|F |= 28, 576

<latexit sha1_base64="5kvkMxP5PA45+2Ofrj+bkEPZVP4="></latexit>

|E|= 42,864
<latexit sha1_base64="oOcXEy/tZTWvHZrQKkWCpwWYlsk="></latexit>

|V |� |E|+ |F |= 2
<latexit sha1_base64="wnX5ff4XYbYuyOzbNFO7XlBb+L8="></latexit>



Count |V| and |F| in Houdini

Rewire the Euler characteristic 
calculator and see the number  
changes according to the  
topology!


