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Course information
Discrete Differential Geometry

• Instructor: Albert Chern

• TA: Hang (Hesper) Yin

• Course website: https://cseweb.ucsd.edu/~alchern/teaching/cse270_fa26/

• We use Piazza and Gradescope

• Lecture: Tue, Thu 9:30–10:50, Discussion: Tue 14:00–14:50



Geometry in Computational 
World

• Geometry in computations
• What is geometry?
• What is computing?
• Discrete Differential Geometry
• Structure preserving examples
• Roadmap of the course



Geometry in graphics and engineering

Modeling and Animation

Computer fonts Simulation domain Computer aided design

Simulation of physical objects



Digital / discrete geometry
• Digital and discrete geometry mimicking smooth surfaces



Digital / discrete geometry

Discrete Differential Geometry
theory for smooth curves & surfaces

Computational,  
discrete version



Geometry processing
• View discrete surface as a form of “signal data”

‣ Traditional signal data: audio & images 

‣ Geometric signal

‣ Upsampling / downsampling / filtering / aliasing



Computing on surfaces



Computing on surfaces
Geometry Processing Partial Differential Equations 

(PDEs) on general domains

‣ These problems often 
involve differential relations.

‣ These PDEs often show up in 
mathematical physics.

‣ Inherit nontrivial geometric 
structures.



Mathematical Physics & Graphics

Optimal transportation of functions

Condensed matter states for optimal direction field

Analytic functions on 
Riemann surface



General theme

numerical computations

physics simulation

visual data synthesis

Computing

computer aided designs

control theory

machine learning

Geometry

differential geometry

geometric analysis

algebraic topology



What is Geometry?
• Geometry in computations
• What is geometry?
• What is computing?
• Discrete Differential Geometry
• Structure preserving examples
• Roadmap of the course



What is geometry?

• Relationship between shapes
• Order of spaces



Euclidean Geometry (300 BC)

• Axiomatic mathematics

‣ All geometric 
propositions are logically 
deduced from other 
propositions (self- 
consistent theory).

‣ The theory boils down to 
definitions objects and their  
relationships in a space  
with basic assumptions  
(postulates/axioms).



Euclidean Geometry (300 BC)
• Euclid’s 5 postulates of a plane (original version)

✓We can draw a line segment between two points

✓We can extend a line segment into a straight line

✓We can construct a circle by center and radius

✓ All right-angles (90°) are equal

✓ If 2 straight-lines intersect another straight line with 
angle sum less than 180° on one side,  
then the 2 lines meet at a point on that side.

(Through a pt not on a given line, there is at most one line 
through the point that never meets the given line)



Euclidean Geometry (300 BC)

• One can show that the total 
interior angles of a triangle 
is 180°.



Spherical Geometry (10th century)
• Motivated by astronomy

‣ Triangle’s interior angle sum is not 180°.

• One still defines lines (great circles) and circles (other planar 
sections)

• Postulates are slightly different.



Projective Geometry (15–17th century)

• Incidence between points and lines
• Axiom for projective plane

• Renaissance perspective drawing
‣ 2D representation of a 3D object.

‣ Every pair of lines in a plane will meet exactly once
‣ Straight lines must be represented by straight lines.

- Parallel lines in a plane meet on the horizon of the plane

- Meeting points of parallel lines are called vanishing points

‣ Two distinct points are contained in a unique line

‣ Two distinct lines meet at a unique point



Analytic Geometry (17th Century)
• Represent shapes by equations using Cartesian coordinates.

• Geometric questions become 
algebraic or calculus problems

• Mainstream approach… 
with caveats:

‣ Geometrically intuitive problems may 
become tedious under coordinates.

‣ Calculus problems may be harder to 
discretize than the original geometric  
problems.



From Euclidean to Non-Euclidean
• For 2000 years, people try to prove Euclid’s 5th postulates from  

the first four (i.e. it should be proven instead of assumed).
(Through a pt not on a given line, there is at most one line 
through the point that never meets the given line)

• Spherical and projective geometries are non-Euclidean 
but this is ignored because the other 
four postulates are also slightly different.

• Analytic (coordinate) geometry is almost always Euclidean



Hyperbolic Geometry (1792)

• Compared to Euclid’s postulates
✓We can draw a line segment between two points

✓We can extend a line segment into a straight line

✓We can construct a circle by center and radius

✓ All right-angles (90°) are equal

x Through a pt not on a given line, there is at most one line 
through the point that never meets the given line

✓ Through a pt, there are at least two lines that never meet

• Poincaré disk model
‣ Hyperbolic plane can be drawn in a disk, where “lines” are 

circles perpendicular to the disk boundaries, and “circles” 
are any other circles

a line

• Bolyai, Lobachevsky, Gauss



NonEuclidean geometries (19th century)

a line

space

Every point in the ambient 
casts a circle on the space

Point on this plane 
casts a line

A plane & a quadratic surface in a projective 3 space yields a spherical, Euclidean, or hyperbolic 
geometry:



Differential geometry (19th century)

Schwarz 1890 soap films (minimal surface)

• Study of general curves and surfaces (and manifolds)
‣ Applications: Physics, engineering designs, graphics, …



Gauss’ “Remarkable Theorem”

• One can describe curvature of a surface by Gaussian curvature:

n
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n
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The solid angle swept by 
the normal vector  
(per unit area of the 
surface)

• Remarkable Theorem: 
Gaussian curvature is determined by distances on the surface!



Gauss’ “Remarkable Theorem”

• Remarkable Theorem: 
Gaussian curvature is determined by distances on the surface!

These are isometrically 
deformable surfaces



Gauss’ “Remarkable Theorem”

• Remarkable Theorem: 
Gaussian curvature is determined by distances on the surface!

• Riemannian geometry (intrinsic geometry):  
manifolds with some general notion of 
non-Euclidean distances; one may study invariants (like 
Gaussian curvature) of the space.



What is Geometry? (late 19th early 20th)

Klein’s Erlangen program 1872:

• Collection of objects

Ingredients of geometry:

• Group of transformations

• Invariant notions

Felix Klein 1872

• There are many geometries throughout history.
‣ Euclidean, spherical, hyperbolic, non-Euclidean geometries,…

• What is a unifying concept?



What is Geometry?
Klein’s Erlangen program 1872:

• Collection of objects

Ingredients of geometry:

• Group of transformations • Invariant notions
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p̃= Rp+ t
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rotation

translation

‣ straight lines, planes
‣ distance
‣ circles, spheres
‣ angles
‣ area
‣ parallelism

• Non-invariant notions

‣ additions p1 + p2
<latexit sha1_base64="/sAePW3LAXEYoOQq44MW3LTWAsE="></latexit>

‣ dot product p1 · p2
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Geometry in Euclidean space



What is Geometry?
Klein’s Erlangen program 1872:

• Collection of objects

Ingredients of geometry:

• Group of transformations • Invariant notions

8
<
:p=

2
4

x
y
z

3
5 2 R3

9
=
;

<latexit sha1_base64="55SjS7RVO1nPNQCEAsVipFB/NVk="></latexit>

rotation

‣ straight lines, planes
‣ distance
‣ circles, spheres
‣ angles
‣ area
‣ parallelism

• Non-invariant notions

‣ additions p1 + p2
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‣ dot product p1 · p2
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Geometry in Euclidean vector space

p̃= Rp
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What is Geometry?
Klein’s Erlangen program 1872:

• Collection of objects

Ingredients of geometry:

• Group of transformations • Invariant notions
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invertible matrix

‣ straight lines, planes

‣ distance
‣ circles, spheres
‣ angles
‣ area

‣ parallelism

• Non-invariant notions

‣ additions p1 + p2
<latexit sha1_base64="/sAePW3LAXEYoOQq44MW3LTWAsE="></latexit>

‣ dot product p1 · p2
<latexit sha1_base64="xvfbf/Ezz2Qrl0IOIdk+5V2Af6I="></latexit>Geometry in vector space

p̃= Ap
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What is Geometry?
Klein’s Erlangen program 1872:

• Collection of objects

Ingredients of geometry:

• Group of transformations • Invariant notions
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invertible matrix

‣ straight lines, planes

‣ distance
‣ circles, spheres
‣ angles
‣ area

‣ parallelism

• Non-invariant notions

‣ additions p1 + p2
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p̃= Ap+ b
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translation
p1+p2

2
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‣ midpoint

‣ dot product p1 · p2
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What is Geometry?
Klein’s Erlangen program 1872:

• Collection of objects

Ingredients of geometry:

• Group of transformations • Invariant notions
‣ straight lines

‣ intersection
‣ point

‣ oriented contact

• Non-invariant notions

Laguerre geometry of oriented circles

oriented circles in R2
<latexit sha1_base64="gDdqtsebhNFoLdOJadDe8ru0gI4="></latexit> ‣ rotate, translate

‣ normal offset  
(propagate wave) ‣ lengths of  

common tangents



What is Geometry?
Klein’s Erlangen program 1872:

• Collection of objects

Ingredients of geometry:

• Group of transformations • Invariant notions

‣ tangents, normals

‣ particle speed
‣ particle acceleration

‣ curvatures

• Non-invariant notions

Differential geometry of curves

Particle moving  
along a trajectory

Reparametrizations



Modern differential geometry

• Provides a version of calculus that is invariant under  
re-parametrization

multivariable calculus

grad f =
<latexit sha1_base64="6m9h9SvfqJzHIZqUJATVQsiTf5s="></latexit>

=<latexit sha1_base64="jeK2tiXHRAG9sZeO1xnQIr53ISc="></latexit>

coordinate geometry
modern differential geometry

grad f = (d f )]
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Rigidity in differential geometry
• “Physical laws” in geometries

‣ Total Gaussian curvature is shape independent

number of summits  
+ number of bottoms  
– number of saddles = 1 

‣ Do you know that:



Rigidity in differential geometry
• Invariants in physical system

Vortex ring motion

Volume of revolution about any axis is conserved

Elastic wire 
at equilibrium 
has collinear  
inflection points



Why do we study geometry?
• Geometry is the study of shapes and spaces, as well as  

symmetries and invariants

• Emphasize on structures independent of artificial coordinates 
and representations

‣ Operate calculus at an intuitive level

‣ Many physical phenomena are consequences of  
rigidity of geometric laws

‣ Reduction of complexity



What is Computing?
• Geometry in computations
• What is geometry?
• What is computing?
• Discrete Differential Geometry
• Structure preserving examples
• Roadmap of the course



What is computing?

• Modeling
Three stages:

• Mathematical Analysis

• Numerical computation

‣ Turning (real)-world problems  
into mathematical equations

‣ Making sense from the equations

‣ Approximate solutions to the equations 
efficiently and robustly



Classical approaches

• Modeling
Three stages:

• Mathematical Analysis

• Numerical computation

‣ Turning (real)-world problems  
into mathematical equations

‣ Making sense from the equations

‣ Approximate solutions to the equations 
efficiently and robustly

‣ Usually first establish coordinates

‣ Then equation is based on the coordinates

‣ Hard to generalize to general spaces  
without a natural coordinate

‣ Hard to see the algebraic structure 
behind the equations

‣ The only available tool to turn 
the equation into numerics is 
approximation theory



Geometric approach to computing

• Modeling
Three stages:

• Mathematical Analysis

• Numerical computation

‣ Turning (real)-world problems  
into mathematical equations

‣ Making sense from the equations

‣ Approximate solutions to the equations 
efficiently and robustly

Add  
Geometry

‣ More elegant 
equations / no coordinate

‣ Often boils down  
to linear algebra

‣ Discrete differential 
geometry



Discrete Differential 
Geometry (DDG)

• Geometry in computations
• What is geometry?
• What is computing?
• Discrete Differential Geometry
• Structure preserving examples
• Roadmap of the course



Discretized v.s. Discrete

modeling 
& analysis
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Invariants,
Symmetries

discretization

discrete
differential 
geometry

Approximation 
theory

Structure preserving: 
There are properties 
which are exact rather  
than approximation

Use the smooth theory as 
blueprint and develop a discrete theory



Discretized v.s. Discrete

modeling 
& analysis
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Invariants,
Symmetries

discretization

discrete
differential 
geometry

Approximation 
theory

Structure preserving: 
There are properties 
which are exact rather  
than approximation

Use the smooth theory as 
blueprint and develop a discrete theory

Discretize the theory 
instead of  

discretizing the equation



Digital / discrete geometry
• Treat them as discrete geometries in their own right



Examples of Structure- 
Preserving Discrete Theory

• Geometry in computations
• What is geometry?
• What is computing?
• Discrete Differential Geometry
• Structure preserving examples
• Roadmap of the course



Discrete Gauss–Bonnet Theorem

Z

entire
surface

12 dA= 2⇡�
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2 for sphere 
0 for torus 
-2 for two-holed torus

X

i:vertices

⌦i = 2⇡�
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Discrete surface and integrable system

Constant (negative) Gauss curvature surface

Sine–Gordon equation
@ 2

@ t2' + @ 2

@ x2' + sin' = 0
<latexit sha1_base64="HTafpCmqyPHsOZeHLS8eP5HNiZs="></latexit>



Discrete surface and integrable system

Surface conformally parameterized 
along curvature lines.



Special surfaces and coordinates



Special surfaces and coordinates

Bobenko and Fairley 2023 
Circular nets with spherical parameter lines



Special surfaces and coordinates

Liu et al 2023 “Deployable strip structures”



Discretely perfect absorbing material

“A reflectionless discrete perfectly matched layer” 
Journal of Computational Physics, 2019



Chern 2019 
A reflectionless discrete  
perfectly matched layer 
J. Comp. Phys.

non-reflectin
g layer



Discrete complex analysis

Chern 2019 
A reflectionless discrete  
perfectly matched layer 
J. Comp. Phys.



Roadmap of the Course
• Geometry in computations
• What is geometry?
• What is computing?
• Discrete Differential Geometry
• Structure preserving examples
• Roadmap of the course



Roadmap of the course

• We will use Houdini software for implementation



Course Information

https://youtu.be/T_0ICxROM0Q
NCSA Advanced Visualization Lab



Homework 1

• Implementation part of the homework: Houdini Software

‣ Watch our tutorial  
(link in the syllabus 
on the course 
website)

‣ Part of HW1: 
upload a screenshot/
render of some cool 
mathematical 
visualization.



Install SciPy for Houdini (link in syllabus)

• Install Houdini & SciPy (numerical linear algebra for sparse matrices)



Install SciPy for Houdini (link in syllabus)

• Install Houdini & SciPy (numerical linear algebra for sparse matrices)



Roadmap of the course

• We will use Houdini software for implementation

• Topic 1 Manifolds and Triangle meshes

|V |� |E|+ |F |= �
<latexit sha1_base64="VnQKepIPlwVDGmyNnL+4007YVbU="></latexit>

halfedge
flip

next

half-edge  
data structure



Roadmap of the course

• We will use Houdini software for implementation

d ? d f
<latexit sha1_base64="Lu+PPdCZ5/4H0Fey1mQvHze7/r4="></latexit>

• Topic 1 Manifolds and Triangle meshes
• Topic 2 Exterior calculus, PDE on surfaces



Roadmap of the course

• We will use Houdini software for implementation

• Topic 1 Manifolds and Triangle meshes
• Topic 2 Exterior calculus, PDE on surfaces

Laplace filter  
on images

On triangle meshes?

d¸ ? d
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Roadmap of the course

• We will use Houdini software for implementation

• Topic 3 Differential geometry of curves and surfaces

• Topic 1 Manifolds and Triangle meshes
• Topic 2 Exterior calculus, PDE on surfaces



Roadmap of the course

• We will use Houdini software for implementation

• Topic 4 Conformal mapping



Roadmap of the course

• We will use Houdini software for implementation

• Topic 4 Linear algebraic topology



Roadmap of the course

• We will use Houdini software for implementation

• Topic 5 Vector field design, gauge theory
• Topic 4 Linear algebraic topology



Roadmap of the course

• We will use Houdini software for implementation

• Topic 4 Linear algebraic topology
• Topic 5 Vector field design, gauge theory
• Additional topics Lie algebra, finite elements, integral geometry, 

Riemannian geometry, general relativity

E
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Summary
Discrete Differential Geometry

• Goal: Differential geometric language, their discrete theories, 
and their implementations.  Using Houdini software.

• Applications: Geometry processing and simulating physical systems.

• Grade: HW1–5 (written and coding) 

• Collaboration: Final submissions should be individual work, but  
we encourage you to study the math and solve the problems 
together!



Collaboration with AI

• Think of LLM/AI as your friend. You can ask it math questions,  
discuss concepts with it, or ask debugging question.

• Don’t just let AI finish homework for you; don’t copy-paste  
generated code and text.

• AIs are great problem solvers.  But you are here to learn. 
The homework is designed for you to learn the systematic 
knowledge about discrete differential geometry.


