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Ray Tracing



Overview
• Goal: photorealism

• Ray tracing framework

• Global illumination

• Rendering equation  
(next Monday 11/14 
pre-recorded lecture)
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Rendering photorealistic images
• Effects for realistic images
‣ (Soft) shadows

‣ Reflections (mirror and glossy)

‣ Transparent (water, glass)

‣ Inter-reflections (color bleeding)

‣ Realistic materials

• Difficult in OpenGL pipeline
• Easy in raytracing framework



History of ray casting/tracing
• Appel 1968 • Whitted 1980 

recursive ray tracing
• Lots of work on  

photorealism, accelerations.

• Real time ray tracing
‣ 2009 Nvidia OptiX API
‣ 2020 PlayStation5, Xbox series X and S



Ray Tracing Framework
• Ray tracing framework
• Ray through pixel
• Ray-geometry intersection
• Organizing image and scene
• Global illumination



Rasterization v.s. Ray tracing
Rasterization
for each geometry in scene
   for each pixel in screen
      output the fragment if the  
         triangle occupies that 
         pixel. 
   end for
end for

Ray tracing (a.k.a. ray casting)
for each pixel in screen
   for each geometry in scene
      output the intersection if the  
         triangle occupies that 
         pixel. 
   end for
end for

has the information of  
the geometry (position, normal) 
and the in-coming ray (ray direction or pixel)



Rasterization v.s. Ray tracing
Rasterization
for each geometry in scene
   for each pixel in screen
      output the fragment if the  
         triangle occupies that 
         pixel. 
   end for
end for

Ray tracing (a.k.a. ray casting)
for each pixel in screen
   for each geometry in scene
      output the intersection if the  
         triangle occupies that 
         pixel. 
   end for
end for

• These two approaches give the same images as long as the  
shading models are the same

• But it is much easier for ray tracer to include realistic shading model



Ray tracing framework
• Does not rely on OpenGL (OpenGL is a rasterizer).

• We will prepare our own “buffers” as C++ arrays/containers.

• We will run our own loop in C++ to search for ray-geo intersection.

• Most of the HW3 framework (scene building, camera control)  
is re-usable. 
(replace setting OpenGL buffers, skip shaders,…)

• OpenGL could be used to visualize final result by setting our  
computed pixel color in a texture and show it on a square. 
GLUT is still useful for keyboard controls.



Ray tracing framework

void Raytrace(Camera cam, Scene scene, Image &image){
  int w = image.width; int h = image.height;
  for (int j=0; j<h; j++){
    for (int i=0; i<w; i++){
      Ray ray = RayThruPixel( cam, i, j, w, h );
      Intersection hit = Intersect( ray, scene );
      image.pixel[i][j] = FindColor( hit );
    }
  }
}

• Essential objects

‣ Camera (position, orientation, field of view angle, etc)
‣ Ray (position and direction)

‣ Scene (container for geometries, lights, etc)

‣ Intersection (geometry info and ray info)

‣ Image (container for pixel colors, info of width and height)



Ray tracing framework

• RayThruPixel(cam, i, j, w, h) generates  
a ray originated from the camera position, 
through the center of the (i,j) pixel into the 
world

void Raytrace(Camera cam, Scene scene, Image &image){
  int w = image.width; int h = image.height;
  for (int j=0; j<h; j++){
    for (int i=0; i<w; i++){
      Ray ray = RayThruPixel( cam, i, j, w, h );
      Intersection hit = Intersect( ray, scene );
      image.pixel[i][j] = FindColor( hit );
    }
  }
} i
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Ray tracing framework
void Raytrace(Camera cam, Scene scene, Image &image){
  int w = image.width; int h = image.height;
  for (int j=0; j<h; j++){
    for (int i=0; i<w; i++){
      Ray ray = RayThruPixel( cam, i, j, w, h );
      Intersection hit = Intersect( ray, scene );
      image.pixel[i][j] = FindColor( hit );
    }
  }
}

• Intersect(ray, scene) searches over all 
all geometries in the scene and returns 
the closest hit

hit =
 Intersect(ra

y, s
cene) ray

scene



Ray tracing framework
void Raytrace(Camera cam, Scene scene, Image &image){
  int w = image.width; int h = image.height;
  for (int j=0; j<h; j++){
    for (int i=0; i<w; i++){
      Ray ray = RayThruPixel( cam, i, j, w, h );
      Intersection hit = Intersect( ray, scene );
      image.pixel[i][j] = FindColor( hit );
    }
  }
}

• FindColor(hit) shade the light color 
seen by the in-coming ray n
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Ray tracing framework
• FindColor(hit) shade the light color 

seen by the in-coming ray

‣ For example,  
Ambient + Lambertian-diffuse 
+ Blinn–Phong formula

‣ To avoid self-shadowing, the secondary ray is 
shot off slightly above the hitting point.

‣ Add the contribution of light 
only when the ray connecting 
the hit and the light source does 
not have any intersection with the 
scene. (Shadows!)



Ray tracing framework
• FindColor(hit) shade the light color 

seen by the in-coming ray
‣ For example,  

Ambient + Lambertian-diffuse 
+ Blinn–Phong formula

‣ Instead of ambient+diffuse+specular, 
do recursive ray tracing.

‣ Add the contribution of light 
only when the ray connecting 
the hit and the light source does 
not have any intersection with the 
scene. (Shadows!)



Example: Adding mirror reflection

• return color;

in-coming ray

• Generate secondary rays to all lights
‣ color = Visible? ShadingModel : 0;

Color FindColor( hit ){

• ray2 = Generate mirror-reflected ray
ray to light

reflecte
d ra

y‣ hit2 = Intersect( ray2, scene );
‣ color += specular * FindColor( hit2 );

‣ Recursion might never stop,  
so set a max recursion depth}



Implementation Details
• Ray tracing framework
• Ray through pixel
• Ray-geometry intersection
• Organizing image and scene
• Global illumination



The essential functions
• Ray ray = RayThruPixel( cam, i, j, width, height)

• Intersection hit = Intersect( ray, scene )

hit =
 Intersect(ra

y, s
cene) ray

scenei
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Ray through pixel
• Ray tracing framework
• Ray through pixel
• Ray-geometry intersection
• Organizing image and scene
• Global illumination



Ray

• A ray is a described by a point                  and a direction              .p0 2 R3
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• Mathematically, the ray is a continuous set of points parametrized as

p(t) = p0 + td
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Camera

• A camera has position and orientation described by

rob
wo

he

o
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• Recall that the camera matrix is

C=

2
64
| | | |
u v w eye
| | | |
0 0 0 1

3
75
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Camera

• Other relevant parameters:

fovy
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field of view (angle)

aspect ratio a =
width
height
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Ray through pixel

fovy
2
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• Given camera eye 2 R3
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• Our goal is to work out the ray 
through the center of the pixel

(index space)



Ray through pixel
• If screen ranges from (0,0) to (1,1) from top-left to bottom right

pixel (0,0)

pixel (i, j)

• The corner of pixel (i, j)
Å

i
width

,
j

height

ã
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(0,0)

(1,1)

• The center of pixel (i, j)

✓
i + 1

2

width
,

j + 1
2

height

◆
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(screen space coordinate)

(screen)

(screen)



Ray through pixel
• If screen ranges from (-1,-1) to (1,1) from bottom-left to top right

pixel (i, j)

(-1,-1)

(1,1)
• The center of pixel (i, j)

(0,0)

✓
2 ·

i + 1
2

width
� 1, 1� 2 ·

j + 1
2

height

◆
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Ray through pixel

fovy
2
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• Given camera eye 2 R3
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• Given pixel (i, j)
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• In camera coordinate,

‣ Source of ray = (0,0,0)

• In world, the ray is given by
p0 = eye
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Ray through pixel
• Given camera eye 2 R3
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• Given pixel (i, j)
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• In world coordinate,

p0 = eye
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The essential functions
• Ray ray = RayThruPixel( cam, i, j, width, height)

• Intersection hit = Intersect( ray, scene )

i
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hit =
 Intersect(ra

y, s
cene) ray

scene



Intersection
• Ray tracing framework
• Ray through pixel
• Ray-geometry intersection
• Organizing image and scene
• Global illumination



Information in intersection 
• A ray-scene intersection contains the following information

hit =
 Intersect(ra

y, s
cene) ray

scene

‣ Position of the intersection

n
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‣ Surface normal n 
‣ Direction to the in-coming ray v
‣ Pointers to material, or object etc
‣ Distance to the source of ray dist



Ray-object intersection
• The core helper function is

hit =
 Intersect(ra

y, s
cene) ray

scene
dist

‣ Intersection Intersect( Ray ray, Object element);

• Elements can be

‣ Triangle
‣ Sphere
‣ Transformations of sphere (ellipsoids)

‣ … any other element which you  
know how to compute intersection



Ray-scene intersection

Intersection Intersect(Ray ray, Scene scene){
  Distance mindist = INFINITY; 
  Intersection hit;
  foreach (object in scene){ // Find closest intersection; test all objects
    Intersection hit_temp = Intersect(ray, object);
    if (hit_temp.dist< mindist){ // closer than previous hit
      mindist = hit_temp.dist;
      hit = hit_temp;
    }
  }
  return hit;
}

• Once we have ray-object intersection
• Ray-scene intersection follows the pseudocode



Ray-object intersection
• We will focus on

‣ Ray-triangle intersection

‣ Ray-sphere intersection

‣ Ray-ellipsoid intersection



Ray-object intersection
• We will focus on

‣ Ray-triangle intersection

‣ Ray-sphere intersection

‣ Ray-ellipsoid intersection



Ray-triangle intersection

p0
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• Any point along the ray takes 
the form

q= p0 + td
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• Any point on the plane spanned by 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Ray-triangle intersection
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Ray-triangle intersection
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Solve
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<latexit sha1_base64="YrJ5Guc0Naf4+Rht/6RXfxmQH14="></latexit>
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<latexit sha1_base64="CfZFkepBLreVlJUFXPZC81XDWAs="></latexit>



Ray-triangle intersection

p0
<latexit sha1_base64="3SGzzvMXdEcO3GnNUQXzI0FVvuo="></latexit>

d
<latexit sha1_base64="0vZ5uG4yW6z50eyteg2JKkJQIBo="></latexit>

p1
<latexit sha1_base64="kNKzT+xlIoeRHFoJUXMIKjLBfrU="></latexit>

p2
<latexit sha1_base64="I4nkKymMZLGGRXlgsmZm/DID0vM="></latexit>

p3
<latexit sha1_base64="VKk9kE2z/RjJnUvlTkVxqYW/RqA="></latexit>

q
<latexit sha1_base64="jdCcxbchBjgIoKVtt2KgyfiM7Mc="></latexit>

• If we have an intersection,  
use the barycentric coordinate 
(what we just solved)

�1,�2,�3
<latexit sha1_base64="2EnTLpS2mqUFUSD58Oy1YhR5b3M="></latexit>

to interpolate position and vertex 
attributes, such as normals
q= �1p1 +�2p2 +�3p3

<latexit sha1_base64="M1Ql19wJZaDLwoTdCdHWLfG5rmY="></latexit>

n= normalize(�1n1 +�2n2 +�3n3)
<latexit sha1_base64="6jj5LHeZiVClXWCI9J4HbN9DswY="></latexit>

• The variable     we solved is exactly the distance 
between the ray source and the intersection.

t
<latexit sha1_base64="chgLhWw+nXC9ZwvJS+N9qlZPhLY="></latexit>



Ray-object intersection
• We will focus on

‣ Ray-triangle intersection

‣ Ray-sphere intersection

‣ Ray-ellipsoid intersection



Ray-sphere intersection
• Sphere representation

‣ Center c 2 R3
<latexit sha1_base64="UZjnGhzdmHKjoRWQGvm+h5IfT18="></latexit>

‣ Radius r > 0
<latexit sha1_base64="ieefDa95x3xayTwUgXJ6vaFOu4w="></latexit>

• Ray representation

‣ Source                 and directionp0 2 R3
<latexit sha1_base64="xzG9IvNntTqMrF9NWjXNuZ/1adA="></latexit>

d 2 R3
<latexit sha1_base64="knFfwA4m9t46SfNBkQMaaFjW5NY="></latexit>

• A point                lies on the sphere if and only ifq 2 R3
<latexit sha1_base64="NCjSfGKfbBRr6tynjkJREPdk2hs="></latexit>

(q� c) · (q� c) = r2
<latexit sha1_base64="qyfoL9uqlIIBvofL9qX3Ae8F8M8="></latexit>

• Any point along the ray takes 
the form q= p0 + td

<latexit sha1_base64="0kXNWeTUPR7j5F4Ch1Yl5njWnKI="></latexit>



Ray-sphere intersection

• Substitution

(q� c) · (q� c) = r2
<latexit sha1_base64="qyfoL9uqlIIBvofL9qX3Ae8F8M8="></latexit>

q= p0 + td
<latexit sha1_base64="0kXNWeTUPR7j5F4Ch1Yl5njWnKI="></latexit>

(p0 + td� c) · (p0 + td� c) = r2
<latexit sha1_base64="phkoZxBtnbKmRp9FF3qsTqLCSy0="></latexit>

• Expand

• The ray direction is always normalized |d|= 1
<latexit sha1_base64="DAKZ9ekDjyOTFJg5h60ib3HgisQ="></latexit>

|d|2 t2 + 2d · (p0 � c)t + |p0 � c|2 � r2 = 0
<latexit sha1_base64="wXEP+z0XZq0LTSzTcgqwWmAM+3w="></latexit>

t2 + 2d · (p0 � c)t + |p0 � c|2 � r2 = 0
<latexit sha1_base64="uPYTLUEQC7q5kA+R7a4/hbZwn4I="></latexit>



Ray-sphere intersection

t2 + 2d · (p0 � c)t + |p0 � c|2 � r2 = 0
<latexit sha1_base64="uPYTLUEQC7q5kA+R7a4/hbZwn4I="></latexit>

• Quadratic formula

t = �d · (p0 � c)±
∆
(d · (p0 � c))2 � |p0 � c|2 + r2

<latexit sha1_base64="nloA5Ip2ulTzbomWi/DLchZ/Cb8="></latexit>

• If the expression in        is negative
p·

<latexit sha1_base64="wEOk3eQTT1LDkPIlJrr7ZMG1iog="></latexit>

• If the expression in        is zero
p·

<latexit sha1_base64="wEOk3eQTT1LDkPIlJrr7ZMG1iog="></latexit>

‣ no intersection

‣ tangent



Ray-sphere intersection
t = �d · (p0 � c)±

∆
(d · (p0 � c))2 � |p0 � c|2 + r2

<latexit sha1_base64="nloA5Ip2ulTzbomWi/DLchZ/Cb8="></latexit>

• If the expression in        is negative
p·

<latexit sha1_base64="wEOk3eQTT1LDkPIlJrr7ZMG1iog="></latexit>

• If the expression in        is zero
p·

<latexit sha1_base64="wEOk3eQTT1LDkPIlJrr7ZMG1iog="></latexit>

‣ no intersection

‣ tangent

• If the expression in        is positive
p·

<latexit sha1_base64="wEOk3eQTT1LDkPIlJrr7ZMG1iog="></latexit>

‣ two intersections
‣ Need to take the smallest positive t



Ray-sphere intersection
• Once we find t (which is distance to the source)

• Position is given by q= p0 + td
<latexit sha1_base64="0kXNWeTUPR7j5F4Ch1Yl5njWnKI="></latexit>

• Normal is given by normalize(q� c)
<latexit sha1_base64="4tgita7E/1IZsgpplVwOv/oy0Zc="></latexit>

q
<latexit sha1_base64="jdCcxbchBjgIoKVtt2KgyfiM7Mc="></latexit>

c
<latexit sha1_base64="4ATeJCu/rsH7+cjrlHfF340Pego="></latexit>

t
<latexit sha1_base64="chgLhWw+nXC9ZwvJS+N9qlZPhLY="></latexit>

normal



Ray-object intersection
• We will focus on

‣ Ray-triangle intersection

‣ Ray-sphere intersection

‣ Ray-ellipsoid intersection



Transformed object
• Ellipsoid is a transformed sphere

‣ We only need to talk about the 
transformation rule for ray-object  
intersection under change of coordinate



Transformed object

World coordinate

Model coordinate

M
<latexit sha1_base64="ieVjXhMLK1xAJX4893qxijzhSdc="></latexit>

• Suppose the model coordinate and the world coordinate 
are related by a 4x4 model matrix M

<latexit sha1_base64="ieVjXhMLK1xAJX4893qxijzhSdc="></latexit>

p0
<latexit sha1_base64="Vfeh+hL2pPhDkrq3YxwQ+OuX4YU="></latexit>

d
<latexit sha1_base64="iD1+6d77lm9Lju20LxvqIEXyPEQ="></latexit>

p̃0
<latexit sha1_base64="KOlvH6vySVrnyw7mPxPfCzyZ9Dg="></latexit>

d̃
<latexit sha1_base64="2IOKNgEHDLHw1IMs3Q4A4oYuu4g="></latexit>

• Transform the ray to the model  
coordinate, intersect

• Transform the intersection  
information back to world



Transformed object
• Given a ray (     ,    ) in the world coordinatep0

<latexit sha1_base64="Vfeh+hL2pPhDkrq3YxwQ+OuX4YU="></latexit>

d
<latexit sha1_base64="iD1+6d77lm9Lju20LxvqIEXyPEQ="></latexit>

• The ray in the model coordinate is computed by2
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<latexit sha1_base64="KXIUlCfv6E7jEuVwl2dWgozDDWU="></latexit>
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<latexit sha1_base64="zW6Xnc3+ydxCpcsHSzHpqgudE30="></latexit>
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<latexit sha1_base64="Y69IdVAdP1oQt7/XhiRZl5vACrk="></latexit>

where A = mat3(M), that is

d̃ normalize(d̃)
<latexit sha1_base64="EVYg5Xf4XZ9TcyMX6BZHo5qb7b4="></latexit>



Transformed object
• Perform intersect( ray, obj ) in the model coordinate

‣ Obtain intersection position      and normalq̃
<latexit sha1_base64="vZgMfME3wG5q/AUePKI5o9Zt5WI="></latexit>

ñ
<latexit sha1_base64="VfIQ9rPUUss43EvKUWW9noZS5AI="></latexit>

• Transform the intersection position and normal back to the world2
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<latexit sha1_base64="Vrr1iAmBBE9c4cUj9RIqpYjbSyY="></latexit>
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<latexit sha1_base64="ij3ptjxs1Zl0u0fzWuAjeyblGjU="></latexit>

n normalize(n)
<latexit sha1_base64="FgXHk2KPeWAOkVmE6QZAw7eQ0y8="></latexit>

• Compute the rest of the intersection info in the world coordinate
t = |q� p0|

<latexit sha1_base64="I0YmOolx6BUNMpl38AMa/qtKHjU="></latexit>



Tips for handling Image and 
Scene

• Ray tracing framework
• Ray through pixel
• Ray-geometry intersection
• Organizing image and scene
• Global illumination



Image
void Raytrace(Camera cam, Scene scene, Image &image){
  int w = image.width; int h = image.height;
  for (int j=0; j<h; j++){
    for (int i=0; i<w; i++){
      Ray ray = RayThruPixel( cam, i, j, w, h );
      Intersection hit = Intersect( ray, scene );
      image.pixel[i][j] = FindColor( hit );
    }
  }
}

• Image is a list of pixels class Image{  
  public:  
    int width, height;  
    std::vector<glm::vec3> pixel;
    void initialize();  
}

• Calling Raytrace will assign pixel values to the image

[j*w + i] if using linear array instead of multi-array 



Image

• To show an image on screen, you can store it as a texture and 
transfer it to the frame buffer.



Image
• Global variables (or encapsulated in your Image class)

unsigned int fbo; // frame buffer object
unsigned int texture; // texture buffer object

• Initialize buffers (e.g. in initialization of Image class)
glGenFrameBuffers(1,&fbo);
glGenTextures(1,&texture);

• Display (e.g. in a “draw” method of Image class)
glBindTexture(GL_TEXTURE_2D, texture);
glTexImage2D(GL_TEXTURE_2D,0,GL_RGB,widht,height, // load texture  
              0,GL_RGB,GL_FLOAT, &pixel[0][0]);   // with image data

glBindFramebuffer(GL_READ_FRAMEBUFFER, fbo);
glFramebufferTexture2D(GL_READ_FRAMEBUFFER,        // attach texture  
  GL_COLOR_ATTACHMENT0, GL_TEXTURE_2D, texture, 0);// and frame

glBlitFramebuffer(0,0,width,height, 0,0,width,height, // copy data from  
  GL_COLOR_BUFFER_BIT, GL_NEAREST);   // the read-buffer to draw-buffer



Scene
void Raytrace(Camera cam, Scene scene, Image &image){
  int w = image.width; int h = image.height;
  for (int j=0; j<h; j++){
    for (int i=0; i<w; i++){
      Ray ray = RayThruPixel( cam, i, j, w, h );
      Intersection hit = Intersect( ray, scene );
      image.pixel[i][j] = FindColor( hit );
    }
  }
}

• Scene contains a list (or some data structure)  
of triangles (or other geometric primitives)

std::vector<Triangle> triangle_soup;

· · ·<latexit sha1_base64="Ac9919JT7VNjzrOE873ypqsCDeQ="></latexit>
class Triangle{ 
   3 vertex positions, 3 vertex normals, 
   pointer to material }



Scene
• Scene contains a list (or some data structure)  

of triangles (or other geometric primitives)

std::vector<Triangle> triangle_soup;

· · ·<latexit sha1_base64="Ac9919JT7VNjzrOE873ypqsCDeQ="></latexit>
class Triangle{ 
   3 vertex positions, 3 vertex normals, 
   pointer to material }

• When searching for intersection in “Intersect(ray, scene)” 
we can iterate triangle over scene.triangle_soup

• We can still build complex scene like in HW3



Scene
• Scene contains a list (or some data structure)  

of triangles (or other geometric primitives)

World

Table

table top table leg

wooden  
cube

ceramic 
teapot

• Re-use HW3 scene graph description.  During depth first search, 
instead of calling “draw” model, just dump all triangles into a list 
(with position/normal transformed to the world coordinate)

class Triangle{ 
   3 vertex positions, 3 vertex normals, 
   pointer to material }

std::vector<Triangle> triangle_soup;

· · ·<latexit sha1_base64="Ac9919JT7VNjzrOE873ypqsCDeQ="></latexit>

generate 
“triangle 
soup”



Global Illumination
• Ray tracing framework
• Ray through pixel
• Ray-geometry intersection
• Organizing image and scene
• Global illumination



Global illumination

in-coming ray

ray to light

reflecte
d ra

y

• Local illumination evaluates color  
directly using light source.

• We have seen a glimpse of  
global illumination.
‣ Visibility test from light source
‣ Recursive mirror reflection

• In a more realistic global illumination, 
the diffuse color is also recursive!



Global illumination

• In a more realistic global illumination, 
the diffuse color is also recursive!

indirect lighting 
effect



Global illumination

• Local illumination is also called direct lighting.

• We add indirect lighting, which are paths that have more bounces.

+
<latexit sha1_base64="RZK/Yc3L7L8wBGnNw5ec5KRzqG8="></latexit>

=<latexit sha1_base64="nrVgTloSJ8fZYxQX4BoAn4HK1mA="></latexit>

Direct lighting Indirect lighting



Diffuse light
• To make both diffuse and specular reflection recursive, evaluate 

color by the color of the reflected ray

• Instead of mirror reflecting ray, diffuse reflection generates 
a reflected ray in a random direction

reflected ray

in coming ray

‣ The color shaded by a random 
reflection won’t look right

‣ But after averaging thousands 
of random samples, the  
resulting color is physically 
accurate.



Shading model (from direct to recursive)
• Let us recall OpenGL shading model 

• Given a ray-object intersection “hit” (or fragment)

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

‣ v: direction to the source of in coming ray
‣ n: surface normal
‣ p: position of this hit
‣ Material color Cdiffuse

<latexit sha1_base64="ewUDCAahiMltm2JREoN4jkDwGQA="></latexit>

Cspecular
<latexit sha1_base64="90nzwBnGXZZiiH+ypc8GSTF0J7Y="></latexit>

• Output light color            seen by in-coming rayLseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>



Shading model (from direct to recursive)
• Direct shading model we did in OpenGL

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>
X

i2lights

CdiffuseL light
sourcei

max(n · li , 0)
<latexit sha1_base64="FISpmSrNlNo03+eSDEF/fE0xuM0="></latexit>

+CspecularBlinnPhong(v,n, LightSources)
<latexit sha1_base64="z/6WqFpaSrMrYOnGGFqLFb2Ptx8="></latexit>

li
<latexit sha1_base64="DEXO6IGoI3zWPyM57ZyQfW7NCq8="></latexit>

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>



Shading model (from direct to recursive)
• Add shadow in ray tracing

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>
X

i2lights

CdiffuseL light
sourcei

max(n · li , 0)
<latexit sha1_base64="FISpmSrNlNo03+eSDEF/fE0xuM0="></latexit>

+CspecularBlinnPhong(v,n, LightSources)
<latexit sha1_base64="z/6WqFpaSrMrYOnGGFqLFb2Ptx8="></latexit>

li
<latexit sha1_base64="DEXO6IGoI3zWPyM57ZyQfW7NCq8="></latexit>

visibilityi
<latexit sha1_base64="Y5TGqGmqoF9NpNfpXxDB/AZfRxE="></latexit>

0 or 1 depending whether 
ray to i-th light is blocked

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>



Shading model (from direct to recursive)
• Add recursive specular reflection

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>
X

i2lights

CdiffuseL light
sourcei

max(n · li , 0)
<latexit sha1_base64="FISpmSrNlNo03+eSDEF/fE0xuM0="></latexit>

+CspecularBlinnPhong(v,n, LightSources)
<latexit sha1_base64="z/6WqFpaSrMrYOnGGFqLFb2Ptx8="></latexit>

li
<latexit sha1_base64="DEXO6IGoI3zWPyM57ZyQfW7NCq8="></latexit>

visibilityi
<latexit sha1_base64="Y5TGqGmqoF9NpNfpXxDB/AZfRxE="></latexit>

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>



Shading model (from direct to recursive)
• Add recursive specular reflection

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>
X

i2lights

CdiffuseL light
sourcei

max(n · li , 0)
<latexit sha1_base64="FISpmSrNlNo03+eSDEF/fE0xuM0="></latexit>

li
<latexit sha1_base64="DEXO6IGoI3zWPyM57ZyQfW7NCq8="></latexit>

visibilityi
<latexit sha1_base64="Y5TGqGmqoF9NpNfpXxDB/AZfRxE="></latexit>

+CspecularL(p,r)
<latexit sha1_base64="xl3hbJaH9sm5PTh1lP5WGRSUvZg="></latexit>

r
<latexit sha1_base64="sYJT2HzkqNV+lI4o9mz136US820="></latexit>

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>

color seen by 
ray (p, r)

‣ mirror reflection direction
r= 2(n · v)n� v

<latexit sha1_base64="/me/H3Eoy5FvozGBxQDoyjQDTkQ="></latexit>



Shading model (from direct to recursive)
• As for adding recursive diffuse shading

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>
X

i2lights

CdiffuseL light
sourcei

max(n · li , 0)
<latexit sha1_base64="FISpmSrNlNo03+eSDEF/fE0xuM0="></latexit>

visibilityi
<latexit sha1_base64="Y5TGqGmqoF9NpNfpXxDB/AZfRxE="></latexit>

+CspecularL(p,r)
<latexit sha1_base64="xl3hbJaH9sm5PTh1lP5WGRSUvZg="></latexit>

r
<latexit sha1_base64="sYJT2HzkqNV+lI4o9mz136US820="></latexit>

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>

replace 

by

CdiffuseL(p,d)(n · d)
<latexit sha1_base64="1Hpm7foR4dlV/8TFVu39ZHPTxy0="></latexit>

where     is a random direction 
uniformly distributed on the  
hemisphere

d
<latexit sha1_base64="SQJSJffJdbvvPFS5PVcSe561d08="></latexit>

d
<latexit sha1_base64="SQJSJffJdbvvPFS5PVcSe561d08="></latexit>



Shading model (from direct to recursive)
• As for adding recursive diffuse shading

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>
X

i2lights

CdiffuseL light
sourcei

max(n · li , 0)
<latexit sha1_base64="FISpmSrNlNo03+eSDEF/fE0xuM0="></latexit>

visibilityi
<latexit sha1_base64="Y5TGqGmqoF9NpNfpXxDB/AZfRxE="></latexit>

+CspecularL(p,r)
<latexit sha1_base64="xl3hbJaH9sm5PTh1lP5WGRSUvZg="></latexit>

r
<latexit sha1_base64="sYJT2HzkqNV+lI4o9mz136US820="></latexit>

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>

replace 

by

CdiffuseL(p,d)(n · d)
<latexit sha1_base64="1Hpm7foR4dlV/8TFVu39ZHPTxy0="></latexit> d

<latexit sha1_base64="SQJSJffJdbvvPFS5PVcSe561d08="></latexit>

‣ This is like thinking of every 
direction is a light source



Shading model (from direct to recursive)
• As for adding recursive diffuse shading

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>

+CspecularL(p,r)
<latexit sha1_base64="xl3hbJaH9sm5PTh1lP5WGRSUvZg="></latexit>

r
<latexit sha1_base64="sYJT2HzkqNV+lI4o9mz136US820="></latexit>

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>

CdiffuseL(p,d)(n · d)
<latexit sha1_base64="1Hpm7foR4dlV/8TFVu39ZHPTxy0="></latexit>

d
<latexit sha1_base64="SQJSJffJdbvvPFS5PVcSe561d08="></latexit>

• Problem: evaluating this color require 
generating two additional rays.

‣ The number of rays in the recursion will 
grow exponentially O(2n)

<latexit sha1_base64="hxYYMqbsFadvLZWXlGKwsjnoVO4="></latexit>

‣ Solution: just combine the two terms



Shading model (from direct to recursive)
• Final shading model

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>

r
<latexit sha1_base64="sYJT2HzkqNV+lI4o9mz136US820="></latexit>

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>

d
<latexit sha1_base64="SQJSJffJdbvvPFS5PVcSe561d08="></latexit>

8
<
:

CdiffuseL(p,d)(n · d)
or

CspecularL(p,r)
<latexit sha1_base64="O/QFIrpmmxxq6szyphuxf5vxCdQ="></latexit>

with probability 0.5

with probability 0.5



Shading model (from direct to recursive)
• Final shading model

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>

r
<latexit sha1_base64="sYJT2HzkqNV+lI4o9mz136US820="></latexit>

p
<latexit sha1_base64="XBfG2jcQfLqBy/TAtW7pLdm32+g="></latexit>

d
<latexit sha1_base64="SQJSJffJdbvvPFS5PVcSe561d08="></latexit>

8
<
:

CdiffuseL(p,d)(n · d)
or

CspecularL(p,r)
<latexit sha1_base64="O/QFIrpmmxxq6szyphuxf5vxCdQ="></latexit>

with probability 0.5

with probability 0.5

• Most general shading model

Lseen = CBRDF(v,d)L(p,d)
<latexit sha1_base64="yNjI9GfepiIkjUh31s/V0CXKiPE="></latexit>

‣ BRDF: Bidirectional reflectance distribution function

‣ What one would do in CSE168 (advanced rendering)



Averaging the randomized color

Lseen
<latexit sha1_base64="V+VE8n1/4mObgoWeN7cq72Ulev4="></latexit>

=<latexit sha1_base64="E3oH7yxTEpcjqXjInfdSFO2GXxg="></latexit>

8
<
:

CdiffuseL(p,d)(n · d)
or

CspecularL(p,r)
<latexit sha1_base64="O/QFIrpmmxxq6szyphuxf5vxCdQ="></latexit>

with probability 0.5

with probability 0.5

• Shoot a ray through a random point in the pixel
• Hit some surface and evaluate the color of the hit:

• Let the recursion unfold with a max recursion depth.

For k = 1,…,N (number of samples)

• If the max depth is reached, set the color as old-school diffuseX

i2lights

CdiffuseL light
sourcei

max(n · li , 0)
<latexit sha1_base64="FISpmSrNlNo03+eSDEF/fE0xuM0="></latexit>

visibilityi
<latexit sha1_base64="Y5TGqGmqoF9NpNfpXxDB/AZfRxE="></latexit>

Lcum+ = Lseen
<latexit sha1_base64="t/BKu5U8ycG6Klk4mCoDtXIzGEo="></latexit>

• Accumulate 

EndFor
Lpixel =

1
N Lcum

<latexit sha1_base64="gPNWuQITh9NU0n32uVzAIVNfM2A="></latexit>



Averaging the randomized color

1 sample path per pixel 10 sample paths per pixel 1000 sample paths per pixel



Path lengths (recursion depth)

ray to light

1st b
ounce

ray from camera

2nd bounce

• The recursion depth is also the number of bounces of ray

• If we just set a fixed recursion depth, the result will be too dark

1 bounce + 2 bounce

1 bounces + 2 bounces  
+ … + 9 bounces
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Path lengths (recursion depth)
• The recursion depth is also the number of bounces of ray

• If we just set a fixed recursion depth, the result will be too dark

1 bounce + 2 bounce

1 bounces + 2 bounces  
+ … + 9 bounces
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A lot of bounces



Infinite sum

+
<latexit sha1_base64="RZK/Yc3L7L8wBGnNw5ec5KRzqG8="></latexit>

=<latexit sha1_base64="nrVgTloSJ8fZYxQX4BoAn4HK1mA="></latexit>

Direct lighting Indirect lighting

• The color of pixel should be 
[Color of 1-bounce paths] + [Color of 2-bounce paths] +  
. . . + [Color of L-bounce paths] + . . . 

(how do you compute infinite sum?)



A method for infinite sum

• The method of Russian Roulette:

‣ Let the ray bounce indefinitely until randomly terminated
‣ Every bounce has a termination probability p
‣ The probability of getting a k-bounce paths is (1� p)k

<latexit sha1_base64="xHfkGVPualNs2Et/5FpGV+w3jn8="></latexit>

p
<latexit sha1_base64="SOyLtnYvk05PkF0EQJr0JnexQs0="></latexit>

‣ If we get a k-bounce path, weight the result by 1
(1� p)k p

<latexit sha1_base64="GG1ZHEVTBm6WX0mvlp76/HAgWTU="></latexit>

• The color of pixel should be 
[Color of 1-bounce paths] + [Color of 2-bounce paths] +  
. . . + [Color of L-bounce paths] + . . . 

‣ Expectation: P1
k=1

result with k bounces
(1�p)k p · (1� p)k p

<latexit sha1_base64="0sMZKp3xzHracy3E54NdtyQWBB0="></latexit>

probability of getting k bounces



Next

• Radiosity 

• Rendering equation


