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Affine Geometry



Overview

• We’ve learned about the geometry and algebra of vectors.

• model matrix, view matrix

• Today: positions (affine points) and displacements (vectors)

• Coordinate system (analogous to basis)

• Affine transformations = linear transforms + translations



Recall: Vectors
• Recall: vectors
• Affine points
• Coordinate systems
• Affine transformations
• Model/camera/view
• View matrix



Recall: Vectors
• There are two representations of vectors:

Geometric ~v
<latexit sha1_base64="+e0IKtl9eQZIdc7TA4fecfFtgIE="></latexit>

Algebraic v=
î v1

v2
v3

ó
<latexit sha1_base64="UU0QOoftiq5pbrciPlEUMt2Ibvc="></latexit>

• A basis of the vector space relates the two representations

2 R3
<latexit sha1_base64="IRAb8Oh5WakrAqJ51Mo9EQpiUiI="></latexit>

~v = [ ~e1 ~e2 ~e3 ]
î v1

v2
v3

ó
<latexit sha1_base64="Dk8JVlxhmBTjLMo1rN3RrFB627Y="></latexit>• Transformations and change of basis

2 V
<latexit sha1_base64="VpMT0Aal/Co5E1hXfVn34DzH4No="></latexit>

vector  
space

basis

• Basic operations

[ ~a1 ~a2 ~a3 ] = [ ~e1 ~e2 ~e3 ]
î a11 a12 a13

a21 a22 a23
a31 a32 a33

ó
<latexit sha1_base64="S7/rtd5pInmfoGJnpOd6ZHnIyFE="></latexit> R3

~e

A=
 a11 a12 a13

a21 a22 a23
a31 a32 a33

�

 ��������� R3
~a

<latexit sha1_base64="7CmlLzKnJBNWZMPyXlRx9peT6PM="></latexit>

v
<latexit sha1_base64="KoOYahmaB0nhv2W6w4yzcBFlHC0="></latexit>

Av
<latexit sha1_base64="GHJl/WLdrb7JPMcZos8TWiPl25Q="></latexit>

~u+ ~v
<latexit sha1_base64="ohT3khx5gh6whbBOT6jRnt6JD5s="></latexit>

‣ Vector add vector u+ v
<latexit sha1_base64="AJj+tP1XKavkjdlm6jpZ71dOIGE="></latexit>

a~v
<latexit sha1_base64="VlrhmmXG7iBlTmNA8Nep6tV6wlE="></latexit>‣ scalar times vector av

<latexit sha1_base64="WE00DotwExRDK90aDbMUyTA/2Yw="></latexit>

coefficients for      under 
basis

~a2
<latexit sha1_base64="rCF2av3+mAgZf+tklDryTUsyfE4="></latexit>

(~e1,~e2,~e3)
<latexit sha1_base64="2itMWV/w/9r3RnwhXHWh8u2tdsY="></latexit>



Limitations of vectors
• Vectors are good at describing 

‣ Displacements, velocities, accelerations, forces

• Vectors are awkward at describing point positions

‣ Additions and scalings are meaningless for point positions

‣ Linear transformation cannot represent translations (parallel shift)

• Next, we will mix in a new type of object called (affine) point



Affine points
• Recall: vectors
• Affine points
• Coordinate systems
• Affine transformations
• Model/camera/view
• View matrix



Positions and Displacements
Points and vectors are different.

Base on our experience:

• Points describe positions (denoted by     )p
<latexit sha1_base64="ZcnPPLNi8vLhxm29ndeRjLkLUpE="></latexit>

• Vectors describe displacements (denoted by     )~v
<latexit sha1_base64="5dHTYYyhd+sUeBVxlnnwZw+vjDQ="></latexit>

• Differences of positions are displacements q� p = ~v
<latexit sha1_base64="fRRCJUjBxY7MQ+MxEUVBdUWjNIQ="></latexit>

• Position add displacement is position p+ ~v = q
<latexit sha1_base64="/+AAytVODoNdBEAE2rnHq3U+HQs="></latexit>

• Linear combinations of displacements are displacements
c1~v1 + c2~v2 = ~u

<latexit sha1_base64="wKNI2vjWqV7ze/404N0xnsCzvVk="></latexit>

• Scale and sum of positions don’t make sense c1p
1
+ c2p

2
=?

<latexit sha1_base64="Z+oRe/ycOFXJZBLMpwTbFTnrt9Q="></latexit>

• Average of positions is fine 0.5p
1
+ 0.5p

2
= q

<latexit sha1_base64="zPSh1BdUD2lviI7m6IYcULRTQ/U="></latexit>



Positions and Displacements
The collection of all vectors form a vector space.

The collection of all points form an affine space.

‣ scalar * pt = not defined!
‣ pt + pt = not defined!

‣ vec + vec = vec
‣ scalar * vec = vec

‣ pt + vec = pt

‣ pt – pt = vec

V
<latexit sha1_base64="5f9Tcb9W/NWG4L2alLEzqURb85k="></latexit>

P
<latexit sha1_base64="HSyDjF4ktPaSftZVfirKHmrPNNU="></latexit>



Positions and Displacements

What is the algebraic representation for vectors and points?

Homogeneous coordinates



Points/positions Vectors/displacements

2
64

px
py
pz
1

3
75

<latexit sha1_base64="zXY7puraoV3EN0tFprn6htjflzw="></latexit>

2
64

vx
vy
vz
0

3
75

<latexit sha1_base64="K/i8mP4RjL36ivh6ArHPjyR5g+w="></latexit>

Positions and Displacements



Points/positions Vectors/displacements2
64

px
py
pz
1

3
75

<latexit sha1_base64="zXY7puraoV3EN0tFprn6htjflzw="></latexit>

2
64

vx
vy
vz
0

3
75

<latexit sha1_base64="K/i8mP4RjL36ivh6ArHPjyR5g+w="></latexit>
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q
1
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p
1

ò
=
ï
q� p

0

ò

<latexit sha1_base64="GuYDdcCgN0e61KUEB8yeyP0LZiA="></latexit>

pt pt vec

c1

ï
v1
0

ò
+ c2

ï
v2
0

ò
=
ï
c1v1 + c2v2

0

ò

<latexit sha1_base64="Y16OcwaEsxmTIJcjSd/Ssnt3m3w="></latexit>

vec vec vec

Positions and Displacements



ï
q
1

ò
�
ï
p
1

ò
=
ï
q� p

0

ò

<latexit sha1_base64="GuYDdcCgN0e61KUEB8yeyP0LZiA="></latexit>

pt pt vec

c1

ï
v1
0

ò
+ c2

ï
v2
0

ò
=
ï
c1v1 + c2v2

0

ò

<latexit sha1_base64="Y16OcwaEsxmTIJcjSd/Ssnt3m3w="></latexit>

vec vec vec

ï
p1
1

ò
+
ï
p2
1

ò
=
ï
p1 + p2

2

ò

<latexit sha1_base64="fKKIrlkUSjBDsJW/02Q2IZeLvlU="></latexit>

pt pt not defined

0.5
ï
p1
1

ò
+ 0.5
ï
p2
1

ò
=
 p1+p2

2
1

�

<latexit sha1_base64="PlQUlBsMm0YEse+kO86/9c7DO6A="></latexit>

pt pt pt

Positions and Displacements



Points/positions Vectors/displacements

2
64

px
py
pz
1

3
75

<latexit sha1_base64="zXY7puraoV3EN0tFprn6htjflzw="></latexit>

2
64

vx
vy
vz
0

3
75

<latexit sha1_base64="K/i8mP4RjL36ivh6ArHPjyR5g+w="></latexit>

Positions and Displacements

The 4-dimensional coordinates for 3D points and vectors are called 
the homogeneous coordinates.



Coordinate system
• Recall: vectors
• Affine points
• Coordinate systems
• Affine transformations
• Model/camera/view
• View matrix



Basis v.s. coordinate systems
• For vectors ~v = [ ~e1 ~e2 ~e3 ]

î v1
v2
v3

ó
<latexit sha1_base64="Dk8JVlxhmBTjLMo1rN3RrFB627Y="></latexit> basis

• For affine points

p =
⇥
~e1 ~e2 ~e3 o
⇤
2
64

p1
p2
p3
1

3
75

<latexit sha1_base64="PBr1Rux8Bm2cc0FV978ex+jWWWg="></latexit>

o
<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e1
<latexit sha1_base64="bTl+dgL5sWPjVDjg1j4pBXlPrSg="></latexit>

~e2
<latexit sha1_base64="2DVTrf0s+tLPqY6vVuG5x8WwN44="></latexit>

~e3
<latexit sha1_base64="0Yg9ofRrh7UTKV5wbL1qIhmEYKI="></latexit>

p
<latexit sha1_base64="nl4mH5u5UTOJ8LVapStrl2uXlr0="></latexit>

basis origin

= p1~e1 + p2~e2 + p3~e3 + o
<latexit sha1_base64="2W4sKk7L3fFdnvJ+l9In1IdyR0c="></latexit>

displacement vector p� o
<latexit sha1_base64="LBmtNQCrOR0I0qnjYfUV5YHr//0="></latexit>

coordinate system



Coordinate system
Let       be an affine space modeled on a vector space    .P

<latexit sha1_base64="V3H1CjtIimLnyohAaB9+hlioZSo="></latexit>

V
<latexit sha1_base64="30L62y8LSWi6dFSOTUF0Z8ASVg0="></latexit>

A frame or an affine coordinate system is a basis     for  
together with a point            .

~e
<latexit sha1_base64="ASkYDauXuibp2IfjGn52SNI4zNE="></latexit>

V
<latexit sha1_base64="30L62y8LSWi6dFSOTUF0Z8ASVg0="></latexit>

o 2 P
<latexit sha1_base64="pm9DPeSQ0r2jYdT7tRJPYRtrxYM="></latexit>

Given any              we can uniquely write it asp 2 P
<latexit sha1_base64="BV0EsCvRjULnNtY9JgG74k/ZH9Y="></latexit>

p = p1~e1 + · · ·+ pn~en + o
<latexit sha1_base64="ryMx2/huAuud/qSmsPPtYF0mPEg="></latexit>

=
⇥
~e¸ o
⇤ïp

1

ò

<latexit sha1_base64="9zJ4c//xrCO1RadRpiIVs7vGigU="></latexit>

coordinate  
system

array of numbers as 
homogeneous coordinate

geometric 
point o

<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e1
<latexit sha1_base64="bTl+dgL5sWPjVDjg1j4pBXlPrSg="></latexit>

~e2
<latexit sha1_base64="2DVTrf0s+tLPqY6vVuG5x8WwN44="></latexit>

~e3
<latexit sha1_base64="0Yg9ofRrh7UTKV5wbL1qIhmEYKI="></latexit>

p
<latexit sha1_base64="nl4mH5u5UTOJ8LVapStrl2uXlr0="></latexit>



Affine Transformations
• Recall: vectors
• Affine points
• Coordinate systems
• Affine transformations
• Model/camera/view
• View matrix



Affine transformations
• In matrix algebra, we call                  linear transformationsx 7! Ax

<latexit sha1_base64="SCgI1Hsp7+4uM7r6drHkMqrPuZo="></latexit>

2
4x3⇥1

3
5 7!

2
4 A3⇥3

3
5
2
4x3⇥1

3
5

<latexit sha1_base64="7fJMJzsxj6laCFpXxnqvcyUhfXU="></latexit>

• Transformations that take the form of

are called affine transformations.

x 7! Ax+ b
<latexit sha1_base64="AT1yWYAOJaRLYNg6KKcb5KA+ZMo="></latexit>2

4x3⇥1

3
5 7!

2
4 A3⇥3

3
5
2
4x3⇥1

3
5+

2
4b3⇥1

3
5

<latexit sha1_base64="xiSF4B0OFOCB3v0ytYWQ/FmBJYM="></latexit>



Affine transformations
• Transformations that take the form of

are called affine transformations.

x 7! Ax+ b
<latexit sha1_base64="AT1yWYAOJaRLYNg6KKcb5KA+ZMo="></latexit>2

4x3⇥1

3
5 7!

2
4 A3⇥3

3
5
2
4x3⇥1

3
5+

2
4b3⇥1

3
5

<latexit sha1_base64="xiSF4B0OFOCB3v0ytYWQ/FmBJYM="></latexit>

• Using the homogeneous coordinate, it’s a single matrix multiplication!
2
64x3⇥1

1

3
75 7!

2
64 A3⇥3 b3⇥1

01⇥3 1

3
75

2
64x3⇥1

1

3
75

<latexit sha1_base64="g4jC8z3aOMIBiKmGLvQOdTo+cG8="></latexit>

=

2
64Ax+ b

1

3
75

<latexit sha1_base64="A1aWAsLP2+Hv7osCndBCkULQxYw="></latexit>



Affine transformation matrix
• An affine transformation matrix takes the form

M=

2
64

A11 A12 A13 b1
A21 A22 A23 b2
A31 A32 A33 b3
0 0 0 1

3
75

<latexit sha1_base64="3AZHffRI4sL2ivSvJu3dD/XCRio="></latexit>

linear part translation part

last row is always 0001



Relating two coordinate systems
• Suppose we have two coordinate systems

[ ~e1 ~e2 ~e3 o ]
<latexit sha1_base64="1DTVZD/nYt56CawzMn+V0dbmhAI="></latexit>

[ ~e01 ~e02 ~e03 o0 ]
<latexit sha1_base64="2WJfteFzbshhf42fmLt5PsULuk4="></latexit>

• They are related by an affine matrix

⇥
~e01 ~e02 ~e03 o0

⇤
=
⇥
~e1 ~e2 ~e3 o
⇤
2
64

A11 A12 A13 b1
A21 A22 A23 b2
A31 A32 A33 b3
0 0 0 1

3
75

<latexit sha1_base64="u88gDcY2NB3qkl0ne2Oyhsg0DWY="></latexit>

linear part translation part

‣ The linear part relates the bases ~e0¸ = ~e¸A
<latexit sha1_base64="IuGChSdPkhjP7V0khwX28eUPNzU="></latexit>

o0 = o+ ~e¸b
<latexit sha1_base64="/ttQ1jlEu3d2RUrv+Ca1b20b4OA="></latexit>

‣ The translation part relates the origin

coordinates for      under 
coord. system

~e02<latexit sha1_base64="RUja3oTmxabQvG/2s307P0XTJp4="></latexit>
(~e1,~e2,~e3, o)

<latexit sha1_base64="iBNJTagSddJFt5blLqcPzpwDZFo="></latexit>

coordinates for      under 
coord. system

o0
<latexit sha1_base64="UaS+T34i9UWbwa67bEf57SnLric="></latexit>

(~e1,~e2,~e3, o)
<latexit sha1_base64="iBNJTagSddJFt5blLqcPzpwDZFo="></latexit>



Relating two coordinate systems

⇥
~e01 ~e02 ~e03 o0

⇤
2
64

p1
p2
p3
1

3
75 =
⇥
~e1 ~e2 ~e3 o
⇤
2
64

A11 A12 A13 b1
A21 A22 A23 b2
A31 A32 A33 b3
0 0 0 1

3
75

2
64

p1
p2
p3
1

3
75

<latexit sha1_base64="bHzMk0d0F1aMyS/1HOp1Mb8n+bE="></latexit>

coordinates of 
under the 
coordinate system 

(~e0, o0)
<latexit sha1_base64="+QzCWuc9MV41H3kqR+chpMCiTiY="></latexit>

p
<latexit sha1_base64="qyv4b0hIdd2je7pgPwXFrDMuROs="></latexit>

M
<latexit sha1_base64="PK71K0KWFmH/Gy4pZnrH73eONZ8="></latexit>

         is thecoordinates 
of    under the 
coordinate system 

p
<latexit sha1_base64="qyv4b0hIdd2je7pgPwXFrDMuROs="></latexit>

(~e, o)
<latexit sha1_base64="BVJXOD0xjacBkwMgmq+K1mbV4lU="></latexit>

M
⇥ p

1

⇤
<latexit sha1_base64="kYz68xSJHqdQ8auY51TCoJpHOQU="></latexit>

R4
(~e,o)

M=

2
4 A3⇥3 b3⇥1

1

3
5

 ������������ R4
(~e0,o0)

<latexit sha1_base64="ElJI5qn6j1cYHrkVjHc0E8W/BIc="></latexit>



Quick summary / examples
• Recall: vectors
• Affine points
• Coordinate systems
• Affine transformations
• Model/camera/view
• View matrix



Points/positions Vectors/displacements

2
64

px
py
pz
1

3
75

<latexit sha1_base64="zXY7puraoV3EN0tFprn6htjflzw="></latexit>

2
64

vx
vy
vz
0

3
75

<latexit sha1_base64="K/i8mP4RjL36ivh6ArHPjyR5g+w="></latexit>

Positions and Displacements



Linear transformation on vectors
• Linear transformations are applied to vectors.

• In 3D, we don’t need the 4th homogeneous coordinate.  
Just apply a 3x3 matrix to a 3D vector.

2
4

a11 a12 a13
a21 a22 a23
a31 a32 a33

3
5
2
4

vx
vy
vz

3
5=

2
4

a11vx + a12vy + a13vz
a21vx + a22vy + a23vz
a31vx + a32vy + a33vz

3
5

<latexit sha1_base64="JVF6+xQvU9vDvm6N5osl2z72Irw="></latexit>



Linear transformation on vectors
• Linear transformations are applied to vectors.

• In 3D, we don’t need the 4th homogeneous coordinate.  
Just apply a 3x3 matrix to a 3D vector.

2
4

0 �1 0
1 0 0
0 0 1

3
5
2
4

vx
vy
vz

3
5=

2
4
�vy
vx
vz

3
5

<latexit sha1_base64="eEgqHri49BH2ld4fynf9Rj39CVU="></latexit>

~ex
<latexit sha1_base64="AjHAxDVGDRYYQ3PZR4AFEXuj/gk="></latexit>

~ey
<latexit sha1_base64="26t4s2IyVjs1g3jm418VhTd5Xxo="></latexit>

~ez
<latexit sha1_base64="W4MdCotRk9Q3tiS9pLq8ORABhWE="></latexit>

~ex
<latexit sha1_base64="AjHAxDVGDRYYQ3PZR4AFEXuj/gk="></latexit>

~ey
<latexit sha1_base64="26t4s2IyVjs1g3jm418VhTd5Xxo="></latexit>

~ez
<latexit sha1_base64="W4MdCotRk9Q3tiS9pLq8ORABhWE="></latexit>

~ax
<latexit sha1_base64="NOl1Y7OwHo7107CYllncPXHbwYI="></latexit>~ay

<latexit sha1_base64="tuQ8UHBnawkn2TawGs06xvHXaeY="></latexit>

~az
<latexit sha1_base64="nFMW3vKgx7P+MRk85VCLV2s/7bM="></latexit>

2
4

1
0.5
0

3
5

<latexit sha1_base64="8x49Me5dyJrB5tQE9yTOT9WDRiY="></latexit>

2
4
�0.5

1
0

3
5

<latexit sha1_base64="GlCkL54SbqXSnCx3pAuBIsuZsic="></latexit>

2
4

1
0.5
0

3
5

<latexit sha1_base64="8x49Me5dyJrB5tQE9yTOT9WDRiY="></latexit>



Affine transformation on positions
• Affine transformations are applied to points.

• We need the 4th homogeneous coordinate to handle translations. 

2
64

a11 a12 a13 bx
a21 a22 a23 by
a31 a32 a33 bz
0 0 0 1

3
75

2
64

px
py
pz
1

3
75 =

2
64

a11px + a12py + a13pz + bx
a21px + a22py + a23pz + by
a31px + a32py + a33pz + bz

1

3
75

<latexit sha1_base64="CWnmOnsQ3egTGL7udloTjciU8rc="></latexit>



Affine transformation on positions
• Affine transformations are applied to points.

• We need the 4th homogeneous coordinate to handle translations. 

2
64

1 bx
1 by

1 bz
0 0 0 1

3
75

2
64

px
py
pz
1

3
75=

2
64

px + bx
py + by
pz + bz

1

3
75

<latexit sha1_base64="rqiFJpCyc95b2ChP1O2E/Y3aKQ0="></latexit>

(pure translation)

~ex
<latexit sha1_base64="AjHAxDVGDRYYQ3PZR4AFEXuj/gk="></latexit>

~ey
<latexit sha1_base64="26t4s2IyVjs1g3jm418VhTd5Xxo="></latexit>

~ez
<latexit sha1_base64="W4MdCotRk9Q3tiS9pLq8ORABhWE="></latexit>

o
<latexit sha1_base64="i7FS/8grdt9OQyY8ht0p8WzbOlo="></latexit>

(px , py , pz)
<latexit sha1_base64="VuwNrPWJFYaWRuFpBCl+HuljAmE="></latexit>

(px + bx , py + by , pz + bz)
<latexit sha1_base64="bGOom2jKZS9279DQfE2DUTithvs="></latexit>

~ax
<latexit sha1_base64="NOl1Y7OwHo7107CYllncPXHbwYI="></latexit>

~ay
<latexit sha1_base64="tuQ8UHBnawkn2TawGs06xvHXaeY="></latexit>

~az
<latexit sha1_base64="nFMW3vKgx7P+MRk85VCLV2s/7bM="></latexit>

o0
<latexit sha1_base64="2rhPYAjCF1DmSf+ZHoewOvF7Ecc="></latexit>

(px , py , pz)
<latexit sha1_base64="VuwNrPWJFYaWRuFpBCl+HuljAmE="></latexit>



Matrix from coord systems’ relation
• Exercise: Find the affine transform matrix relating the two  

coordinate system

rob
world coord 
system

hea

o
<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e
<latexit sha1_base64="025ZqVSLyHTTeHoOoRlNxdXGZBk="></latexit>

~up
<latexit sha1_base64="MCRPR47Crbw4aDa+SzM4QEp1YS4="></latexit>

= ~e¸u
<latexit sha1_base64="CyugCD24jEYNlvHMYj4w0J+Wsjw="></latexit>

eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>

= o+ ~e¸i
<latexit sha1_base64="2GHUcEoV5Tmax1KG3+6msfd7Cws="></latexit>

~e¸z
<latexit sha1_base64="Sc5SU0dhPjMiMcZ3SztUofMynzI="></latexit>

~e¸x
<latexit sha1_base64="JXzP2iRwmCTz2C/DQOltYPtAmrY="></latexit>

C=

2
64
| | | |
x u z i
| | | |
0 0 0 1

3
75

<latexit sha1_base64="WbhsJt5cZIRC6NGT2J8fHP2yXmE="></latexit>

~right
<latexit sha1_base64="L1Y2E519rlJU0hNyAD6BILBzIOo="></latexit>

~back
<latexit sha1_base64="gB8qZldteuBmSV5CWrPMsT8EpHo="></latexit>

=<latexit sha1_base64="nrVgTloSJ8fZYxQX4BoAn4HK1mA="></latexit>

=<latexit sha1_base64="nrVgTloSJ8fZYxQX4BoAn4HK1mA="></latexit>

R4
world

C �� R4
camera

<latexit sha1_base64="csuWC0jz18BKiw2nY2iuvs8VusQ="></latexit>

î
~right ~up ~back eye

ó
=
⇥
~e1 ~e2 ~e3 o
⇤
2
4 C

3
5

<latexit sha1_base64="+VTwSUD8pSvJ+BqWwMfO7qs8wFY="></latexit>

camera coord 
system



Example
• Exercise: Find the transformation that transforms the following  

2D box to a square centered at the origin 

(a, h
2 )

<latexit sha1_base64="gKBBtF87+O21ciqSt+7u4Xo7rr4="></latexit>

(b, h
2 )

<latexit sha1_base64="67uz8IVjZ2kmWlnfDXr9JM8Tcs0="></latexit>

(b,� h
2 )

<latexit sha1_base64="Lf/7X5ZAFp+UmCVMGWCB2MwBEG4="></latexit>

(a,� h
2 )

<latexit sha1_base64="u1b74StJ33SAeIccPIGRLkn8FuY="></latexit>

(1,1)
<latexit sha1_base64="VqS4sCdOWeH77NH0s4T7Uk5iWYk="></latexit>

(�1, 1)
<latexit sha1_base64="0GD5lnVLGUjvCwqzYD/8rjDakus="></latexit>

(�1,�1)
<latexit sha1_base64="W7wwtCRwmphKUk9ATwZKHmT9PhE="></latexit>

(1,�1)
<latexit sha1_base64="ZaS1Q608n/1PLGxKY47FQlwKGoI="></latexit>



Example
• Exercise: Find the transformation that transforms the following  

2D box to a square centered at the origin 

(a, h
2 )

<latexit sha1_base64="gKBBtF87+O21ciqSt+7u4Xo7rr4="></latexit>

(b, h
2 )

<latexit sha1_base64="67uz8IVjZ2kmWlnfDXr9JM8Tcs0="></latexit>

(b,� h
2 )

<latexit sha1_base64="Lf/7X5ZAFp+UmCVMGWCB2MwBEG4="></latexit>

(a,� h
2 )

<latexit sha1_base64="u1b74StJ33SAeIccPIGRLkn8FuY="></latexit>

(1,1)
<latexit sha1_base64="VqS4sCdOWeH77NH0s4T7Uk5iWYk="></latexit>

(�1, 1)
<latexit sha1_base64="0GD5lnVLGUjvCwqzYD/8rjDakus="></latexit>

(�1,�1)
<latexit sha1_base64="W7wwtCRwmphKUk9ATwZKHmT9PhE="></latexit>

(1,�1)
<latexit sha1_base64="ZaS1Q608n/1PLGxKY47FQlwKGoI="></latexit>



Example
• Exercise: Find the transformation that transforms the following  

2D box to a square centered at the origin 

(a, h
2 )

<latexit sha1_base64="gKBBtF87+O21ciqSt+7u4Xo7rr4="></latexit>

(b, h
2 )

<latexit sha1_base64="67uz8IVjZ2kmWlnfDXr9JM8Tcs0="></latexit>

(b,� h
2 )

<latexit sha1_base64="Lf/7X5ZAFp+UmCVMGWCB2MwBEG4="></latexit>

(a,� h
2 )

<latexit sha1_base64="u1b74StJ33SAeIccPIGRLkn8FuY="></latexit>

(1,1)
<latexit sha1_base64="VqS4sCdOWeH77NH0s4T7Uk5iWYk="></latexit>

(�1, 1)
<latexit sha1_base64="0GD5lnVLGUjvCwqzYD/8rjDakus="></latexit>

(�1,�1)
<latexit sha1_base64="W7wwtCRwmphKUk9ATwZKHmT9PhE="></latexit>

(1,�1)
<latexit sha1_base64="ZaS1Q608n/1PLGxKY47FQlwKGoI="></latexit>

• First translate to left by          so that the rectangle is centered 
about the origin

a+b
2

<latexit sha1_base64="KF+LjI3Z4CcJVw4z3Vlf2bRQ/tE="></latexit>

(� b�a
2 , h

2 )
<latexit sha1_base64="hwrjDsg1N0odOgdbcLIAsm9VOp4="></latexit>

( b�a
2 , h

2 )
<latexit sha1_base64="mR1EG83eq2tMWnAKjdhjQTkD41s="></latexit>

(� b�a
2 ,� h

2 )
<latexit sha1_base64="kD82kZglDkQZ7jw98mvDt0OXDNk="></latexit>

( b�a
2 ,� h

2 )
<latexit sha1_base64="AfoTXspfBIxH8JlWrlsflHNBXTg="></latexit>

• Then scale horizontally by          and vertically by 2
h

<latexit sha1_base64="qfVNDpHe0bVtEPaaqGTc4J+zm/I="></latexit>

2
b�a

<latexit sha1_base64="jAJ2bUWu5HMf2np460WcJjZ+SMs="></latexit>



Example

T=

2
4

1 � a+b
2

1 0
1

3
5

<latexit sha1_base64="HwoaBwjspwZWGfqyIwOP/LB3X1c="></latexit>

• First translate to left by          so that the rectangle is centered 
about the origin

a+b
2

<latexit sha1_base64="KF+LjI3Z4CcJVw4z3Vlf2bRQ/tE="></latexit>

• Then scale horizontally by          and vertically by 2
h

<latexit sha1_base64="qfVNDpHe0bVtEPaaqGTc4J+zm/I="></latexit>

2
b�a

<latexit sha1_base64="jAJ2bUWu5HMf2np460WcJjZ+SMs="></latexit>

S=

2
4

2
b�a 0

2
h 0

1

3
5

<latexit sha1_base64="0RL2Hck33Oxv45kyugiwrU8/O1s="></latexit>



Example

T=

2
4

1 � a+b
2

1 0
1

3
5

<latexit sha1_base64="HwoaBwjspwZWGfqyIwOP/LB3X1c="></latexit>

S=

2
4

2
b�a 0

2
h 0

1

3
5

<latexit sha1_base64="0RL2Hck33Oxv45kyugiwrU8/O1s="></latexit>

ST=

2
4

2
b�a 0

2
h 0

1

3
5
2
4

1 � a+b
2

1 0
1

3
5

<latexit sha1_base64="103Roa+SOAxHfQ1+j8ksVAIcTH8="></latexit>

=

2
4

2
b�a � a+b

b�a
2
h 0

1

3
5

<latexit sha1_base64="uiBWNNmQS7PkFxXDstKtldKXh/0="></latexit>



Example

ST=

2
4

2
b�a 0

2
h 0

1

3
5
2
4

1 � a+b
2

1 0
1

3
5

<latexit sha1_base64="103Roa+SOAxHfQ1+j8ksVAIcTH8="></latexit>

=

2
4

2
b�a � a+b

b�a
2
h 0

1

3
5

<latexit sha1_base64="uiBWNNmQS7PkFxXDstKtldKXh/0="></latexit>

(a, h
2 )

<latexit sha1_base64="gKBBtF87+O21ciqSt+7u4Xo7rr4="></latexit>

(b, h
2 )

<latexit sha1_base64="67uz8IVjZ2kmWlnfDXr9JM8Tcs0="></latexit>

(b,� h
2 )

<latexit sha1_base64="Lf/7X5ZAFp+UmCVMGWCB2MwBEG4="></latexit>

(a,� h
2 )

<latexit sha1_base64="u1b74StJ33SAeIccPIGRLkn8FuY="></latexit>

(1,1)
<latexit sha1_base64="VqS4sCdOWeH77NH0s4T7Uk5iWYk="></latexit>

(�1, 1)
<latexit sha1_base64="0GD5lnVLGUjvCwqzYD/8rjDakus="></latexit>

(�1,�1)
<latexit sha1_base64="W7wwtCRwmphKUk9ATwZKHmT9PhE="></latexit>

(1,�1)
<latexit sha1_base64="ZaS1Q608n/1PLGxKY47FQlwKGoI="></latexit>



Transformations in Graphics
• Recall: vectors
• Affine points
• Coordinate systems
• Affine transformations
• Model/camera/view
• View matrix



In practice

• Positions are stored as 4D array of numbers with the last entry = 1.

• Each of the 4D array of numbers correspond to a geometric 
position under a frame.

• Between two different frames, we record a 4-by-4 matrix that takes 
the form

M=
ï
A3⇥3 b3⇥1
01⇥3 1

ò

<latexit sha1_base64="xQSCI4CAVmst+FHVzPUhyroIKTo="></latexit>

this is the “ratio” between two coordinate systems.



A typical scene

robot
world

head

camera



Camera’s coordinate system

robot
world

head

camera

⇥
~c1 ~c2 ~c3 eye

⇤
<latexit sha1_base64="bLR3m6/lf7kBnV+4WHynv79MJzg="></latexit>

~c1
<latexit sha1_base64="HAJvzR9wRcP6KvMZOg3Rv6i7JJA="></latexit>

~c2
<latexit sha1_base64="xm3yBxi0Sxi3TeQDIw4lvQ2fO+o="></latexit>

~c3
<latexit sha1_base64="hzBgwB1T+NJ0D5UKg46No1+5ERg="></latexit>

eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>

•      , camera’s x vector, 
points to the right of 
the camera.

~c1
<latexit sha1_base64="HAJvzR9wRcP6KvMZOg3Rv6i7JJA="></latexit>

•      , camera’s up vector, 
points to the top of the 
camera.

~c2
<latexit sha1_base64="xm3yBxi0Sxi3TeQDIw4lvQ2fO+o="></latexit>

•      , camera’s z vector, 
points to the back of the 
camera.

~c3
<latexit sha1_base64="hzBgwB1T+NJ0D5UKg46No1+5ERg="></latexit>

•         is camera’s position.eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>



A typical scene

robot
world

head

camera

R4
head

<latexit sha1_base64="Wi3D0a4apmDPqIF3MploR1CO4KA="></latexit>

R4
robot

<latexit sha1_base64="c6F4bQdxC1hnhH++wS9UUW35/EE="></latexit>

R4
world

<latexit sha1_base64="RkwoNLFWwM9burbR84enXUWRJ3w="></latexit>

R4
camera

<latexit sha1_base64="y8EpttjuyGupqNEdLwvE88WHgMI="></latexit>

M1
<latexit sha1_base64="LJDIVp5QvhKag08dZPNf3y4/4xQ="></latexit>

M2
<latexit sha1_base64="rzohh8Mu22ixGRDtU8rRsSFJiO0="></latexit> C

<latexit sha1_base64="NfJww7SN9C1PIXlHkCXkxMQJoqI="></latexit>



Terminologies 
• The 4x4 matrices       ,        (from model towards the world) are 

called model matrices.
M1

<latexit sha1_base64="LJDIVp5QvhKag08dZPNf3y4/4xQ="></latexit>

M2
<latexit sha1_base64="rzohh8Mu22ixGRDtU8rRsSFJiO0="></latexit>

• The model matrix      of the camera is called the camera matrix.C
<latexit sha1_base64="NfJww7SN9C1PIXlHkCXkxMQJoqI="></latexit>

R4
head

<latexit sha1_base64="Wi3D0a4apmDPqIF3MploR1CO4KA="></latexit>

R4
robot

<latexit sha1_base64="c6F4bQdxC1hnhH++wS9UUW35/EE="></latexit>

R4
world

<latexit sha1_base64="RkwoNLFWwM9burbR84enXUWRJ3w="></latexit>

R4
camera

<latexit sha1_base64="y8EpttjuyGupqNEdLwvE88WHgMI="></latexit>

M1
<latexit sha1_base64="LJDIVp5QvhKag08dZPNf3y4/4xQ="></latexit>

M2
<latexit sha1_base64="rzohh8Mu22ixGRDtU8rRsSFJiO0="></latexit> C

<latexit sha1_base64="NfJww7SN9C1PIXlHkCXkxMQJoqI="></latexit>

• The inverse of the camera matrix 
 is called the view matrix.

V= C�1
<latexit sha1_base64="WXJV4iibFBGzCjJYF3rQ0LSTo0U="></latexit>

• The matrix we apply to the 4D array 
of number in the “head” coordinate is 
                called the model-view matrix.VM2M1

<latexit sha1_base64="AiDXEJJ8uw377UCrndFf+r/lnB0="></latexit>



Matrices are multiplied in the v-shader
# version 330 core 

layout (location = 0) in vec3 vertex_position; 
layout (location = 1) in vec3 vertex_normal; 

uniform mat4 modelview; 
uniform mat4 projection; 

out vec4 position; 
out vec3 normal; 

void main(){ 
    gl_Position = projection * modelview * vec4( vertex_position, 1.0f ); 
     
    // forward the raw position and normal to frag shader 
    position = vec4(vertex_position, 1.0f ); 
    normal = vertex_normal; 
}

vertex shader



Compute the View Matrix
• Recall: vectors
• Affine points
• Coordinate systems
• Affine transformations
• Model/camera/view
• View matrix



Compute the view matrix

robot
world

head

o
<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e
<latexit sha1_base64="025ZqVSLyHTTeHoOoRlNxdXGZBk="></latexit>

~up
<latexit sha1_base64="MCRPR47Crbw4aDa+SzM4QEp1YS4="></latexit>

= ~e¸u
<latexit sha1_base64="CyugCD24jEYNlvHMYj4w0J+Wsjw="></latexit>

eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>

= o+ ~e¸i
<latexit sha1_base64="2GHUcEoV5Tmax1KG3+6msfd7Cws="></latexit>

target
<latexit sha1_base64="q9s50HjRrzAyQdQfSGgZjlhCtEs="></latexit>

= o+ ~e¸t
<latexit sha1_base64="fwgEE8oiiFqaPLUrrtR3MXTgSw8="></latexit>

Task
Given the eye position            , 
target position             ,  and  
up-vector              , compute 
the 4x4 view matrix    .

i 2 R3
<latexit sha1_base64="9hTTkD6pWRgND7+dfRgyDp5ia+Q="></latexit>

t 2 R3
<latexit sha1_base64="gggIi3CyivhSU7FAH3aDZSpJDBw="></latexit>

u 2 R3
<latexit sha1_base64="OuY27Dsmzx6VjPf3XzCLjPPdu3Y="></latexit>

V
<latexit sha1_base64="yxknYdsVEvtELjyFmwA/o9HugH8="></latexit>



Compute the view matrix

robot
world

head

o
<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e
<latexit sha1_base64="025ZqVSLyHTTeHoOoRlNxdXGZBk="></latexit>

~up
<latexit sha1_base64="MCRPR47Crbw4aDa+SzM4QEp1YS4="></latexit>

= ~e¸u
<latexit sha1_base64="CyugCD24jEYNlvHMYj4w0J+Wsjw="></latexit>

eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>

= o+ ~e¸i
<latexit sha1_base64="2GHUcEoV5Tmax1KG3+6msfd7Cws="></latexit>

target
<latexit sha1_base64="q9s50HjRrzAyQdQfSGgZjlhCtEs="></latexit>

= o+ ~e¸t
<latexit sha1_base64="fwgEE8oiiFqaPLUrrtR3MXTgSw8="></latexit>

Task
Given the eye position            , 
target position             ,  and  
up-vector              , compute 
the 4x4 view matrix    .

i 2 R3
<latexit sha1_base64="9hTTkD6pWRgND7+dfRgyDp5ia+Q="></latexit>

t 2 R3
<latexit sha1_base64="gggIi3CyivhSU7FAH3aDZSpJDBw="></latexit>

u 2 R3
<latexit sha1_base64="OuY27Dsmzx6VjPf3XzCLjPPdu3Y="></latexit>

V
<latexit sha1_base64="yxknYdsVEvtELjyFmwA/o9HugH8="></latexit>

~e¸z
<latexit sha1_base64="Sc5SU0dhPjMiMcZ3SztUofMynzI="></latexit>

~e¸x
<latexit sha1_base64="JXzP2iRwmCTz2C/DQOltYPtAmrY="></latexit>



Compute the view matrix

robot
world

head

o
<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e
<latexit sha1_base64="025ZqVSLyHTTeHoOoRlNxdXGZBk="></latexit>

~up
<latexit sha1_base64="MCRPR47Crbw4aDa+SzM4QEp1YS4="></latexit>

= ~e¸u
<latexit sha1_base64="CyugCD24jEYNlvHMYj4w0J+Wsjw="></latexit>

eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>

= o+ ~e¸i
<latexit sha1_base64="2GHUcEoV5Tmax1KG3+6msfd7Cws="></latexit>

target
<latexit sha1_base64="q9s50HjRrzAyQdQfSGgZjlhCtEs="></latexit>

= o+ ~e¸t
<latexit sha1_base64="fwgEE8oiiFqaPLUrrtR3MXTgSw8="></latexit>

Step 1

~e¸z
<latexit sha1_base64="Sc5SU0dhPjMiMcZ3SztUofMynzI="></latexit>

~e¸x
<latexit sha1_base64="JXzP2iRwmCTz2C/DQOltYPtAmrY="></latexit>

Compute    :z
<latexit sha1_base64="r2buKJxVFbisGuNqddu04coVt5Q="></latexit>

z=
i� t
|i� t|

<latexit sha1_base64="v6HuymukJheBgvoaYuS3rX7mzmk="></latexit>



Step 1

robot
world

head

o
<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e
<latexit sha1_base64="025ZqVSLyHTTeHoOoRlNxdXGZBk="></latexit>

~up
<latexit sha1_base64="MCRPR47Crbw4aDa+SzM4QEp1YS4="></latexit>

= ~e¸u
<latexit sha1_base64="CyugCD24jEYNlvHMYj4w0J+Wsjw="></latexit>

eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>

= o+ ~e¸i
<latexit sha1_base64="2GHUcEoV5Tmax1KG3+6msfd7Cws="></latexit>

target
<latexit sha1_base64="q9s50HjRrzAyQdQfSGgZjlhCtEs="></latexit>

= o+ ~e¸t
<latexit sha1_base64="fwgEE8oiiFqaPLUrrtR3MXTgSw8="></latexit>

~e¸z
<latexit sha1_base64="Sc5SU0dhPjMiMcZ3SztUofMynzI="></latexit>

~e¸x
<latexit sha1_base64="JXzP2iRwmCTz2C/DQOltYPtAmrY="></latexit>

Compute    :z
<latexit sha1_base64="r2buKJxVFbisGuNqddu04coVt5Q="></latexit>

z=
i� t
|i� t|

<latexit sha1_base64="v6HuymukJheBgvoaYuS3rX7mzmk="></latexit>

Step 2
Ensure that      is orthogonal tou

<latexit sha1_base64="OXuvpe5vnnCCfH+mbF3Imw8xB50="></latexit>

z
<latexit sha1_base64="r2buKJxVFbisGuNqddu04coVt5Q="></latexit>

u u� (z · u)z
u u
|u|

<latexit sha1_base64="GtplkC/uGdhS4DtIcIlbNBnknzw="></latexit>

Compute the view matrix



robot
world

head

o
<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e
<latexit sha1_base64="025ZqVSLyHTTeHoOoRlNxdXGZBk="></latexit>

~up
<latexit sha1_base64="MCRPR47Crbw4aDa+SzM4QEp1YS4="></latexit>

= ~e¸u
<latexit sha1_base64="CyugCD24jEYNlvHMYj4w0J+Wsjw="></latexit>

eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>

= o+ ~e¸i
<latexit sha1_base64="2GHUcEoV5Tmax1KG3+6msfd7Cws="></latexit>

target
<latexit sha1_base64="q9s50HjRrzAyQdQfSGgZjlhCtEs="></latexit>

= o+ ~e¸t
<latexit sha1_base64="fwgEE8oiiFqaPLUrrtR3MXTgSw8="></latexit>

~e¸z
<latexit sha1_base64="Sc5SU0dhPjMiMcZ3SztUofMynzI="></latexit>

~e¸x
<latexit sha1_base64="JXzP2iRwmCTz2C/DQOltYPtAmrY="></latexit>

z=
i� t
|i� t|

<latexit sha1_base64="v6HuymukJheBgvoaYuS3rX7mzmk="></latexit>

Step 2
Ensure that      is orthogonal tou

<latexit sha1_base64="OXuvpe5vnnCCfH+mbF3Imw8xB50="></latexit>

z
<latexit sha1_base64="r2buKJxVFbisGuNqddu04coVt5Q="></latexit>

u u� (z · u)z
u u
|u|

<latexit sha1_base64="GtplkC/uGdhS4DtIcIlbNBnknzw="></latexit>

Step 3
Compute    :x

<latexit sha1_base64="+xSMns4viz/cDR1fuI3Hg6G47ac="></latexit>

x= u⇥ z
<latexit sha1_base64="P8ZOnzDSUXQWwmtNksXYuqQajgs="></latexit>

Compute the view matrix



robot
world

head

o
<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e
<latexit sha1_base64="025ZqVSLyHTTeHoOoRlNxdXGZBk="></latexit>

~up
<latexit sha1_base64="MCRPR47Crbw4aDa+SzM4QEp1YS4="></latexit>

= ~e¸u
<latexit sha1_base64="CyugCD24jEYNlvHMYj4w0J+Wsjw="></latexit>

eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>

= o+ ~e¸i
<latexit sha1_base64="2GHUcEoV5Tmax1KG3+6msfd7Cws="></latexit>

target
<latexit sha1_base64="q9s50HjRrzAyQdQfSGgZjlhCtEs="></latexit>

= o+ ~e¸t
<latexit sha1_base64="fwgEE8oiiFqaPLUrrtR3MXTgSw8="></latexit>

~e¸z
<latexit sha1_base64="Sc5SU0dhPjMiMcZ3SztUofMynzI="></latexit>

~e¸x
<latexit sha1_base64="JXzP2iRwmCTz2C/DQOltYPtAmrY="></latexit>

u u� (z · u)z
u u
|u|

<latexit sha1_base64="GtplkC/uGdhS4DtIcIlbNBnknzw="></latexit>

Step 3
Compute    :x

<latexit sha1_base64="+xSMns4viz/cDR1fuI3Hg6G47ac="></latexit>

x= u⇥ z
<latexit sha1_base64="P8ZOnzDSUXQWwmtNksXYuqQajgs="></latexit>

Step 4
Camera matrix (model matrix for 
the camera)

C=

2
64
| | | |
x u z i
| | | |
0 0 0 1

3
75

<latexit sha1_base64="WbhsJt5cZIRC6NGT2J8fHP2yXmE="></latexit>

Compute the view matrix



robot
world

head

o
<latexit sha1_base64="5vSXtr2vDgLcuzRQKKRP1xcAtvo="></latexit>

~e
<latexit sha1_base64="025ZqVSLyHTTeHoOoRlNxdXGZBk="></latexit>

~up
<latexit sha1_base64="MCRPR47Crbw4aDa+SzM4QEp1YS4="></latexit>

= ~e¸u
<latexit sha1_base64="CyugCD24jEYNlvHMYj4w0J+Wsjw="></latexit>

eye
<latexit sha1_base64="ZvxgiwbAbnksNgRw1AZMfhq+3Mc="></latexit>

= o+ ~e¸i
<latexit sha1_base64="2GHUcEoV5Tmax1KG3+6msfd7Cws="></latexit>

target
<latexit sha1_base64="q9s50HjRrzAyQdQfSGgZjlhCtEs="></latexit>

= o+ ~e¸t
<latexit sha1_base64="fwgEE8oiiFqaPLUrrtR3MXTgSw8="></latexit>

~e¸z
<latexit sha1_base64="Sc5SU0dhPjMiMcZ3SztUofMynzI="></latexit>

~e¸x
<latexit sha1_base64="JXzP2iRwmCTz2C/DQOltYPtAmrY="></latexit>

Compute    :
x= u⇥ z

<latexit sha1_base64="P8ZOnzDSUXQWwmtNksXYuqQajgs="></latexit>

Step 4
Camera matrix (model matrix for 
the camera)

C=

2
64
| | | |
x u z i
| | | |
0 0 0 1

3
75

<latexit sha1_base64="WbhsJt5cZIRC6NGT2J8fHP2yXmE="></latexit>

Compute the view matrix

Final Step

V= C�1
<latexit sha1_base64="WXJV4iibFBGzCjJYF3rQ0LSTo0U="></latexit>

(you can use glm::inverse)



Miscellaneous



Camera::rotateRight, rotateUp



Induced transformation

Induced transformation



Induced transformation
• If all positions of a geometric object is transformed by an affine 

transformation2
64

a11 a12 a13 bx
a21 a22 a23 by
a31 a32 a33 bz
0 0 0 1

3
75

2
64

px
py
pz
1

3
75 =

2
64

a11px + a12py + a13pz + bx
a21px + a22py + a23pz + by
a31px + a32py + a33pz + bz

1

3
75

<latexit sha1_base64="CWnmOnsQ3egTGL7udloTjciU8rc="></latexit>

• Then all displacement vectors are transformed by the upper-left 
3x3 block matrix2
4

a11 a12 a13
a21 a22 a23
a31 a32 a33

3
5
2
4

vx
vy
vz

3
5=

2
4

a11vx + a12vy + a13vz
a21vx + a22vy + a23vz
a31vx + a32vy + a33vz

3
5

<latexit sha1_base64="JVF6+xQvU9vDvm6N5osl2z72Irw="></latexit>



Induced transformation
• If all positions of a geometric object is transformed by an affine 

transformation2
64

a11 a12 a13 bx
a21 a22 a23 by
a31 a32 a33 bz
0 0 0 1

3
75

2
64

px
py
pz
1

3
75 =

2
64

a11px + a12py + a13pz + bx
a21px + a22py + a23pz + by
a31px + a32py + a33pz + bz

1

3
75

<latexit sha1_base64="CWnmOnsQ3egTGL7udloTjciU8rc="></latexit>

• How about normal vectors?



Induced Transformation on Vectors
• Suppose we have an affine transformation on positions
2
64p

1

3
75 7!

2
64 A b

0 1

3
75

2
64p

1

3
75

<latexit sha1_base64="mAT9AelEluugcko/HwHpbxld5qI="></latexit>

• Then displacement vectors will transform by2
4u

3
5 7!

2
4 A

3
5
2
4u

3
5

<latexit sha1_base64="dmPzaZ0twwLhI66rqmn5Ix6ZuA8="></latexit>

A
<latexit sha1_base64="osGwquCS+xz6LXBJ+6QLnBOwxes="></latexit>

A
<latexit sha1_base64="osGwquCS+xz6LXBJ+6QLnBOwxes="></latexit>



Induced Transformation on Normals
• Suppose we have an affine transformation on positions
2
64p

1

3
75 7!

2
64 A b

0 1

3
75

2
64p

1

3
75

<latexit sha1_base64="mAT9AelEluugcko/HwHpbxld5qI="></latexit>

• and normal vectors transform according to2
4n

3
5 7!

2
4 A�¸

3
5
2
4n

3
5

<latexit sha1_base64="Kwj2eTQRR1jJrKmekQLVQn1V6Ig="></latexit>

(followed by a normalization)

What is this  
3x3 matrix?

A
<latexit sha1_base64="osGwquCS+xz6LXBJ+6QLnBOwxes="></latexit>



Induced Transformation on Normals
• Suppose we have an affine transformation on positions
2
64p

1

3
75 7!

2
64 A b

0 1

3
75

2
64p

1

3
75

<latexit sha1_base64="mAT9AelEluugcko/HwHpbxld5qI="></latexit>

• and normal vectors transform according to2
4n

3
5 7!

2
4 A�¸

3
5
2
4n

3
5

<latexit sha1_base64="Kwj2eTQRR1jJrKmekQLVQn1V6Ig="></latexit>

(followed by a normalization)

A
<latexit sha1_base64="osGwquCS+xz6LXBJ+6QLnBOwxes="></latexit>

A�¸
<latexit sha1_base64="dzCaX7g9lR8vHE+ad8g2eqfRFaQ="></latexit>

n
<latexit sha1_base64="+/SHLHWxQMtKsetA22T5e10+bbk="></latexit>

An
<latexit sha1_base64="A8voCkloioTRYuLYyaRFaBQCOmM="></latexit>A�¸n

|A�¸n|
<latexit sha1_base64="7P3PehmsoPz9x2WhPyGs0TWuHOI="></latexit>


