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Overview

e We've learned about the geometry and algebra of vectors.

e Today: positions (affine points) and displacements (vectors)

e Coordinate system (analogous to basis)

o Affine transformations = linear transforms + translations

e model matrix, view matrix



Recall: Vectors

e Recall: vectors




Recall: Vectors

e There are two representations of vectors:
V1

Geometric Vv € V __ vector Algebraic VvV = [Vz ] c R3

space V3

e A basis of the vector space relates the two representations

V1
—> - = -
V:[61 €y €3 I:Vz]

. LV

e Transformations and change of basis iy djy a1

L o d11) d12 d13 A=| dyq A9y d9g
[a1 d- ag] — | €1 €9 €3 oy doo (U23 3 (37 U39 d33 2
d3; Asz ds33 R e———  [RY
C d
e Basic operations AV \%

> Vector add vector 1] 4+ V u+v

—
» scalartimes vector YV av



| Imitations of vectors

e \/ectors are good at describing
» Displacements, velocities, accelerations, forces
e \ectors are awkward at describing point positions
» Additions and scalings are meaningless for point positions
> Linear transformation cannot represent translations (parallel shift)

e Next, we will mix in a new type of object called (affine) point



Affine points

o Affine points




Positions and Displacements

Points and vectors are different.
e Points describe positions (denoted by p )

e Vectors describe displacements (denoted by 7 )
Base on our experience:

e Differences of positions are displacements 4 — P = V
e Position add displacement is position p +V =@

e |Linear combinations of displacements are displacements
C1 1_;1 + C21_;2 — ﬁ
e Scale and sum of positions don’t make sense ¢, p1 + ¢, p2 —?

e Average of positions is fine O.Sp1 + O.sz =q



Positions and Displacements

The collection of all vectors form a vector space.

— — —
> VecC + veC = VveC

>

x —> —

scalar * vec = vec

AV

The collection of all points form an affine space.

>

>

>

pt + vec = pt

pt — pt = vec

scalar * pt = not defined!
pt + pt = not defined!




Positions and Displacements

What is the algebraic representation for vectors and points?

Homogeneous coordinates



Positions and Displacements

Points/positions Vectors/displacements
P Vx
p Yy v)’
P: Vs

1 0



Positions and Displacements

Points/positions Vectors/displacements
P Vx
p Yy v)’
P: Vs
1 O

K i g T A o R

Pt Pt vec vec vec vec



Positions and Displacements

K i g T A o R

Pt Pt vec vec vec vec

3P sl

pt pt not defined pt pt pt




Positions and Displacements

Points/positions Vectors/displacements
P Vi
p Yy Vy
P: Vs
1 0O

The 4-dimensional coordinates for 3D points and vectors are called
the homogeneous coordinates.



Coordinate system

e Coordinate systems




BasIs v.S. coordinate systems

V1
e [or vectors 17 — [é’l €, € ][ zz]
3

e For affine points
origin pl -

p=[a & & |

1

= P1€1 + P2€y +P3és+o0

p—o



Coordinate system

Let P be an affine space modeled on a vector space V.

A frame or an affine coordinate system is a basis e for VV
together with a point 0 € P. D

Given any P € P we can uniquely write it as °3 @

p=pié+--+ppe,+0
geometric —

point R
—[e o]} a
o ]. 61
coordinate array of numbers as
system homogeneous coordinate




Affine Transformations

e Affine transformations




Affine transtormations

e |n matrix algebra, we call X — AX linear transformations

SN

e Transformations that take the form of x — Ax+ b

L

are called affine transformations.




Affine transtormations

e Transformations that take the formof x— Ax+ b

X — A X + | b

are called affine transformations.
e Using the homogeneous coordinate, it's a single matrix multiplication!

X A b X Ax+Db

—> —



Affine transformation matrix

e An affine transformation matrix takes the form

A A A by

Ay; Ay Azz by

Az; Azp Aszz | bs
0 0 0 1

M =



Relating two coordinate systems

 Suppose we have two coordinate systems | ¢ ¢,
[81 €y €3 Q]

e They are related by an affine matrix

-A11 A12 A13 bl “
A21 A22 A23 bZ
A31 A32 A33 b3

> The linear part relates the bases &'T = 8TA

> The translation part relates the origin 0" =0 + €Tb



Relating two coordinate systems

D4 Ay Ay Az by P1
3 g P o P2 _ s 2. 2. o 21 22 23 2 2
[ . _] P3 [ b _:I Asy Asy Az b3 || Pps
1 0 0 0 1 1

coordinates of P M| ? | is thecoordinates

under the (€’,0")

p —
coordinate system of 2 under the (€, 0)

coordinate system



Quick summary / examples




Positions and Displacements

Points/positions Vectors/displacements
P Vx
p Yy v)’
P: Vs

1 0



| Inear transtormation on vectors

e Linear transformations are applied to vectors.

e |n 3D, we don’t need the 4th homogeneous coordinate.
Just apply a 3x3 matrix to a 3D vector.

;7 QA gz | | Vy a1V, +agpV, + a3V,
a1 Qgy  dy3 y ap1V, T AoV, T Aoz,
a3; Gd3p A3z | | V. a31V, T dzyV, + d33V,;

<
|



| Inear transtormation on vectors

e Linear transformations are applied to vectors.

e |n 3D, we don’t need the 4th homogeneous coordinate.
Just apply a 3x3 matrix to a 3D vector. e

=T

0 0 a

X Y e €
1 0 Oof|v,|=]| v ’ )
O O 1] |v V




Affine transformation on positions

o Affine transformations are applied to points.
e \We need the 4th homogeneous coordinate to handle translations.

a;; ayp aiz by | | p. aj1p, +agpp, +agsp, + by
Ay; Ay dps by | | D, _ | @21Px T AP, T Ag3P, T b,
as; dszp; dass by | | p. as1p, +asyp, +assp, + b,

0 0 0 1 1 1



Affine transformation on positions

o Affine transformations are applied to points.
e \We need the 4th homogeneous coordinate to handle translations.

—

(pure translation) €y o)
1 b, 0.1 [P +Ds /L*
1 by | [Py | _ [Py Ty O
1 b B +b S Ex
2 p, Py T Dy
0O 0 0 1 1 1




Matrix from coord systems’ relation

o EXxercise: Find the affine transform matrix relating the two
coordinate system

4 & 4
world camera
L |
X U zZ 1
C= ¢
| | | | o X( camera coord
O O O 1 world coord system

system



Example

e EXxercise: Find the transformation that transforms the following
2D box to a square centered at the origin

(_]—9 1)

(_19 _1)






Example

e First translate to left by ﬂ so that the rectangle is centered

about the origin

-2

e [hen scale horizontally by and vertically by




Example

e First translate to left by % so that the rectangle Is centered

about the origin

+b
1 =5
T = 1 0
1
e [hen scale horizontally by ﬁ and vertically by %
2
=



T=| 1 O S = = 0
1 1

2 a+b 2 a+>b

—a 01 [1 —— —a -

Yo

—

|
=N
O

e

-

|
~ DN
= O






Transformations in Graphics

e Model/camera/view




N practice

e Positions are stored as 4D array of numbers with the last entry = 1.

e Each of the 4D array of numbers correspond to a geometric
position under a frame.

e Between two different frames, we record a 4-by-4 matrix that takes

the form
M — |:A3X3 b3X1]
Ol><3 1

this is the “ratio” between two coordinate systems.



A typical scene

“ camera




Camera’s coordinate system

B (¢; & ¢ eye]

. e C,,camera’s x vector,
points to the right of
the camera.

@ camera
eye e C,,camera’s up vector,
- points to the top of the
camera.

e C,,camera’s z vector,
points to the back of the
camera.

® eye IS camera’s position.

world



A typical scene

“camera




lerminologies

e The 4x4 matrices M, M, (from model towards the world) are
called model matrices.

¢ The model matrix C of the camera is called the camera matrix.

e The inverse of the camera matrix V = C_1 4
. . i world
is called the view matrix. Mz/ \ C
- R* 4
e The matrix we apply to the 4D array robot camera
of number in the “head” coordinate is M /
VMM, called the model-view matrix. 1



Matrices are multiplied in the v-shader

vertex shader

# version 330 core

Llayout (location
Llayout (location

®) in vec3 vertex _position;
1) in vec3 vertex normal;

uniform mat4d modelview:
uniform mat4 projection;

out vecd position;
out vec3 normal;

void main(){
gl_Position = projection * modelview * vec4( vertex_position, 1.0f );

// forward the raw position and normal to frag shader
position = vec4(vertex _position, 1.0f );
normal = vertex_normal;



Compute the View Matrix

e \/lew matrix



Compute the view matrix

Task

Given the eye position 1 € IR{B, u_’p — 8Tu
target position t € R° , and
up-vector u € RB, compute
the 4x4 view matrix V.




Compute the view matrix

Task

Given the eye position 1 € IR{B, u_’p — 8Tu
target position t € R° , and
up-vector u € RB, compute
the 4x4 view matrix V.




Compute the view matrix

Step 1
Compute Z;

1—t
i—t|

7 —




Compute the view matrix

Step 1
Compute Z;
1—t
7 — —
i—t
Step 2
Ensure that U is orthogonal to Z
u—u—(z u)z target = g + Tt
" v
u<«— —

ul



Compute the view matrix

Step 2
Ensure that U is orthogonal to Z
u—u—(z-u)z
u

U —
u

Step 3
Compute X:

X=UuX2Z targEt:Q+éTt




Compute the view matrix

Step 3
Compute X;:

X=UX2Z

Step 4

Camera matrix (model matrix for
the camera)

|

Z 1
]
0 1

|
u
|
0



Compute the view matrix

Step 4

Camera matrix (model matrix for
the camera)

|
X u z 1
C =
N
o oo 1] — o 42T
Final Step o ;
_ =T
v—cC! target = o + €Tt

(you can use glm: :inverse)



Miscellaneous




Camera::rotateRight, rotateUp

rotateRight




lnduced transformation

Induced transformation



lnduced transformation

o |f all positions of a geometric object is transformed by an affine

transformation
a;; dayp aiz by | | p. a;1p, +agpp, +agsp, + by
Ay; Ay dps by | | D, _ | @21Px T AP T Ag3P; T b,
as; dszp; dass by | | p. as1 P, +asyp, +assp, + b,
O O O 1 1 1

e Then all displacement vectors are transtformed by the upper-left
3x3 block matrix
;7 dia aAi3 | | Vi a1V, T apV, T a3V,
a1 Qgp Aoz | | Vy | = [ A21Vy T AgpV, T A3V,
a3; d3p A3z | |V a31V, T dzpV, T d33V,



lnduced transformation

o |f all positions of a geometric object is transformed by an affine

transformation
a;; dayp aiz by | | p. a;1p, +agpp, +agsp, + by
Ay; Ay dps by | | D, _ | @21Px T AP T Ag3P; T b,
as; dszp; dass by | | p. as1 P, +asyp, +assp, + b,
O O O 1 1 1

e How about normal vectors?



INnduced Transformation on Vectors

e Suppose we have an affine transformation on positions

p A Dbf|p

—>

1 0 1 1

e Then displacement vectors will transform by




INnduced Transtformation on Normals

e Suppose we have an affine transformation on positions

p A Dbf|p

—>

1 0 1 1

e and normal vectors transform according to

nl — What is this n

3x3 matrix?

(followed by a normalization)



INnduced Transtformation on Normals

e Suppose we have an affine transformation on positions n

p A Dbf|p

—>

1 0 1 1

e and normal vectors transform according to

n|— AT n

(followed by a normalization)



