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Camera Coordinate  
& Normalized Camera Space
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Transformation stage

Some description of  
3D geometries

Vertex shader
Ready to be projected  
onto an XY-screen

Rasterize

Vertex array buffer

Fragment shader

Fragments 
(pixels from geometry)

frame buffer
Pixel colors

texture buffer

Texture

Some description of  
3D geometries

vertex shader

“geometry in an  
Ames room”

position “vectors”
& model matrices 
(which describe  
how the position  
vectors should  
be interpreted)

positions in this  
normalized box3



Rasterization

Some description of  
3D geometries

Vertex shader
Ready to be projected  
onto an XY-screen

Rasterize

Vertex array buffer

Fragment shader

Fragments 
(pixels from geometry)

frame buffer
Pixel colors

texture buffer

Texture

fragments

rasterize

geometry ready-to- 
be projected

positions in the  
normalized box
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Transformations and spaces
• The model matrices and the view matrix are affine.

P3
world

<latexit sha1_base64="F7Wh7TU6RNgLopeGGQcdvhNI2Ow="></latexit>

P3
robot

<latexit sha1_base64="CWDdsOY3avtboDlXCXgXL6XYUR8="></latexit>

P3
head

<latexit sha1_base64="UYcBidTZ48wiDqVEtanpBOEb/MI="></latexit>

model  
matrix M1

<latexit sha1_base64="lav6xJFFXxxvL/xVy9m/nkUQfWo="></latexit>

model  
matrix M2

<latexit sha1_base64="oNW5p+oF/eUeDREN3KvnYQH7tw0="></latexit>

camera  
matrix C

<latexit sha1_base64="28CNDy9hbIsgNLsEDHazLl6Vobk="></latexit>

view  
matrix
V

<latexit sha1_base64="kR5ovrjEGkmlOJPv0jZUf3OcHgA="></latexit>

P3
camera

<latexit sha1_base64="XTtY6JN/hvtHGoqoAEbsS/MFDrY="></latexit>

P3
normalizedCameraSpace

<latexit sha1_base64="ze9wQd9fE6edG2QnELTqnUAoom4="></latexit>projection  
matrix

• The projection matrix is projective.
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OpenGL 
normalized  
device  
coordinates 
is actually:



Camera coordinate
•               uses the camera coordinate systemP3

camera
<latexit sha1_base64="XTtY6JN/hvtHGoqoAEbsS/MFDrY="></latexit>

‣ The camera is at the origin of this coordinate system.

‣ The camera looks towards the -Z axis.

‣ The up vector is the plus Y axis.

‣ Multiplying the [view*model] matrix is to express positions under the camera coordinate.

Z

Y

X
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Camera coordinate
• With some camera parameters, we draw the viewing frustum  

in P3
camera

<latexit sha1_base64="XTtY6JN/hvtHGoqoAEbsS/MFDrY="></latexit>

‣ The viewing frustum is the visible region of the camera.

‣ The viewing frustum is a rectangular cone (apex at origin)  
clipped by a far-plane and a near plane.

Z

Y

X

‣ Light ray connecting to the camera are  
lines passing through the origin (and  
intersecting the frustum).
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Normalized camera space
•                                      is the coordinate system used by  

the rasterizer.
‣ The rasterizer will rasterize along the Z direction

‣ The rasterizer only rasterizes geometry 
in the cube centered at the origin of sidelength 2. 
This cube is also known as the clipping box.

P3
normalizedCameraSpace

<latexit sha1_base64="ze9wQd9fE6edG2QnELTqnUAoom4="></latexit>

‣ The light rays connecting to the camera are lines  
parallel to the Z axis.  That is, camera is at the infinity 
point (0 : 0 : 1 : 0)

‣ The Z component of each geometry is an information  
of the relative closeness to the camera (the larger the  
closer)

Z

Y

X

2
64

1
1
1
1

3
75

<latexit sha1_base64="AFBPfAXfY5RmaRJq4ntt2AjM4gw="></latexit>

2
64
�1
1
1
1

3
75

<latexit sha1_base64="OX9nRLb4zvuxhZxqnm+VyPJPxxo="></latexit>

2
64
�1
�1
1
1

3
75

<latexit sha1_base64="1Js5ybQXGHRjUKuz6ZAZw3Ve8/U="></latexit>

2
64

1
�1
1
1

3
75

<latexit sha1_base64="oSTui1wwj7Hm3qh7CgNiKF/qslg="></latexit>

2
64
�1
�1
�1
1

3
75

<latexit sha1_base64="vQGfNlI1wCLZzdCG0hWgGbMzncI="></latexit>

2
64
�1
1
�1
1

3
75

<latexit sha1_base64="9VZWK2h/lEk0mS7hMn6aTAGNzmU="></latexit>

2
64

1
1
�1
1

3
75

<latexit sha1_base64="XmzW9dgGetUoDrGuPIManacK8pE="></latexit>

8

X

Y

Z

OpenGL 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uses



Projective Transformation
• Given a viewing frustum in the camera coordinate, there is a  

unique projective transformation that maps the frustum to the clipping  
box, and maps lines through the origin to lines parallel to Z. 

P3
camera

<latexit sha1_base64="XTtY6JN/hvtHGoqoAEbsS/MFDrY="></latexit>

P3
normalizedCameraSpace

<latexit sha1_base64="ze9wQd9fE6edG2QnELTqnUAoom4="></latexit>

projection  
matrix
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Trapezoid to Square
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Trapezoid to square
• Design a 3x3 matrix (applied to homogeneous coordinates) that  

deforms the trapezoid to the square.

Z

Y

Z

Y

2
4

0
�n
1

3
5

<latexit sha1_base64="VNXEeFd06fXeZAD6CtqW0HHawMs="></latexit>

2
4

0
� f
1

3
5

<latexit sha1_base64="dYaVCeVEczOB4Lic+C5uPfpHjAY="></latexit>

✓
<latexit sha1_base64="5WpkNC5LW0O7Ky4NxOSt5VvMuSQ="></latexit>

✓
<latexit sha1_base64="5WpkNC5LW0O7Ky4NxOSt5VvMuSQ="></latexit>

n
<latexit sha1_base64="bwEgvjZwSestbykcFoeVzusBB9E="></latexit>

1
<latexit sha1_base64="VC5eAKjCX9hGz0+j27a6iQ6Su0A="></latexit>

1
<latexit sha1_base64="VC5eAKjCX9hGz0+j27a6iQ6Su0A="></latexit>

f
<latexit sha1_base64="QHXo3Fq0WKpHSjc2KxTRJd8XW1k="></latexit>
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Trapezoid to square

• Inversion
Z

Y

Z

Y

2
4

0
�n
1

3
5

<latexit sha1_base64="VNXEeFd06fXeZAD6CtqW0HHawMs="></latexit>

2
4

0
� f
1

3
5

<latexit sha1_base64="dYaVCeVEczOB4Lic+C5uPfpHjAY="></latexit>

✓
<latexit sha1_base64="5WpkNC5LW0O7Ky4NxOSt5VvMuSQ="></latexit>

✓
<latexit sha1_base64="5WpkNC5LW0O7Ky4NxOSt5VvMuSQ="></latexit>

n
<latexit sha1_base64="bwEgvjZwSestbykcFoeVzusBB9E="></latexit>

f
<latexit sha1_base64="QHXo3Fq0WKpHSjc2KxTRJd8XW1k="></latexit>

2
4

1 0 0
0 0 1
0 �1 0

3
5

<latexit sha1_base64="sNgXNio0s07fg0qbtRQEmJ/CO/Q="></latexit>

2
4

y
z
1

3
5

<latexit sha1_base64="RygOehYX4euvGZzZrUqyQQuzKeU="></latexit>

=

2
4

y
1
�z

3
5

<latexit sha1_base64="08/Lyijqg5ESnPeVBuqJKHTNBHs="></latexit>

⇠

2
4
�y/z
�1/z

1

3
5

<latexit sha1_base64="10Gyon+eRBavv/IwzzlJP6K/X24="></latexit>

2
4

n tan✓
�n
1

3
5

<latexit sha1_base64="Uc4ZN1McYkKBR3k/Q+Hy/Hm38Dw="></latexit>

2
4

f tan✓
� f
1

3
5

<latexit sha1_base64="ahS5KvmhLMtxzT5xAGuLmSG+z5c="></latexit>

2
4

tan✓
1/n
1

3
5

<latexit sha1_base64="UmGFWZyQMB4rHlodjSQQeqm92f0="></latexit>

2
4

tan✓
1/f

1

3
5

<latexit sha1_base64="aWZMXxAUjm1MsVuFPUMXP0/MhFM="></latexit>

tan✓
<latexit sha1_base64="vQ/MYxO8s4XIqmg6x3FzH5g3THM="></latexit>

1
2

Å
1
n
� 1

f

ã

<latexit sha1_base64="oS91/TzQ0SoxRq+UtP0SzH/cruA="></latexit>

1
2

Å
1
n
+

1
f

ã

<latexit sha1_base64="v86Joi8yBRs1Y0n8dugBdF+mGxk="></latexit>
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Trapezoid to square
• Inversion

Z

Y2
4

1 0 0
0 0 1
0 �1 0

3
5

<latexit sha1_base64="sNgXNio0s07fg0qbtRQEmJ/CO/Q="></latexit>

2
4

y
z
1

3
5

<latexit sha1_base64="RygOehYX4euvGZzZrUqyQQuzKeU="></latexit>

=

2
4

y
1
�z

3
5

<latexit sha1_base64="08/Lyijqg5ESnPeVBuqJKHTNBHs="></latexit>

⇠

2
4
�y/z
�1/z

1

3
5

<latexit sha1_base64="10Gyon+eRBavv/IwzzlJP6K/X24="></latexit>

2
4

tan✓
1/n
1

3
5

<latexit sha1_base64="UmGFWZyQMB4rHlodjSQQeqm92f0="></latexit>

2
4

tan✓
1/f

1

3
5

<latexit sha1_base64="aWZMXxAUjm1MsVuFPUMXP0/MhFM="></latexit>

tan✓
<latexit sha1_base64="vQ/MYxO8s4XIqmg6x3FzH5g3THM="></latexit>

1
2

Å
1
n
� 1

f

ã

<latexit sha1_base64="oS91/TzQ0SoxRq+UtP0SzH/cruA="></latexit>

1
2

Å
1
n
+

1
f

ã

<latexit sha1_base64="v86Joi8yBRs1Y0n8dugBdF+mGxk="></latexit>

• Translation
2
4

1 0 0
0 1 � f +n

2 f n
0 0 1

3
5

<latexit sha1_base64="oxMYUZFXETGsu340SdYRWFgxLPM="></latexit>

Z

Y

tan✓
<latexit sha1_base64="vQ/MYxO8s4XIqmg6x3FzH5g3THM="></latexit>

1
2

Å
1
n
� 1

f

ã

<latexit sha1_base64="oS91/TzQ0SoxRq+UtP0SzH/cruA="></latexit>
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Trapezoid to square
• Inversion

Z

Y

2
4

1 0 0
0 0 1
0 �1 0

3
5

<latexit sha1_base64="sNgXNio0s07fg0qbtRQEmJ/CO/Q="></latexit>

2
4

y
z
1

3
5

<latexit sha1_base64="RygOehYX4euvGZzZrUqyQQuzKeU="></latexit>

=

2
4

y
1
�z

3
5

<latexit sha1_base64="08/Lyijqg5ESnPeVBuqJKHTNBHs="></latexit>

⇠

2
4
�y/z
�1/z

1

3
5

<latexit sha1_base64="10Gyon+eRBavv/IwzzlJP6K/X24="></latexit>

2
4

tan✓
1/n
1

3
5

<latexit sha1_base64="UmGFWZyQMB4rHlodjSQQeqm92f0="></latexit>

2
4

tan✓
1/f

1

3
5

<latexit sha1_base64="aWZMXxAUjm1MsVuFPUMXP0/MhFM="></latexit>

tan✓
<latexit sha1_base64="vQ/MYxO8s4XIqmg6x3FzH5g3THM="></latexit>

1
2

Å
1
n
� 1

f

ã

<latexit sha1_base64="oS91/TzQ0SoxRq+UtP0SzH/cruA="></latexit>

1
2

Å
1
n
+

1
f

ã

<latexit sha1_base64="v86Joi8yBRs1Y0n8dugBdF+mGxk="></latexit>

• Translation
2
4

1 0 0
0 1 � f +n

2 f n
0 0 1

3
5

<latexit sha1_base64="oxMYUZFXETGsu340SdYRWFgxLPM="></latexit> Z

Y

tan✓
<latexit sha1_base64="vQ/MYxO8s4XIqmg6x3FzH5g3THM="></latexit>

1
2

Å
1
n
� 1

f

ã

<latexit sha1_base64="oS91/TzQ0SoxRq+UtP0SzH/cruA="></latexit>

• Scaling
Z

Y

1
<latexit sha1_base64="VC5eAKjCX9hGz0+j27a6iQ6Su0A="></latexit>

1
<latexit sha1_base64="VC5eAKjCX9hGz0+j27a6iQ6Su0A="></latexit>2

4
1

tan✓ 0 0
0 2 f n

f �n 0
0 0 1

3
5

<latexit sha1_base64="Eqbqogi+mOBEl+hCQnuYTaRB9nk="></latexit>
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Trapezoid to square

2
4

1 0 0
0 0 1
0 �1 0

3
5

<latexit sha1_base64="sNgXNio0s07fg0qbtRQEmJ/CO/Q="></latexit>

2
4

1 0 0
0 1 � f +n

2 f n
0 0 1

3
5

<latexit sha1_base64="oxMYUZFXETGsu340SdYRWFgxLPM="></latexit>

2
4

1
tan✓ 0 0
0 2 f n

f �n 0
0 0 1

3
5

<latexit sha1_base64="Eqbqogi+mOBEl+hCQnuYTaRB9nk="></latexit>

2
4

1 0 0
0 f +n

2 f n 1
0 �1 0

3
5

<latexit sha1_base64="fgrEiuChp6OZUMaYy/tS+a4pZBk="></latexit>

| {z }
<latexit sha1_base64="4rcHrnIejQBv+oPb4lenAbJ1My4="></latexit>

2
4

1
tan✓ 0 0
0 f +n

f �n
2 f n
f �n

0 �1 0

3
5

<latexit sha1_base64="ZvlNt5VceH6Bh4xfCTty67FQFyI="></latexit>

=<latexit sha1_base64="prMiFl+MDq2DRgW6kdkDK1caz9M="></latexit>
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Trapezoid to square
• Design a 3x3 matrix (applied to homogeneous coordinates) that  

deforms the trapezoid to the square.

Z

Y

Z

Y

2
4

0
�n
1

3
5

<latexit sha1_base64="VNXEeFd06fXeZAD6CtqW0HHawMs="></latexit>

2
4

0
� f
1

3
5

<latexit sha1_base64="dYaVCeVEczOB4Lic+C5uPfpHjAY="></latexit>

✓
<latexit sha1_base64="5WpkNC5LW0O7Ky4NxOSt5VvMuSQ="></latexit>

✓
<latexit sha1_base64="5WpkNC5LW0O7Ky4NxOSt5VvMuSQ="></latexit>

n
<latexit sha1_base64="bwEgvjZwSestbykcFoeVzusBB9E="></latexit>

1
<latexit sha1_base64="VC5eAKjCX9hGz0+j27a6iQ6Su0A="></latexit>

1
<latexit sha1_base64="VC5eAKjCX9hGz0+j27a6iQ6Su0A="></latexit>

f
<latexit sha1_base64="QHXo3Fq0WKpHSjc2KxTRJd8XW1k="></latexit>

2
4

1
tan✓ 0 0
0 f +n

f �n
2 f n
f �n

0 �1 0

3
5

<latexit sha1_base64="ZvlNt5VceH6Bh4xfCTty67FQFyI="></latexit>

2
664

1
a tan✓ 0 0 0

0 1
tan✓ 0 0

0 0 f +n
f �n

2 f n
f �n

0 0 �1 0

3
775

<latexit sha1_base64="PXgKpPuIFOO43Iu86JrtDK+xdzc="></latexit>
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Add x coordinate

2
4

1
tan✓ 0 0
0 f +n

f �n
2 f n
f �n

0 �1 0

3
5

<latexit sha1_base64="ZvlNt5VceH6Bh4xfCTty67FQFyI="></latexit>

2
664

1
a tan✓ 0 0 0

0 1
tan✓ 0 0

0 0 f +n
f �n

2 f n
f �n

0 0 �1 0

3
775

<latexit sha1_base64="PXgKpPuIFOO43Iu86JrtDK+xdzc="></latexit>
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Add x coordinate

2
4

1
tan✓ 0 0
0 f +n

f �n
2 f n
f �n

0 �1 0

3
5

<latexit sha1_base64="ZvlNt5VceH6Bh4xfCTty67FQFyI="></latexit>

2
664

1
a tan✓ 0 0 0

0 1
tan✓ 0 0

0 0 f +n
f �n

2 f n
f �n

0 0 �1 0

3
775

<latexit sha1_base64="PXgKpPuIFOO43Iu86JrtDK+xdzc="></latexit>
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so just add a minus 
sign to the z-row



Trapezoid to square
• The 4x4 matrix mapping the frustum to the box

2
664

1
a tan✓ 0 0 0

0 1
tan✓ 0 0

0 0 f +n
f �n

2 f n
f �n

0 0 �1 0

3
775

<latexit sha1_base64="PXgKpPuIFOO43Iu86JrtDK+xdzc="></latexit>
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OpenGL 
actually 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mat4 Perspective( frustum_description )

20



Perspective
• gluPerspective takes 4 numbers

‣ zNear

‣ fovy (in degree)

‣ aspect ratio

‣ zFar

and produces the 4x4 matrix

a
<latexit sha1_base64="HPkef26A97YjVMVQUNtTwf+CGsU="></latexit>

n
<latexit sha1_base64="bwEgvjZwSestbykcFoeVzusBB9E="></latexit>

f
<latexit sha1_base64="QHXo3Fq0WKpHSjc2KxTRJd8XW1k="></latexit>

Å
✓ =

1
2

rad(fovy)
ã

<latexit sha1_base64="HH/1pAc+Fam2JBq5wplvTH99A40="></latexit>

2
664

1
a tan✓ 0 0 0

0 1
tan✓ 0 0

0 0 f +n
f �n

2 f n
f �n

0 0 �1 0

3
775

<latexit sha1_base64="PXgKpPuIFOO43Iu86JrtDK+xdzc="></latexit>
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Next time

• Basic OpenGL
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