
CSE 203B WI26 Homework 2 Suggested Solution

Assignments
2.1

Figure 1: a
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Figure 2: a

2.2:

Proof. Let x1, x2 ∈ S and let λ ∈ (0, 1). By definition of S, we have

∥Cxi + d∥ ≤ eTxi + f, i = 1, 2.

We are trying to prove that
xλ := λx1 + (1− λ)x2 ∈ S,

that is,
∥Cxλ + d∥ ≤ eTxλ + f.

Observe that
Cxλ + d = λ(Cx1 + d) + (1− λ)(Cx2 + d).

Using the triangle inequality and positive homogeneity of the norm, we obtain

∥Cxλ + d∥ =
∥∥λ(Cx1 + d) + (1− λ)(Cx2 + d)

∥∥
≤ λ∥Cx1 + d∥+ (1− λ)∥Cx2 + d∥ (Triangular Inequality)

≤ λ(eTx1 + f) + (1− λ)(eTx2 + f) (Dual Cone Definition)

= eT (λx1 + (1− λ)x2) + f.
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Therefore,
∥Cxλ + d∥ ≤ eTxλ + f,

which implies xλ ∈ S. Hence, S is convex.

2.3

Theorem. If f1, f2 are convex on a convex set D, then f1 + f2 is convex on D. Moreover, if
{hi}mi=1 are convex on D, then h(x) = max1≤i≤m hi(x) is convex on D.

Claim. The function

f(x, y, z) =
(x− z)2

y + 1
+max

(
1 + |x| − y,

1√
z
, 0

)
is convex on

D := {(x, y, z) ∈ R3 : y > −1, z > 0}.

Proof. Write f = g + h, where

g(x, y, z) =
(x− z)2

y + 1
, h(x, y, z) = max(h1(x, y, z), h2(x, y, z), h3(x, y, z)) ,

and

h1(x, y, z) = 1 + |x| − y, h2(x, y, z) =
1√
z
= z−1/2, h3(x, y, z) = 0.

We prove g and h are convex on D; then f = g + h is convex on D.

(1) Convexity of g via the Hessian. On D we have v := y + 1 > 0. Let

u = x− z, v = y + 1,

so that g(x, y, z) = u2/v. A direct computation gives the Hessian of g (with respect to (x, y, z)):

∇2g(x, y, z) =


2

v
−2u

v2
−2

v

−2u

v2
2u2

v3
2u

v2

−2

v

2u

v2
2

v

 .

Let a = u/v. Then ∇2g factors as

∇2g(x, y, z) =
2

v

 1

−a

−1

 [
1 −a −1

]
=

2

v
ww⊤, w =

 1

−u/v

−1

 .

Since v > 0, we have 2
v > 0, and ww⊤ ⪰ 0 as an outer product. Hence ∇2g(x, y, z) ⪰ 0 for all

(x, y, z) ∈ D. By the second-order characterization of convexity for twice differentiable functions,
g is convex on D.
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(2) Convexity of the max term h. We show each hi is convex on D.

(i) Convexity of h1(x, y, z) = 1 + |x| − y. The map x 7→ |x| is convex on R, and (x, y, z) 7→ 1− y is
affine (hence convex). Therefore h1, being the sum of a convex function and an affine function, is
convex on D.

(ii) Convexity of h2(x, y, z) = z−1/2. Consider φ(z) = z−1/2 on (0,∞). We compute

φ′′(z) =
3

4
z−5/2 > 0 (z > 0),

so φ is convex on (0,∞). Since h2(x, y, z) = φ(z) depends only on z, it follows that h2 is convex
on D.

(iii) Convexity of h3(x, y, z) = 0. The constant function is affine and hence convex on D.

(iv) Max of convex functions is convex. Let x, x′ ∈ D and θ ∈ [0, 1]. Since each hi is convex,

hi(θx+ (1− θ)x′) ≤ θhi(x) + (1− θ)hi(x
′) ≤ θmax

j
hj(x) + (1− θ)max

j
hj(x

′).

Taking the maximum over i ∈ {1, 2, 3} on the left-hand side yields

h(θx+ (1− θ)x′) = max
i

hi(θx+ (1− θ)x′) ≤ θh(x) + (1− θ)h(x′).

Thus h is convex on D.

(3) Conclusion. We have shown g is convex on D and h is convex on D. Therefore, their sum
f = g + h is convex on D.

2.4 By definition that For any cone K ⊆ Rm, its dual cone is defined as

K∗ :=
{
z ∈ Rm

∣∣ ⟨z, u⟩ ≥ 0 ∀u ∈ K
}
,

where ⟨·, ·⟩ denotes the (Euclidean) inner product. The standard inner product on Rn × R is

⟨(y, s), (x, t)⟩ = y⊤x+ st.

Thus
K∗

p = {(y, s) ∈ Rn × R | y⊤x+ st ≥ 0 ∀(x, t) ∈ Kp}.

We want
y⊤x+ st ≥ 0 ∀(x, t) such that ∥x∥p ≤ t.

The definition of the cones implies t ≥ 0. Among all x with ∥x∥p ≤ t, the worst case (i.e., the
most negative value of the left-hand side) occurs when y⊤x is minimized. Therefore, we require

min
∥x∥p≤t

(
y⊤x+ st

)
≥ 0.

Since st is constant with respect to x, this is equivalent to

min
∥x∥p≤t

(y⊤x) + st ≥ 0.
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Moreover, because the set {x : ∥x∥p ≤ t} is centrally symmetric,

min
∥x∥p≤t

y⊤x = − max
∥x∥p≤t

y⊤x.

If t = 0, then the feasible set is {0}. Hence,

max
∥x∥p≤0

y⊤x = y⊤0 = 0 = 0 · ∥y∥q.

Now assume t > 0. Consider the change of variables x = tu. Then

∥x∥p ≤ t ⇐⇒ ∥tu∥p ≤ t ⇐⇒ t∥u∥p ≤ t ⇐⇒ ∥u∥p ≤ 1,

where we used the positive homogeneity of norms, namely ∥tu∥p = t∥u∥p for t ≥ 0. Moreover,

y⊤x = y⊤(tu) = t y⊤u.

Therefore,
max

∥x∥p≤t
y⊤x = max

∥u∥p≤1
t y⊤u = t max

∥u∥p≤1
y⊤u.

By Lemma 1 (dual norm characterization), we have

max
∥x∥p≤t

y⊤x = t ∥y∥q,

where q satisfies 1
p + 1

q = 1.
Substituting back, we obtain

(−t∥y∥q) + st ≥ 0 ∀t ≥ 0.

This is equivalent to
t(s− ∥y∥q) ≥ 0 ∀t ≥ 0,

which holds if and only if
s ≥ ∥y∥q.

Therefore,

K∗
p = {(y, s) ∈ Rn × R | ∥y∥q ≤ s}, with

1

p
+

1

q
= 1.

Lemma 1 (Dual norm characterization). Let p ∈ [1,∞] and let q be its dual exponent, i.e.,
1
p + 1

q = 1. Then for any y ∈ Rn,

max
∥u∥p≤1

y⊤u = ∥y∥q.
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Proof. By Hölder’s inequality, for any u ∈ Rn satisfying ∥u∥p ≤ 1, we have

|y⊤u| ≤ ∥y∥q ∥u∥p ≤ ∥y∥q.

Since y⊤u ≤ |y⊤u|, it follows that

y⊤u ≤ ∥y∥q for all u with ∥u∥p ≤ 1.

Taking the max over all such u yields

max
∥u∥p≤1

y⊤u ≤ ∥y∥q.

To show that this bound is tight, we exhibit a vector u⋆ such that ∥u⋆∥p = 1 and y⊤u⋆ = ∥y∥q.
For 1 < p < ∞, define

u⋆
i =

sign(yi) |yi|q−1

∥y∥ q−1
q

, i = 1, . . . , n.

A direct calculation shows that ∥u⋆∥p = 1, and moreover

y⊤u⋆ =

n∑
i=1

|yi|q ∥y∥−(q−1)
q = ∥y∥q.

(The cases p = 1 and p = ∞ follow analogously by choosing u⋆ supported on the index of
maximal magnitude of y.)

Therefore,
max

∥u∥p≤1
y⊤u = ∥y∥q.
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