CSE203B Convex Optimization:
Chapter 5 Duality

CK Cheng
Dept. of Computer Science and Engineering
University of California, San Diego



Chapter 5 Duality

Primal and Dual Problem (Mechanism)
— Primal Problem
— Lagrangian Function
— Lagrange Dual Problem
Examples (Primal Dual Conversion Procedure)
— Linear Programming
— Quadratic Programming
— Conjugate Functions (Duality)
— Entropy Maximization
Interpretation (Duality) (Theory)
— Saddle-Point Interpretation
— Geometric Interpretation
— Slater’s Condition
— Shadow-Price Interpretation
KKT Conditions (Optimality Conditions)
Sensitivity (Shadow-Price) (Perturbation)

Generalized Inequalities



Duality

Primal Problem (Solution x is feasible)

min f;(x) x € R"
s.t. fi(x) <0 i=1,..,m domainD
hi(x)=0 i=1,..,p =domfyNn; domf; N;dom h;

Notation: Opt: x*,p* = f(x™)

Lagrangian: L: R®" X R™ X RP - R
L(X, /11 U) — fO (.X') + Z:Z1 /’tlfl(x) + Zf:l vihi (.X')
A, v Lagrange multiplier, A;, € R,,v; € R.

Lagrange dual function (Solution x may not be feasible)
g(A,v) = irelg L(x,A,v)
X

Dual Problem
max,, g(4,v) s.t.A € R, v €RP




Duality

Dual Problem (Solution x may not be feasible)
max,, g(4v) s.t.1 =0

1. g(A4,v)is concave

2. g(A4,v) < p* an optimal value where 1 = 0

Proof 1: By definition of g(4, v) and the convexity of pointwise
max operation on convex functions.

Proof 2: For any feasible X and 1 > 0
fo(X) = L(X,A,v) (Because ) A;f;(X) + Y v;h;(X) < 0)
L(X,A,v) = g(A,v) by definition of g(4, v)

Thus p* = fo(x*) =2 g(4,v)



Example: Linear Programming
min c’'x

. Ax —b <0
subject to { <0

Prime:

Lagrangian

L(x,2) =cTx + AF(Ax — b) — A}, x

— —A’}wb + (ATAI — A” + C)Tx,

ApAn 70
g(1) =infL(x, 1)
X

gy =1 DA ATA 20 (AT~ Ay + e = 0)
—o00, otherwise (ATAI — Ay +c#0)

Dual:

max — b'A; (min bT 4;)
subject to ATA; +¢ =0
1> 0



Example: Linear Programming

o
Prime: min[—1 — 1] [xl

subject to H g [;C;] S B]

Dual: max —|[3 2] 21]
2

subject to ; (1)] t] + [:ﬂ 7z [8]
A, 4, =0

Results: _xz_: 1/3)° p =3
A1 [1/3 7
1,1 12/3] 3




Example: Linear Programming
min clx
subjectto Ax =b, x =20, (or —x <0)
Lagrangian: L(x,A,v) = c¢'x + AT (—x) + vT(Ax — b)
= —blv+(c+ATv-Dx
Lagrange Dual: g(4,v) = igclf L(x,A,v)

1. IfATv—24+c=0 - gv)=-blv

2. Else - g4v)=—o0
Properties:
1. g is linear on affine domain {(4, v)|ATv — A + ¢ = 0}, hence
concave.

2. IfA 20 2A4ATv+c =0
p*=—-b"v if Aflv+c=0

max —bTv max bl v
ATv4+c =0 or ATv < c




Example: Quadratic Programming

min xTx

subjectto Ax = b
Lagrangian:
L(x,v) = xTx + v (Ax — b)

To minimize L over x, we set V,L(x,v) = 2x + ATv =0
> x=——ATp (1)

Lagrange Dual Function:

1 1
glwv) =1L (x = —EATU, v> = —ZUTAATU — by

A concave function of v
) 1
Lower Bound Property: p* > — ZvTAATv —bTv, Vv

To maximize g(v),weset v =—2(44A")"1b
Thus, we have g(v) = —ivTAATv — bTv =bT(AAT) b (2)
x* = AT(AAT)"1b

(3) From (1) and (2), we have {p* — x*Tx* = BT(AAT)1h



Example: Quadratic Program

Quadratic Program
minx'Px P €S,
s.t. Ax < b
Lagrange Dual Function:
g(d) = min xT'Px + AT (Ax — b)
= —-ATAP™1ATA — b2
Dual Problem:
max — - ATAP~1ATA — b2
s.t. A =0



Example: Quadratic Program (nonconvex prob.)

min xT Ax + 2bTx
s.t. xTx <1 AESMAX%O
Dual Function:
g(1) = min xT(A+ ADx +2bTx — A

Unbounded below if A+ Al %X00rifA+AI 20&b & R(A+ A
Minimized by x = —(A+ A)*"b

Otherwise g(1) = =bT(A+ A b — 2

Dual Problem:

max —bT (A+AD*b— 2 max —t— A
sst. A+AI>0 St [A+T/11 b]>0
b € R(A+ A b t

| _ +
(aran )" ][A+)ll b] [0 (A+/11) b] - 0

A+ Al 0 ]>0
0 —bT(A+ADth+t|” 10




Example: Discrete Problem

Two-Way Partitioning Problem
Primal:

min xTWx X € R™,w;; ER

s.t. xf=1 i=1,..,m

ie. x; €{=1,1}, x"Wx = ¥;; x;xw;;
Not a convex opt problem (Partitioning 1s an NP complete problem)
We can assume that

westr (x'wx= %xTWx + %xTWTx = %xT(W + Whx)

Lagrangian:
Le,v) =xTWx + Y%, v;(x%2 — 1) = xT(W + diag(v))x — [Tv
Lagrange dual function:

—[Tv, W + diag(v) = 0

= infxT(W + di —I'v=
g) rx ( iag(v))x v { — o, otherwise

11



Example: Discrete Problem

Dual:
max g(v) = —ITv

s.t. W+ diag(v) =0

Solution v = —A1,,;;,(W)1
pr=d" = v = NAmin(W)

12



Examples: Conjugate Function

min fo (x)
s.t.Ax < b
Cx=d
Dual function

g4, v) = ECllnf (fo(x) + AT (Ax — b) + v (Cx — d))

= egznf (fo(x) + ATA+CTv)Tx — A — dTv)

= —f; (— ATA CTU) —pbT) —dTv Conjugate function
Where fy(y) = max y x — fo(x)

xXedom
minclx minc’x
s.t. Ax=0D> s.t.
max —bT
max —bT v s.t. ATA4c=0
s.t. ATv+c>=0 Az
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Examples: Entropy Maximization

min fo(x) = X x;logx;, x € RY,
s.t. Ax<b
1Tx =1

Since fo(y) =Xi=1e”"!,y; ER
Thus, the dual function 1s
gAv) = —bTA—v—FL e e Av-1
=—b'A—v—e P13 e -a{2 a.: the ificolumn of A.
To maximize g(4,v), we setv = log Y;j-, e~ ajh _ 1

Dual Problem

max —bTA — log(Z, e~% )
s.t. 1=0

14



Examples: Minimum Volume Covering Ellipsoid

min fo(x) = logdetX~1, X € ST,
s.t.alXa; <1,i=1,..,m

Lagrangian
L(x,2) = logdetX™* + Y™, X;a] Xa; — 1A, A1 € R

Lagrange dual function
g(1) =minL(x,A), A € RT"
X

Dual Problem

max logdet(Zizl/liaiaiT) —1"1+n
S.t. Zi=1 /L-al-aiT >0,1€ RT

15



Interpretation: Saddle-point

max min f(w,z) < minmaxf(w,z
max g(z) 7€z wewf( ’ )_WEW ZEZf( /2)
ZE/

g9(z) = min f(w, z)

111 -1 3
Example: f(w,z) w=2[2 2 -1
313 1 =2
z=1, 2, 3
(i _
Vrglellﬁl/f(w, 1)=1
' i min f(w,2) = —1 : —
I. zdecides first < we_wf( 3) : max min flw,z) =1
LVrglelvrI} fw,3) =—

( _
max f(1,z) =3

[I. w decides first { X f(2,z) =2 min max f(w,z) = 2

WEeEW zeZ
max f(3,z) = 3
\ Z€EZ

16



Interpretation: Saddle-point

Claim : Result of II > Result of I
Given an arbitrary pair (w,Z) € D
min f(w,z2) < f(w,Z) <max f(w,z) Vw,Z€D
weWw ZEZ

min f(w,Z) <max f(w,z
WEWf( ) na f(w,z)

. < mi
Thus max min flw,z) < min max fw,z)

17



Interpretation: Saddle-point

111 1 1
: — Find w to min f(w, z)
Example: f(w,z) w =2 [2 2 2 Find 7 to max f(w, 2
313 3 3
z=1 2, 3
Vrvne?allf(w, 1) =1 max f(1,z) =1
Mrpe?alff(w, 2) =1 max f(2,z) =2
Mrpelalff(w, 3) =1 max f(@3,z) =3
max min f(w,z) =1 minmax f(w,z) =1

ZeEZ weW WEW z€eZ



Interpretation: Saddle-point

111 3 2

Example: f(w,z) w=2|2 1 3
313 2 1

z=1 2, 3

Vrvne?allf(w, 1) =1
Mrpelalff(w, 2) =1

Mrpelalff(w, 3) =1

max min f(w,z) =1
ZEZ WEWf( ’ )

Find w to min f(w, z)
Find z to max f(w, z)

max f(1,z) =3
ZEZ

max f(2,z) =3
max f(@3,z) =3

minmaxf(w,z) =3
wWeW zeZ f( ’ )
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Interpretation: Saddle-point

Example: f(w,z) w=2|2 3 1
313 5 2
z=1 2, 3

1[463

Find w to min f(w, z)
Find z to max f(w, z)

20



Geometric Interpretation

min fo(x)  (t)
s.t.f1(x) <0 (u<0)

gd) = Jn t+Au G = {(f1(0), fo(x))|x € D}

g =Au+t
supporting hyperplane to G
that intersects # axis at t = g(4)

21



Geometric Interpretation

min fo(x) (1)
s.t.fi(x) <0 (u<0)

g(A) = min t+ Au
(u,t)ea

G ={(fi(x), fo(x))|x € D}

gl =Au+t
supporting hyperplane to G

that intersects r axis at t = g(A) *

ATu+t = glA”¥)

(4]

Figure 5.3 Geometric interpretation of dual function and lower bound g{A) <
p”, for a problem with one (inequality) constraint. Given A, we minimize
(X1 (u, ) over § = {{f1(=). fa(x)) | * € D}. This yields a supporting
hyperplane with slope —=A. The intersection of this hyperplane with the
w =0 axis gives gl A).

.:"-3“ +t = :!'_,Il:.-:"._a-J

Au+t= :!'_,Il:.-:".lJ

(4]

N

Figure 5.4 Supporting hyperplanes corresponding to three duaDRasible val-
wes of A, including the optimum A", Strong duality does not hold; the
optimal duality gap p* — 47 is positive.



Geometric Interpretation

min fo(x) (1)
Stfl(x)<0(u 0) |

A
G = {(fl(x),fo(x))lx € D} I
0.7")
A :Au—l—t Au—+t = glA)
g( ) (0, g(A))

supporting hyperplane to G .
that intersects r axis at t = g(A)

Figure 5.5 Greometric interpretation of dual unction and lower bound giA) <
p", for a problem with one {inequality) constraint. Given A, we minimize

(A, 1) (e, t) over A = {(u,t) | Iz € D, fylz) < t, fi(x) < u}. This vields
a supporting hyperplane with slope —A. The intersection of this hyperplane

with the u = () axis gives gl A).
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Geometric Interpretation

minf,(x)  (0)
5.6.£,00) <0 (u < 0) o

g(A)) = min t+ Au | @9
(u,t)ea o )

G = {(f,(x), f,(X))|x € D} “\

gl =Au+t
supporting hyperplane to G B .
that intersects ¢ axis at t = g(4) u

Figure 5.6 llustration of strong dualhty proof, for a convex problem that sat-
1sfies Slater’s constraint qualification. The set A 15 shown shaded, and the
set B 1s the thick vertical line segment, not including the point (0, p* ), shown
as a small open circle. The two sets are convex and do not intersect, so they
can be separated by a hyperplane. Slater’s constramnt qualification guaran-
tees that any separating hyperplane must be nonvertical, since it must pass
to the left of the point (1, t) = ( fi(x), fo(z)), where 15 strictly feasible.

24



Duality via Separating Hyperplane

Set G = {(f1(0), -, frn (), Ry (), ., iy (), £5(2) ) Ix € D},
G € R™ X RP X R,p* = inf{t|(u,w,t) € g,u < 0,w = 0}

Lagrangian L = (4, v, DT (u,w,t) = X Qu + Yo vyw; + t
Dual Problem g(4, v) = inf{(4, v, )T (u,w, t)|(u,w, t) € G}
Separating hyperplane: Example
{(u,)|f,(x) <t fi(x) <uAx € D}
(AL9,0) w,t) >a,  Y(uwt) €A
(L9,0) ww,t) <a, V(uwt)€B
Since ji # 0, we can have (1, v,1) = (~,~, 1)

={(u,w,t)|]Ax €D, f;(x) <u;,i=1,..,m,
hi(x) =w,i=1,..,pf,(x) <t}

25



Lagrange dual problem

max g(4,v)
s.t. 1=0

Properties

This 1s a convex problem.

The opt. solution is denoted as d”
p*—d* =gap =0

If gap > 0, 1t 1s a weak duality.
If gap = 0, it 1s a strong duality.

Slater’s condition relint: relative interior of set D

Given that the primal problem is convex,
Iff;(x) <0,i=1,..,m,3x € relint D
Then strong duality holds.
relint C ={x € C|B(x,r) naff C € C for somer > 0}

B(x,7) = {yllly — XII\S r}

any norm

26



Shadow Price Interpretation: Food vs. Vitamin

Flour protein powder

Primal minc’x Veg. vitamins A,B,D,E.K
s.t. Ax = b Fruits minerals
x 70 min c;x; + ;X5 + C3X3
minc’x Vi1 V12 Vi3] [*1 by
s.t. —Ax +b <0 |V21 Va2 Vz3||X2| = |b2|,x;=0,Vi
—x =<0 U31 V32 V33]1X3 b3 |
Dual maxA'b max A1 by + A;b, + A3bs
s.t. ATA<c Vi1 Va1 V3] |44 1
150 Viz Va2 Vs[4 < |C2
Vi3 V23 V33l|A3 C3

Lagrangian L(x,A) = ¢Tx + AT (=Ax + b) + 2 (—x)
= [c" + A1 (—A) — A]x + ATb
cl =2 A+, or ATA < ¢

27



Shadow Price Interpretation: Spring Energy & Force

. 1 2 1 2 1 2
min f,(xq, x3) = §k1x1 + Ekz(xz —x1)“ + §k3(l — X3)

fo : potential energy k; > O : stiffness constant of spring i
w/2—x1 =<0

w+x—x, <0

w/2—1+x,<0

. 1 2 . 2 . 2
min - (kyxt + ky(xy —x1)° + k3(l — x,)?)

A w/2—x1 =50
A wH+x;—x,=<0
Ay w/2—-14+x,<0
AAWw/2—x1)=0,1,(w—x,+x) =0,A3;(Ww/2—-14+x,) =0
zero gradient condition
kix1 — ko (X2 — %1) -1 1 0
[kz(xz —x1) — ks(l — x3) th [ 0 ] th [—1] s [1]_0
A; : contact forces between the walls & blocks 28



KKT (Karush-Kuhn-Tucker) Conditions

filx),i=1,..,m, hj(x), i =1,...,p are differentiable

1. Primal constraints : f;(x) < 0,i =1, ..., m.
h;(x)=0,i=1,..,p.

2. Dual constraints : 4 = 0
3. Complementary slackness : A;f;(x) =0,i =1, ..., m.

4. Gradient of Lagrangian with respect to x variables
Vifo (x) + Zyil Aivxfi(x) T+ Zzl?:l v;Vihi(x) =0

29



KKT (Karush-Kuhn-Tucker) Conditions

1. Primal, Lagrangian, and Dual max m} min: (x, A, v)
min f,(x) L(x,A,v) = max g(/l V)
fi<0
hi = 0 —fo<x>+zalfl<x>+zvh (. >
min max max min (dual)

x Av AV X
1. Feasibility (x, A, v)

2. L(x, 4,v) = £, (x) {‘Af’l; A
3.4, v) = mxinL(x,/l, v) = f,(x)

Necessary condition for local optimality
Sufficient when the problem 1s convex & satisfy regularity

conditions (Slater condition)
30



Sensitivity

Perturbed Problem Unperturbed Problem
min f,(x) u; =w; =0
s.t. fi <u;
hi(x) = w;
maxg = g4, v) —ufA—wlv max g(4, v)
s.t. A=0 s.t. A=0
p*(u,w) = rr/{%xg(/l, v) —ufA—wlv| p*(0,0), 1", v

*

p*(u,w) = gA*,v*) —ulA* —wlv*=p “(0,0) — uTA* — wTv

3 = =22 (ww) = (0,0), v = = (w,w) = (0,0)
Proof : 2200 _ iy, 2 {ten0)-p (0.0) > —A;
ou; t\O t
Ip”(0,0) _ y. ., P"(£e0)~p"(0,0) < -
du; t/'0 t

hence, equality !



Generalized Inequalities

Primal min £, (x)
fi <Ki O,l — 1,...,m
hi — O,l — 1,...,p
Lagrangian

m p
L(x,A,v)=f(x)+ z /ll-Tfl-(x) + z vih; (x),
i=1 i=1

A Zg: 0,i=1,..,m, A; € R

Lagrange Dual
g(A,v)=infL(x, A, v)
X

32



Generalized Inequality: KKT Conditions

min f, (x)
Stfl <Ki O,l — 1,...,m

hi — O,l — 1,...,p
fix),i=1,..,m, h;(x), i =1,...,p are differentiable

1. Primal constraints : f;(x) <k, 0,i = 1,...,m.

hi(X) =0,i =1, ey P
2. Dual constraints : 4 g 0

3. Complementary slackness : /1iT fix)=0,i=1,..m.

4. Gradient of Lagrangian with respect to x variables
Vifo () + X AV fi(x) + X0 v;V,ehi(x) = 0
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Generalized Inequalities: SOCP

Primal min fTx
lAx +bl|, <c/x+di=1.,m

ie. (A;x+b,c; +d;)EK;, i=1,..,m
Lagrangian

L(x,,v) = fTx =Y (z] (A4;x + b;) + Wi(C?x + di))

(Zi,Wi) (S Ki*' [ = 1, e, M
Lagrange Dual

max — Zi(b;TZi + diWi)

||Zi||SWi, i=1,...,k

YiAizi+cw; = f

34



Generalized Inequalities: Semidefinite Program

Primal i Ty
x,F; + -+ x,F, + G < 0,where Fj, ...,E,, G € §¥
Lagrangian
L(x,A,v) = igclf(ch + tr((x1F1 + -+ x,F, + G)Z)) ,
7 € Sk

Lagrange Dual g4, v)=InfL(x, A, v)
X

Dual max tr(GZ)

tr(F;Z)+c¢c;=0,i=1,..,n

Z =0

35



Chapter 5 Summary
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Chapter 5 Summary

Duality provides a lower bound of the problem even the
primal may not be convex.

KKT conditions convert the minimization problem into
equations.

Lagrange multipliers provide the sensitivity of the
constraints.

Generalized inequality broadens the scope of convex
optimization.

37
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