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Convex Problems and Convex Functions
min f,(x), x € R"
X

Subject to
filx) <0,i=1,--,m
hl(X) — O,l — 1, ey P

We use functions to define the objective function and
qualify the constraints. For a convex problem, the desired
features:
Objectives fy(x): Convex function
Constraints:

fi (x): Convexity 1s a sufficient condition for a convex
set

h;(x): Linear equation
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Examples: Approximation

Given a set of numbers, x; € R,i =1, ..., m,

calculate functions
° fl(xl;xz, ,,Xm) = max; X;
° fZ(xl;xz, ,,Xm) — logzi exi/y

o f3(x1, X2, s X)) = X X; exi/y/ziexi/y



Examples: Entropy and
Kullback-Leibler Divergence

Negative Entropy:
f(x) =xlogx,x € R,

Kullback-Leibler:

Dy (u,v) = ),; u; log (z—z) —u; + v,

where u, v € RY ..



Outlines
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1.1. Convex Function Definition
Definition: f: R™ = R is convex if dom f is a convex set and

fOx+(1-0)y) <0f(x)+(1-060)f(y)
Vx,y€Edomf,0<6<1



1.1. Definition: Convex Functions vs. Convex Sets

Theorem: Given S = {x|f(x) < b}

If function f(x) is convex, then S is a convex set.
Proof: We prove by the definition of convex set.
Foreveryu,v € S,i.e.f(u) <b,f(v) < b,

We want to show thatau + v €S, Va+p =1,a, = 0.
We have

flau+ Bv) < af(u) + Bf(v) (f is convex)
< ab+ (b (a,p = 0)
=(a+pB)-b=b (a+p=1)
Thus au+ v €S
Remark: Convex function => Convex Set

f(x)<bh => Convex Set
f(x)=b => 7



1.2. Convex Function Examples

f:R™ = R is convex if dom f is a convex set and
fOx+(1-0)y) <0f(x)+ (1 -06)f(y)
Vx,yeEdomf,0<6<1
Example on R:
Convex Functions

Linear: ax +bonR foranya,b € R
Exponential: e ** foranya € R
Power: x*onR,, fora=lora<o0

|x|P on R forp > 1
Concave Functions
Affine: ax +bonR foranya,b €R
Power: x*onR,, for0<ac<l1
Logarithm: logx on R,



1.2. Convex Function Examples

Concave Functions:
Log Determinant: f(X) = logdetX,dom f = SI,
Proof: Let g(t) = f(X +tV) (V €S™)
1 1

= logdet X + ),;-,log(1 + t4;)
11

Aireigenvalue of X 2VX 2
g isconcaveint = f is concave
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1.2. Convex Function Examples

Example on R™:

Linear function: f(x) =alx+b
Norms: ||x|l, = (Xfq1x[P)'/» for p = 1;
Il = max ||

Example on R™*™:
Linear function: f(X) =tr(A7X) = ¥, Yi=1AijXi;
Spectral (max singular value):

FOO = 11Xz = Omax(X) = Amax (XTX)) 2

11



1.2. Convex function examples: norm, max, expectation
Norm: If f:R" > Risanormand 0 <6 <1

fOx+ (1 —0)y) < f(6x) + f((1 = 0)y) triangle inequality
=0f(x)+ (1 —0)f(y) scalability

Max function: f(x) = maxx;,x = [x1, X5, ---:xn]T
l

f0x + (1 -6)y) = max (6x; + (1 - 6)y;)

< Hmiaxxi +(1—-0) maxy;

=0f(x)+(1-0)f(y) for0<6O6<1
Probability: (Expectation)
If f(x) is convex with p(x) a probability at x,

ie.p(x) =0,Vxand [p(x)dx =1
Then f(Ex) < Ef(x),

where Ex = [xp(x)dx

Ef(x) = [ f(x) p(x)dx

12



1.3 Views of Functions and Related Hyperplanes

Given f(x),x € R™, we plot the function in R™ and R™*1 spaces.

1. Draw function in R™ space
Equipotential surface: tangent plane Vf(¥)" (x — %) = 0 at ¥
2. Draw function in R™*! space
2.1 Graph of function: {(x, h)|x € dom f,h = f(x)}

hyperplane (h = Vf(X) ' (x — %) + f(%))

- X X
7@ =11([3] - |rn)) =0
Example: f(x) = x*. We show the hyperplane with Vf (x)
2.2. Epigraph: epi f: {(x,t)|x € dom f, f(x) < t}
A function 1s convex iff its epigraph is a convex set.
Example: f(x) = max{f;(x)|i =1..r}, f;(x) are convex.
Since ep1 f is the intersect of ep1 f;, ep1 f is convex.
Thus, function f is convex.
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1.3 Views of Functions: Example
Ex.f(xy,x,) = ax? + bx5,a,b > 0.

1. Equipotential surface

TRy
NS=2

2.{(x,h)|x edom f,h = f(x)} 1

3. Epigraph

14



2. Conditions of Convexity: First Order Condition

Defintion: f is differentiable if domf is open and
Vf(x) = (agix), ofx) af—(x))T exists at each x € domf
1

ox, '~ O0xp
Theorem: Differentiable f with convex domain is convex

iff f(y) = f(x) + VF(x)'(y — x),Vx,y € domf
Proof => 1f f is convex

Then (1—-t)f(x)+tf(y) = f((l —t)x + ty),‘v’O <t<l1
tif) — )] = fx+tly —x)) — f(x)
FO) = FO) = (f(x +tly —x)) = f(x))
=Vf(x)(y —x) whent -0
<=Given f(y) = f(x) + Vf(x)'(y — x),Vx,y € domf
Letz=((1—-t)x+ty
f) = f@)+Vf (D' (x—2)
f=2f@+VfD"'(y-2)
Thus (1 —t)f(x) + tf(y) = f(2) I5

where



2. Conditions: Second Order Condition

Definition: f is twice differentiable if domf is open
and the Hessian V4f(x) € S™

2
sz(X)ij = gxgz, i[,j =1,..,nexists at each x € domf

Theorem: Twice Differentiable f with convex domain is convex
iff V2f(x) = 0,Vx € domf
Proof: Using Lagrange remainder, we can find a z

flx+tly —x))

1
=f) + V)Tt =) + 52 =)V - %),

VO <t <1,zisbetweenxandx + t(y — x)
Since the last term 1s always positive by assumption, the first order
condition 1s satisfied.
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2. Conditions: Second Order Condition

Example: Negative Entropy:
f(x) =xlogx,x € R,

X 1
f(x) = ;+ logx =1+logx,f"(x) = "

Sincex ER,.,f""(x) > 0= f(x) is convex
Show the plot of x log x

Remark:

* ISt order condition can be used to design and prove the
property of opt. algorithms.

« 27 order condition implies the 15 order condition

2" order condition can be used to prove the convexity of
the functions.
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2. Conditions: Examples

* Quadratic Function: f(x) = %xTPx +gf'x+7r,PeS”
Vf(x) =Px+gq, Vf(x) =P
e Least Square: f(x) = ||Ax — b||3
Vf(x) =247 (Ax —b), V*f(x) = ATA
2

X

* Quadratic over linear: f(x,y) = 5 y >0
VF(x, ) (Zx x2>T
x;y -\ )
y  y°
-2 2X7
2 _| Y vl _ 2701y _
VEF o) = 2x  2x%| 3 [—x] [y =]
Sy 3
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2. Conditions: Examples

e Log-sum-exp: f(x) = log )%, e** (Smooth max of softmax
function)

V2f(x) = dlag(z) —— 27T, 7, = e*k
Tsz(x)V = Tz)2 (2= ZL)(Z,, viz) — (B viz)?] = 0

for all v € R™ (Cauchy-Schwarz inequality)
Thus, f(x) i1s a convex function

Cauchy-Schwarz inequality: [(aTa)(b"Db) = (aTh)?, a; = 7, b; = vi\Z]
alb alb

Proof 1: Letz—a——bTbb ora—z+—bTbb
We have
(a’b)? (a”b)? (a'b)?
T, _ T Th > T _
ala=7z Z+—(bTb)2b b > (bTb)Zb b = s

Proof 2: By induction
19



3. Operations that preserve convexity

* Nonnegative multiple: af, where a = 0, f is convex
* Sum: f; +f,, where f;,and f, are convex

« Composition with affine function: f(Ax + b), where f is
convex

Proof: VZf(Ax +b) = ATV2f(y|ly = Ax + b)A
E.g f(x) = =X, log(b; — af x;),
dom [ = {x|al~Tx <b,i=1,.. m}
f(x) = ||Ax + b|| (@f f is twice differentiable)

20



3. Operations that preserve convexity

 Pointwise maximum: f(x) = max{f;(x), ..., f,(x)}, f; are
convex

* Pointwise supremum:
g(x) =sup f(x,y), where f(x,y) is convex in x and C is

yecC
an arbitrary set
Examples
e S.(x) = sup y'x, for an arbitrary set C
yecC
* f(x) = sup||x — y||, for an arbitrary set C
yeC

* Amax(X) = sup yTXy' Xest
Iyll2=1

21



3. Operations that preserve convexity: Dual norm
Example:
f(x) = max y'x
lyllz=1

f(x) = max y'x
Iyl =1

f(x) = max y'x
lyllp=1

22



3. Operations that preserve convexity: max function

Theorem: Pointwise maximum of convex functions 1s convex

Given f(x) = max{f;(x), f,(x)}, where f; and f, are convex

and dom f = dom{f;} Nndom{f,}is convex, then f(x) is

convex.

Proof: For0 <0 <1, x,yedomf

f(Ox+(1-0)y)
= max{f;(0x + (1 = 0)y), f,(0x + (1 — 6)y)}
<max{0f;(x) + (1 —0)f1(y), 0f,(x) + (1 - 0)f>(¥)}
< 0 max{f;(x), f(x)} + (1 —0)max {f;(y), f-(¥)}
=0f(x)+(1-0)f(y)

ie. f(x+(1—-0)y) <0f(x)+ (1 —-6)f(y)

Thus, function f(x) is convex.
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3. Operations that preserve convexity: minimization

Theorem: Partial minimization
If g(x,y) is convex in x and y, and a set C is convex
Then f(x) = melgl g(x,y) is convex.
y

Proof: Let y; € {y] min g(x1,y)} and y; € {y| r;leig(g(xz,y)},
we can write
0f (x1) + (1 —6)f (x3)

=09(x1,y1) + (1= 0)g(xz, ¥2)

>g(0x; +(1—0)x,,0y; + (1 —86)y,) (g is convex)

> meigg(ﬁxl + (1 —60)x,,y) (C is convex)

y

= f(0x; + (1 —6)xy)
i.e.wehave 0f(x) + (1 —0)f(x,) = f(Ox; + (1 — 0)xy)
Therefore, f(x) = melg g(x,y) is convex.

y
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3. Operations that preserve convexity

Examples for Partial Minimization
. A Blrx
— [+T T
GlVGIlf(X, y) — [X y ] [BT C] [y]
x €R"y € R™ A€ ST Ce ST, [;T lg] € sntm
Let g(x) = min f(x,y) = x'(4A — BCTB")x,
y

C*:pseudo inverse of matrix C. (Drazin inverse, or
generalized inverse)

We can claim that function g(x) is convex.
Proof:

(1) f(x,y) is convex
(2) y € R™ where R™ is a convex non-empty set

(3) Therefore, g(x) is convex, i.e. A — BCTBT > 0

25



3. Operations that preserve convexity

Composition:
Given g: R™ - Rand h:R — R,we set f(x) = h(g(x))

fis convex if g convex, & convex, h nondecreasing

g concave, & convex, h nonincreasing
fis concave if g convex, 4 concave, h nonincreasing

g concave, 4 concave, h nondecreasing
Proof : for n=1

00 = h"(g(0))g' (0% + 1 (9(0)g" (%)

Ex1: exp g(x) 1s convex if g is convex
Ex2: 1/g(x) is convex if g is concave and positive
Note that we set h(x) = o if x € dom h, h is convex

h(x) = —0 if x € dom h, h is concave

26



3. Operations that preserve convexity
Show that h(g(@x + (1 — H)y)) < Hh(g(x)) + (1 —-60)h(g(y))

for the case that g, / are convex, and h is nondecreasing

(1) g 1s convex

gx +(1-0)y) <6gx)+(1-06)gy)
(2) h 1s nondecreasing: From (1), we have

h(g(@x + (1 —0)y)) < h(6g(x)+ (1 —-0)g(y))
(3) i 1s convex

h(8g9(x) + (1 —6)g() < 6h(g(x)) + (1 — B)A(g())
(4) From (2) & (3)

h(g(@x + (1 — H)y)) < Hh(g(x)) + (1 — Q)h(g(y))

27



4. Conjugate Functions
Definition: Given f: R™ - R, we have f*:R" - R
frO) = sup yx—f(); (0= inf —ylx+f()

Constraint: y € R" for which the supremum is finite (bounded)
f*(y) is called the conjugate of function f

Theorem : f*(y) is convex (pointwise maximum)

Proof: f*(0y, + (1 —0)y,) = Sl;p(QY1 +(1-0)y,) 'x— f(x)

< sup (6y1x = £ () + sup((1 = )yf x = (1 = O)f (x))
=0f"(y) + (1 -0)f"(y2)

Remark: f*(y) is convex even if f(x) is not convex

28



4. Conjugate Functions

Suppose we have a pair X, y, such that f*(y) =y
we can show that y = V.. f (X) (exercise 3.40)
And the supporting hyperplane : y'x — h = f*(y)

5" -1 =
Ex. f(x) =x%—2x, x €ER
f*(y) =supyx —x%+2x,y €ER

% — f(x),

29



4. Conjugate Functions

One way to view conjugate function

f*) = sup y'x—f(x)

xedom f

x : negative slack
—y : shadow price (loss) to accommodate the slack

7"(v) : balance between price slack product (y” x) and objective
function f (x).

Remark: When f*(y) is unbounded, the shadow price —y is not
reasonable.

30



4. Conjugate Functions: Examples (single variable)

Ex: f(x) =ax+b, xER
f(y) = Sljcp(yx —ax —b)

(DIfy #a,f*(y) =
Qlfy=af"(y)=—-b>domf"=a,f"(y)=-b

31



4. Conjugate Functions: Examples (single variable)

Ex: f(x) = —logx, x € R,
f*(y) = sup yx + logx

x€R++

(DIfy =0, f7(y) = o0
2Q)Ify <0, f*(y) = max xy + logx

Letg(x) =xy +logx, g (x) =y +i

Ifg'(x) =0x= —%

Thus, f*(y) = —1 + log (— i) = —1 —log(—y)
2> dom f*=—Ryy, f*(y) = —1—log(—y)

32



4. Conjugate Functions
Ex: f(x) =e*, x ER
f7) = supxy —e”
(Dy<0:f"(y) =
2Q)y>0:Let glx) =xy—e*>g'(x) =y —e*
If g'(x) =0, then x = logy
Thus f*(y) = ylogy — y

Qy=0:f"(y)=0>domf" =Ry, f"(y)=ylogy—y
Therefore, we have

f*(y) = ylogy —y, where y = 0.

33



4. Conjugate Functions

Ex: f(x) = xlogx, x € R,, f(0) =0
f*(y) = sup xy — xlogx
Let g(x) =xxy —xlogx 2 g'(x) =y —logx — 1
Suppose g'(x) = 0, wehavey =1+ logx orx =e¥™1
Thus f*(y) = ye¥ ! —eY"1(y —1) =¥ where y € R

34



4. Conjugate Functions

Ex: f(x) = %xTQx, x € R",Q € ST,
fr0) =supx'y - ~x"Qx
Let g(x) = xTy — %xTQx > Vg(x) =y — Qx
IfVg(x) =0, we have x = Q" 1y

Thus, f*(y) = >y7Q 1y
Remark: Suppose that f*(¥) = yTx — f(¥) and V4f () > 0
We have Vf*(y) = ¥ and V*f*(y) = (VZ f (f))_l (exercise 3.40)
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4. Conjugate Functions

Basic Properties
D fE)+f ) =x"y
Fenchel’s inequality. Thus, in the above example
xTy < %xTQx + %yTQ‘ly, Vx,y € R™,Q € ST,
(2) f* = f,i1f fis convex & fis closed (i.e. epi f1s a closed set)
(3) If fis convex & differentiable, dom f = R"
For sup y'x — f(x), we have y = Vf (x*)
Thus, f*(y) = x"Vf(x") — f(x*), y = Vf(x")
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4. Conjugate Functions
Ex:f(x) =logXise™ o f (y) =
frO) =supy'x - f(x) = sup y'x -

Let g(x) = y'x — log ¥i-, e™

dg(x) Ny eXi —0
dx; l Z?=1 eXi

eXi
n X;:d
dij—q €71

(1) 1Ty # 1 = unbounded
(2) y; < 0 = unbounded

Thus, y; = ie. 1Ty =1

=1 vilogy;

log Y., e*i

B) ) =Xk, yilogy;, y=01"y=1

37



4. Conjugate Functions: Summary

Given vector y, and conjugate function f*(y) = sup y'x —
f(x),x,y € R" "

let x* = argsup, y'x — f(x).

For the epigraph of f(x),

we have a supporting hyperplane: h = yT(x — x*) + f(x*)

We can rewrite as [y! — 1] ([ﬂ — [fécx*)]) =0
The plane touches the (n + 1)’th axis at —f*(y).
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5. Log-Concave, Log-Convex Functions
Log function : logf(x), f:R"™"—>R,f(x) >0,Vx €dom f

Suppose f1s twice differentiable, dom f is convex.

V2logf (x) = - )sz (x) = VOV ()"
Then
f1s log-convex iff Vx € dom f

fOIVAf(x) 2 V)V f(x)!

f1s log-concave iff Vx € dom f

fOIVAf () < VFVf()'

f( )?
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5. Log-Concave, Log-Convex Functions
f:R" >R, f(x)>0,Vxedomf

Definition: If log f is concave, fis log-concave.
Definition: If log f is convex, f1s log-convex.
Ex: f(x) =a’x+ b,dom f = {x|a’x + b} : log-concave
f(x) =x% x€R,,, a<0:log-convex
a > 0 : log-concave

f(x) = e** :logconvex & log-concave

2
1 _u- ) . . .
f(x) = T f_xoo e 2z du : cumulative distribution function of

Gaussian density log-concave

F) = s e 2O ET D)

Toraes : log-concave
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5. Log-Concave, Log-Convex Functions

Properties

72109 () = 75 7 () = 2z P PHCO'

FOV2f(x) = VF()Vf(x)T, vx € dom f : log-convex
FOOV2f(x) < VFx)Vf(x), Vx € dom f : log-concave

41



Outlines

1. Definition: Convexity, Examples & Views

2. Conditions of Convexity
1. First Order Condition
2. Second Order Condition

3. Operations that Preserve the Convexity
1. Pointwise Maximum

2. Partial Minimization
4. Conjugate Function
5. Log-Concave, Log-Convex Functions

42



	Slide 1: CSE203B Convex Optimization: Lecture 3: Convex Function
	Slide 2: Convex Problems and Convex Functions
	Slide 3: Outlines
	Slide 4: Examples: Approximation
	Slide 5: Examples: Entropy and Kullback-Leibler Divergence
	Slide 6: Outlines
	Slide 7: 1.1. Convex Function Definition
	Slide 8: 1.1. Definition: Convex Functions vs. Convex Sets
	Slide 9: 1.2. Convex Function Examples
	Slide 10: 1.2. Convex Function Examples
	Slide 11: 1.2. Convex Function Examples
	Slide 12
	Slide 13: 1.3 Views of Functions and Related Hyperplanes
	Slide 14: 1.3 Views of Functions: Example
	Slide 15: 2. Conditions of Convexity: First Order Condition
	Slide 16: 2. Conditions: Second Order Condition
	Slide 17: 2. Conditions: Second Order Condition
	Slide 18: 2. Conditions: Examples
	Slide 19: 2. Conditions: Examples
	Slide 20: 3. Operations that preserve convexity
	Slide 21: 3. Operations that preserve convexity
	Slide 22: 3. Operations that preserve convexity: Dual norm
	Slide 23: 3. Operations that preserve convexity: max function
	Slide 24: 3. Operations that preserve convexity: minimization
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42: Outlines

