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Convex Optimization Problem: Example

Problem Statement
min f,(x), x € R"
X

Subject to

fi(x)<0,i=1,,m

hl(X) — O,l — 1, vy P
The conditions of convex optimization problem
1. Objective Function, f,(x), is a convex
function

2. Constraint set 5 N S, is a convex set

S =1{x|f;(x) <0,i =1,:--,m} is a convex set
S, ={x|h;(x) =0,i =1, ...,p} 1s a convex set



Example: Support Vector Machines

Input: (x;,y;),i=1,...,m;x; € R",y; € {1, —1}
Hard Margin: Find (a,b),a € R™,b € R,
Min |a|?
Subject to
y:(atx;—b) =1, foralll<i<m



Example: Support Vector Machines

Input: (x;,y;),i =1,..,m;x; € R",y; € {1,—1}
Soft margin 1: Find (w,b),w € R™,b € R,

Min A|al|? + %ZmaX(O,l —v;(a’x; — b))

Soft 2: Find (a,b),a € R", b € R,c; ER,,i=1,..,m
Min A|a|? +%Zci
such that

yi(a’x;—b)=1—c¢;, forall1<i<m

Remark:

1. Support Vector Machine: Find separation hyperplane.
2. Could we derive any better formulations?

3. One key concept is hyperplane, a’ x = b. 5



1. Set Convexity and Specification

1. Convexity Definition

2. Set Specification: Qualification vs.
Enumeration Oriented Description



1.1 Set Convexity and Specification: Definition

Definition: A set S 1s convex if we have
ax+pyeS,Va+=1,a =0,Vx,y €S
Examples:



1.1 Set Convexity and Specification: Convexity

Definition: A set S 1s convex 1f we have
ax+pyeSVa+=1,ap =0,Vx,y €S

Examples:

Hyperplane H; {x|a’x —b = 0},a,x € R™,b € R

Half space Hy {x|a’x — b > 0}, H; {x|a’x — b < 0}



1.1 Set Convexity and Specification: Convexity

Definition: A set S 1s convex if we have
ax+pyeS,Va+p=1,ap =0Vx,y€ES
Remark:
1. Most used sets 1n the class
1. Scalarset: S Cc R
2. Vector set: S € R™
3. Matrix set: S ¢ R™*™M
2. Set S 1s convex 1f every two points in S has the
connected straight segment 1n the set.
3. For convex sets S; and S,: §; N S, 1s also convex
Example:



1.1 Set Convexity and Specification: Convexity

Definition: A set S 1s convex 1f we have
ax+pyeSVa+p=1,ap =0Vx,y€eES

Remark:

3. For convex sets S; and S,: §; N S, 1s also convex

Proof:

LetU =5 NJY,.

By definition Vx,y € U

ax + fy € §; because S; 1s convex

ax + fy € S, because S, 1s convex

Therefore, we have

ax + fy e U.

Thus, U 1s a convex set.
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1.2 Set Specification via Qualification or Enumeration

Qualification Oriented Expression Sy = {x|Ax < b,x € R"}
Enumeration Oriented Expression Sy = {Ax | x € R}}

Qualification Oriented Enumeration Oriented
Expression: Expression:
Constraints Obj function

Min f,(x) Min f,(Ax),x € R}
Subject to

Ax < b,x € R"
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1.2 Qualification vs Enumeration Oriented Description

Qualification Oriented Expression

Example: {x|Ax<b}

x, +2x, +3x3 <4
2X1  —X <3
X9 +X3 SS
.X3 S 10
; 21 (3)- 1
— - — |x
A=l 1 1|°* LZ
3

0 0 1

U1 W S

—
o

Remark: Simultaneous linear
constraints imply AND,
Intersection of the constraints
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1.2 Qualification vs. Enumeration Oriented Description

S1 = {x|Ax < b,x € R"} is a convex set

Proof: Given two vectorsu,v € S, i.e. Au<b, Av <b
Forw = Hlu + HZU,V91 + 92 — 1, 01, Hz > 0

we have Aw < b.
(AW — HlAu + HzAv S 91b + sz — b)

The inequality implies w € §;

By definition, set S;1s convex.

Remark:

1. Simultaneous linear constraints imply AND,
Intersection of the constraints

2. Linear constraints constitute a convex set.
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1.2 Qualification vs. Enumeration Oriented Description

Example:

S, ={x|Ax = b,x € R"}

S; = {x|Ax = b,x € R"}

14



1.2 Qualification Oriented Expression

T
Example: § = {x € R™| |p,(t)| < 1for|t| < §}

where p,(t) = x; cost + x, cos 2t + -+ + x,,, cosmt

15



1.2 Enumeration Oriented Expression

Expression Conversion

Example: {x|Ax < b,x € R"}vs {UB| 170 =1, 8 € RT"}

! 1 ] (2] 01

X — — 6
2o |bel=]s F—— s
0 —1. 1 10,




1.2 Qualification vs. Enumeration Oriented Description

Remark:

Qualification Oriented Expression: Constraints of the problem
Enumeration Oriented Enumeration: The objective function
The interchange may not be trivial.

min f, (x) min fo (U0)
s.t.Ax <b s.t. 1T <1
X € R" UeR"Y,0eR!

Every vector u; in matrix U 1s a solution of
n equations in constraint Ax < b

p equations :D comb(p,n) possible
nvariables vertex points.

17



1.2 Qualification vs. Enumeration Oriented Description

Mixed Description

S, = (c’x+d) > 0,x € C,} (Projective Function)

Ax + b
cTx+d

Z
Sc = {?‘ z€R™Yt>0,(z,t) € Cs} (Perspective Function)

S4 1s convex if C, is convex
St is convex if C¢ is convex
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1.2 Qualification vs. Enumeration Oriented Description

Statement: S¢ is convex if Cs is convex.
Proof: Given (t ) € Ss, ( ) € S:, let us set
1 2

Z3 = UZq +BZz,t3 = atl +ﬁt2,va+ﬁ — 1,6(,,3 >0

We have z, az; + Bz, at, z; Lty  z,

= = +
t3 atl + Btz atl + Btz tl atl + Btz tz

at L

Leta’ = ! B = Ptz
atl + Btz C(tl + Btz
(Notethata' + ' =1,a',8' = 0),

Z3 21
we have —=a'—+ [’ —ES5
L3 Ly %)

Therefore, by definition Sg is convex.
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2. Basic Convex Sets: Terms and Definitions

Definitions: I. Affine Set, II. Cone, and III. Convex Hull
Given uq, u,, -+, u; € R™,
function f(u,0) = O,uq + G,u, + -+ + O, Uy
and two conditions 1 0,40, ++60, =1
2 0;=0Vi

I. {f(u, 6)| condition 1}: Affine set
I1. {f(u, 8)| condition 2}: Cone
I1. {f(u, )| conditions 1 and 2}: Convex hull

Ex1: Hlul + HzUz = Uq + 02(U2 — ul)

Ex2: 91u1 + Qzuz + 03”3
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2. Basic Convex Sets: Terms and Definitions

Definitions: I. Affine Set, II. Cone, and III. Convex Hull
Given uq, u,, -+, u; € R™,

function f(u,0) = O,uq + G,u, + -+ + O, Uy

and two conditions 1 0,40, ++60, =1

I. {f(u, 6)| condition 1}: Affine set
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2. Basic Convex Sets: Terms and Definitions

Definitions: I. Affine Set, II. Cone, and III. Convex Hull
Given uq, u,, -+, u; € R™,

function f(u,0) = O,uq + G,u, + -+ + O, Uy

and two conditions 2.6,> 0 Vi

I1. {f(u, 6)| condition 2}: Cone
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2. Basic Convex Sets: Terms and Definitions

Definitions: I. Affine Set, II. Cone, and III. Convex Hull
Given uq, u,, -+, u; € R™,

function f(u,0) = O,uq + G,u, + -+ + O, Uy

and two conditions 1 0,40, ++60, =1

2 6,>0Vi
I1. {f(u, )| conditions 1 and 2}: Convex hull
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2. Basic Convex Sets: Terms and Definitions

Definitions: I. Affine Set, II. Cone, and III. Convex Hull
Given uq, u,, -+, u; € R™,

function f(u,0) = O,uq + G,u, + -+ + O, Uy

and two conditions 1 0,40, ++60, =1

2 0,>0Vi

I. {f(u, 6)| condition 1}: Affine set
I1. {f(u, 8)| condition 2}: Cone
I1. {f(u, )| conditions 1 and 2}: Convex hull

Affine Hull: The affine hull of a set C © R™ is the smallest affine
set containing set C.

Cone: A convex set C < R™ is a cone (with apex at the origin) if
VxeCandVa€R,, ax € C.

Convex Hull: In geometry, the convex hull of a shape 1s the

smallest convex set that contains 1t. (Wikipedia)
24



2. Basic Sets and Definitions: VI. Hyperplanes and Half
Spaces
Hyperplane {x|a’x =b},a € R, b € R

or {x|al(x —xy) = 0},forany x, € R",a € R™",b € R
Half Space {x|a’x <b} a€R™,b€ER

or {x|al(x —xq) < 0}

Ex: {x|x; +x, =1}, or {x| [1,1] ([2] — [82]) = 0},

or {x|al(x —x5) =0}, al=[1,1],b =1,x5 = [2,—1]

For many applications, we standardize the expression:
al = b
lallz —  llallz

normalized expression:
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2. Basic Sets and Definitions: VI. Hyperplanes

Ex : 3 variables
{xla"x =b}, a’ =(1,1,1), b =6
Ex : 4 variables
{xla"x =b}, a’ =(1,1,1,1), b =6
(1) degrees of freedom on variables: n — 1 (R™).
(2) Vector (x — y) is orthogonal to direction a,
ie. al (x —y) =0, Vx,y in the hyperplane
Proof:

Exercise: Conceptually (visually) construct hyperplane.
26



2. Basic Sets and Definitions: VI. Hyperplanes

Hyperplane : as an Equal potential of cost function

minf,(x) = c'x

. . . x
Vector c is the sensitivity or cost of vector [x;]

.9 fo) = 11,21 []

dfo(x)
6x1 o 1

dfo(x)
axZ o 2

b
Vector ¢ = B] 1s the sensitivity or cost of vector [x;]
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2. Basic Sets and Detinitions

V1. Hyperplane : as a linearized constraint
a’x < b,x € R"

X
e.g. [1,2] [x;] < 10
Remark :

* Hyperplane is one key building block of convex optimization.
(theory, algorithms, applications for machine learning, deep
learning, ...)

* Each hyperplane separates the space into two half spaces.

« Ifn = p, p hyperplanes can separate the space into 2P
disjoint regions.
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2. Basic Sets and Detinitions

V. Polyhedra (plural) : Poly (many) Hedron (face)
P ={x|Ax < b,Cx = d}

(aj ] ¢!

T T
A=|% c=|%
al | cp




2. Basic Sets and Detinitions

VI. Matrix Space : Positive Semidefinite Cone
(1) S™ = {X € R™"|X = XT} Symmetric Matrix
Q) St={XeS*X >0} ie y'Xy=>0Vy
St ={XeSX >0} iey'Xy>0Vy=0
be
Bx X =, leszex=0z20xz2y

[a b]X [Z] = a’x + b?z + 2aby = 0,Va,b € R
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2. Basic Sets and Detinitions

Ex: X = [y Z]ES+<:>x>OZ>Oxz>y

ab]X[b]=a x + b%*z + 2aby = 0,Va,b € R
-1
Proof : LetRzl1 X y]
—TpT
We have [ abX[b] [a bJR"TRTXRR™ [b]

= lablR™ [o 7 —x ]R N

| M4 | ] B PP
—x"Yy 1fly zl|g 1 |7 [0 z—x"1y?
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3. Hyperplanes and Convex Sets

1. Separating Hyperplanes
2. Supporting Hyperplanes
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3.1 Separating Hyperplane

{x|a”x = b} (Classification, Optimization, Duality)
Theorem : Given two convex sets C N D = @ in R™
Ja€RYbER, s.t.alx<b,Vx€eC
alx>b,Vx €D

2_1cI12
Actually,a =d —c¢,b = ”d”22”C”2

d+c

ie. f(x)=alx—b=(d—-c)(x— —)
For dist(C,D) = inf{||lu — v||,|u € C,v € D}
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3.1 Separating Hyperplane

Proof: Vv € D,a’v > a’ d should be true
By contradiction, suppose that a’ v < a’d
Then we can show that d + t(v — d) is close to ¢ fort > 0

Because =-[ld + t(v — d) — ¢l = 2(d — )" (v — d) < 0
We have ||d + t(v —d) — c||, < ||d — c]|, for tiny t > 0
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3.2 Supporting Hyperplane

Given set C € R™, and a point x, on the boundary of
C,the hyperplan {x|a’x = a’ x4} is called supporting
hyperplane of Cifa’x < a’x,,Vx € C.

Supporting Hyperplane Theorem: For any nonempty
convex set C, and a point xy on the boundary of C,

There exists a support hyperplane to C at x,.

Proof: A separating hyperplane that separates interior C
and {x,} 1s a supporting hyperplane.
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4. Dual Cones

Definition: Given Cone K (i.e. K = {Y_, 6;u; |6; > 0,u; € R™,Vi})
K*={y|lxT'y = 0,¥x € K}
Ex:1.K =R} : K* = R}

2.K =S8t :K* =8¢

3. K ={(x, Olllxllz = t} : K* = {(x, O)[lIxll; < t}

4. K = {0 Olllxlly <t} : K™ = {(x, O)|lIxlle <t}
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4. Dual Cones

Show that cone K = {(x, t)|||x||; < t} has its dual
K* = {(x,Olllx|l < t}
Proof :
Statement x'u + tv = 0,V||x|]|; <t © |lul]lo SV
L=>R By contradiction, suppose that [|u||, > v
We can find Ix s.t [|x||; < L, xTu > v
Setting t=1, then we have u’ (—x) + v < 0.
R=>L Given ||lx||{ <t ||ul|le < v
ulll=x/tlly < llullw < v
Thus, u’ (—x) < vt

37



4. Dual Cones
Definition: x <g yify—x € K
Theorem: x <, yiff ATx < ATy,v1 € K*

Examples
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4. Dual Cones

The polyhedral cone V = {x|Ax =0} has its dual cone
V* ={ATv|v = 0}
Proof : By definition
V* ={y|lxTy = 0,vx € V}
Thus V* = {y|xTy > 0,VAx > 0}
Lety = ATv, we have xTy = xTATv > 0if v = 0

EX:A:[; _21] i.e.x1+2x220,x1—x220

AT = E _11] i (6, [“2‘] + 0, [_11] 16,,6, = 0}
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4. Dual Cones
Remark: {x, + Ax|Ax € K}
(1) K cone can be translated to x

(2)Ifa € K*, then a’x > 0,Vx € K, i.e. —ax is a supporting
hyperplane of cone K

(3) Suppose that the current feasible search region is at corner x,

and {x, + Ax|Ax € K, ||Ax]|| < r} is a local feasible region of
a convex set

If Vfy(xy) € K*,i.e. Vfy(xg)TAx = 0,VAx € K,

Then x; 1s an optimal solution
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Summary

* Set specification

— Hyperplane and formulation

— Implicit vs. explicit specification
* Convexity
* Duality
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