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Overview
• Optimization formulation without Constraints

– Kuhn-Tucker Conditions

• Optimization formulation with Constraints

– Primal Problem

– Lagrangian Function

– Lagrange Dual Problem

• Summary
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Optimization without Constraints
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Problem 

min  𝑓0(𝑥)          𝑥 ∈ 𝑅𝑛

Kuhn-Tucker Conditions

∇𝑥𝑓0 𝑥∗ = 0 
∇𝑥

2𝑓0 𝑥∗ ≥ 0

Solution 𝑥∗  is a locally optimal solution

If function 𝑓0 𝑥  is a convex function, then 𝑥∗ is a globally optimal 

solution



Optimization with Constraints
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Problem 

min  𝑓0(𝑥)          𝑥 ∈ 𝑅𝑛

s.t. 𝑥 ∈ 𝑋     i.e. 𝑋 is a feasible set of 𝑥

Let us denote 𝑥∗ a locally optimal solution.

If function 𝑓0 𝑥  is a convex function and 𝑋 is a convex set

then 𝑥∗ is a globally optimal solution



Optimization with Constraints
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Problem 
min  𝑓0(𝑥)          𝑥 ∈ 𝑅𝑛

𝑠. 𝑡.  𝑓𝑖 𝑥 ≤ 0 𝑖 = 1, … , 𝑚
        ℎ𝑖 𝑥 = 0 𝑖 = 1, … , 𝑝

Lagrangian: 𝐿: 𝑅𝑛 × 𝑅𝑚 × 𝑅𝑝 → 𝑅

          𝐿 𝑥, 𝜆, 𝑣 = 𝑓0 𝑥 + σ𝑖=1
𝑚 𝜆𝑖𝑓𝑖(𝑥) + σ𝑖=1

𝑝
𝑣𝑖ℎ𝑖(𝑥)

          𝜆𝑖 , 𝑣𝑖: 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟, 𝜆𝑖 , ∈ 𝑅+, 𝑣𝑖 ∈ 𝑅.

Lagrange dual function

 g 𝜆, 𝑣 = inf
𝑥∈𝐷

𝐿 𝑥, 𝜆, 𝑣

Dual Problem 
𝑚𝑎𝑥𝜆,𝑣  𝑔 𝜆, 𝑣  𝑠. 𝑡. 𝜆 ∈ 𝑅+

𝑚, 𝑣 ∈ 𝑅𝑝

𝑑𝑜𝑚𝑎𝑖𝑛 𝐷
= 𝑑𝑜𝑚 𝑓0 ∩𝑖  𝑑𝑜𝑚 𝑓𝑖  ∩𝑖 𝑑𝑜𝑚 ℎ𝑖

Feasible set 𝑋 =?



Summary
• Optimization without Constraints

– Kuhn-Tucker Conditions

• Optimization with Constraints

– Lagrange Multiplier/Duality

– KKT Conditions

• Linear Algebra

– High Dimensional Space

– Matrix Properties

– Matrix Operations

• Convexity

– Convex Set

– Convex Function

• Numerical Methods/Algorithms
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