CSE 203B W25 Homework 1

Due Time : 11:50pm, Thursday Jan. 16, 2025 Submit to Gradescope
Gradescope: https://gradescope.com/

In this homework, we work on the basic concepts of convex optimization and linear
algebra. You are free to use software tools to facilitate the calculation. However, you
are also encouraged to go through the derivations manually wherever it is feasible be-
cause these concepts are fundamental and needed for the study of convex optimization.

All the problems are graded by completion.
You can work on Homework 1 in a group (each group can have up to four students).
Make a single PDF submission to Gradescope and add all the members of your group

to the submission.

IMPORTANT: Mention the contributions of all members towards the homework in
the beginning of the Homework 1 report.

1. Convex Optimization (10 pts)
1.1. Given a function fo(z) = z* — 22% + 322 — 22 — 4, where z € R. Solve min, fo(x) using
Kuhn-Tucker conditions. Show your derivation. (5 pts)

1.2. Given two functions fo(z) = 22 — 6z + 9, and fi(x) = 2z + 3, where z € R. Solve min, fo(z)
subject to fi(x) <0. (5 pts)

2. Matrix Properties (16 pts)
2.1. Linear System:
Consider the following system of linear equations

r1 +2x2 +3x3=1
Ty Hr2 Hr3= -2
T2 +2:L’3 = 3

Write the equations in a matrix form. (2 pts)
2.2. For the matrix in problem 2.1, derive its range. What’s the rank of this matrix? (2pts)

2.3. Derive the nullspace of the matrix in problem 2.1. What’s the relation between the range and
nullspace of a matrix? (2pts)

2.4. Derive the trace and determinant of the matrix in problem 2.1. Write the eigenvalues and
eigenvectors. (3pts)

2.5. Prove the following properties. Note that det means determinant operator and tr trace
opeartor. (3 pts)


https://gradescope.com/

e For A, B € R" "™, detAB = detA X detB.
e For A e R™*" B e R"™™ trAB = trBA.

e For A € R"*" detA =T\, A, and trA =" | \;, where \;,i = 1,...,n are the eigenvalues
of A.

2.6. Use the following example of matrices A and B to illustrate the equations in problem 2.5. (4
pts)

—2 4 2 1 2 3
A=1|-2 1 2|,B=1(3 2 1/,
4 2 5 2 1 3

3. Matrix Operations (24 pts)
Gradient: consider a function f : R™ — R that takes a vector x € R™ and returns a real value.
Then the gradient of f (w.r.t. x) is the vector of partial derivatives, defined as

Vof@)=| 7

Hessian: consider a function f : R™ — R that takes a vector € R™ and returns a real value.
Then the Hessian matrix of f (w.r.t. z) is the n X n matrix of partial derivatives, defined as
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3.1. Write the gradient and Hessian matrix for the linear function
f(z) =bv"x,
where z € R™ and vector b € R™. (2 pts)
3.2. Write the gradient and Hessian matrix of the quadratic function
f(z) =27 Az + 2072 4 ¢,
where x € R™, matrix A € R"*", vector b € R”, and ¢ € R. (2 pts)

3.3. Given matrix A € R™*" where m < n and rank(A) = m, and vector b € R™, find a solution
x € R™ such that Az = b. (3 pts)



3.4. Given a nonsingular matrix

v=|2 3

¢ D

where elements A, B,C, D € R?*2, write an analytic solution of M 1.

a. Assume that matrix A is not singular. (2 pts)

b. Assume that matrix D is not singular. (2 pts)

c. Assume that both matrices A and D are singular. (4 pts)

Hint: Refer to Theorem 2.1 on Page 2 of the paper: Lu, Tzon-Tzer and Sheng-Hua Shiou. “In-
verses of 2 x 2 block matrices.” Computers & Mathematics With Applications 43 (2002): 119-129

3.5. Given a nonsingular matrix

A=

Q Qe
> 0o o
S S 0
—~
=

write the analytic solution of A~1. (4 pts)

3.6. Consider a matrix A = [a; ;] € R**? which is not singular Derive the analytical form of the
derivative of f over matrix A (i.e. [u; ;] = Vaf, where u; ; = df/da; ;) for function f =trA='. (5
pts)


https://www.sciencedirect.com/science/article/pii/S0898122101002784
https://www.sciencedirect.com/science/article/pii/S0898122101002784

