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Reminders

● Course website: 
https://cseweb.ucsd.edu//classes/wi25/cse203B-a/
● HW2 due on Jan 23 (Thursday) 11:50 PM  
● Late policy for homework: Piazza note @19

https://cseweb.ucsd.edu/classes/wi25/cse203B-a/
https://piazza.com/class/m5ihev7hxmf2ky/post/19
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Support Vector Machine

Input: 
𝑥!, 𝑦! , 𝑖 = 1,… ,𝑚; 𝑥! ∈ ℝ", 𝑦! ∈ 1,−1 (labels, two classes)

Hard Margin SVM Objective:
Find 𝑎, 𝑏 , 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ ℝ",𝑏 ∈ ℝ, such that:

𝑚𝑖𝑛 𝑎 #

Subject to:
𝑦! 𝑎$𝑥! − 𝑏 ≥ 1, ∀1 ≤ 𝑖 ≤ 𝑚

The hyperplane is represented by 𝑎 ∈ ℝ"and 𝑏 ∈ ℝ, where 𝑎 is the normal 
vector, and is the 𝑏 bias term.



SVM seeks a hyperplane that satisfies the following two 
conditions:

1.Correct Classification: For all samples 𝑖, the following 
condition must hold:

𝑦!(𝑎"𝑥! − 𝑏) ≥ 1
This is the classification constraint, ensuring that positive 
samples (𝑦! = 1)lie on one side of  the hyperplane, and 
negative samples (𝑦! = −1)lie on the other.
2.Maximizing the Margin: The margin is defined as #

$
. 

SVM maximizes the margin by minimizing 𝑎 #.

Support Vector Machine



Support Vector Machine

Input: 
𝑥! , 𝑦! , 𝑖 = 1, … ,𝑚; 𝑥! ∈ ℝ", 𝑦! ∈ 1,−1 labels, two classes

Soft Margin 1: Find 𝑎, 𝑏 , 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ ℝ", 𝑏 ∈ ℝ,

min
#,%,&

𝜆 𝑎 ' +
1
𝑚
E𝑀𝑎𝑥 0,1 − 𝑦! 𝑎(𝑥! − 𝑏 𝑎 ∈ ℝ", b ∈ ℝ, 𝜆 > 0

Soft Margin 2: Find 𝑎, 𝑏 , 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ ℝ", 𝑏 ∈ ℝ, 𝑐! ∈ 𝑅), 𝑖 = 1, … ,𝑚

min
#,%

𝑎 ' + 𝐶
1
𝑚E𝑀𝑎𝑥 0,1 − 𝑦! 𝑎(𝑥! − 𝑏 𝑎 ∈ ℝ", b ∈ ℝ, 𝐶 > 0

By deconstructing the hinge loss, the following formulation is obtained:

min
#,%,*

𝑎 ' + 𝐶E
!+,

-

𝜉! (𝑠𝑙𝑎𝑐𝑘 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠)

𝑠. 𝑡 𝑦! 𝑎(𝑥 − 𝑏 ≥ 1 − 𝜉! , 𝜉! ≥ 0



Support Vector Machine
Code Solution for Hard Margin SVM



Support Vector Machine
Code Solution for Soft Margin SVM



Convex Functions

•A function 𝑓: ℝ! → ℝ is convex if:

Its domain (𝒅𝒐𝒎 𝒇) is convex. 

A convex domain means that for any two points 𝑥, 𝑦 in the 
domain, the line segment joining 𝑥 and 𝑦 lies entirely within the 
domain.
The following inequality holds for all 𝒙, 𝒚 ∈ 𝒅𝒐𝒎 𝒇 𝒂𝒏𝒅 𝜽 ∈

[𝟎, 𝟏]:
𝒇 𝜽𝒙 + 𝟏 − 𝜽 𝒚 ≤ 𝜽𝒇 𝒙 + 𝟏 − 𝜽 𝒇 𝒚

• A function 𝑓 is concave if  −𝑓 is convex
𝑓 𝜃𝑥 + 1 − 𝜃 𝑦 ≥ 𝜃𝑓 𝑥 + 1 − 𝜃 𝑓 𝑦

−𝑓 𝜃𝑥 + 1 − 𝜃 𝑦 ≤ −𝜃𝑓 𝑥 − 1 − 𝜃 𝑓 𝑦
• 𝑓 is convex if  and only if  for all 𝑥 ∈ 𝑑𝑜𝑚 𝑓 and all directions 𝑣, the 

function 𝑔 𝑡 = 𝑓(𝑥 + 𝑡𝑣) is convex on its domain 𝑡 𝑥 + 𝑡𝑣 ∈
𝑑𝑜𝑚𝑓}



Convex Functions 

Prove that the following function is convex using the Directional Convexity
Definition:

𝑓 𝑥 = 𝐴𝑥 − 𝑏 #
#, 𝑥 ∈ ℝ", 𝐴 ∈ ℝV×", 𝑏 ∈ ℝV



Convex Functions ---- First Order Conditions

Suppose 𝑓 is differentiable, i.e. 𝑑𝑜𝑚 𝑓 is open and ∇𝑓 exists for all 𝑥 ∈ 𝑑𝑜𝑚 𝑓, 
then 𝑓 is convex if  and only if  𝑑𝑜𝑚 𝑓 is convex, and ,

𝑓 𝑦 ≥ 𝑓 𝑥 + ∇𝑓 𝑥 , 𝑦 − 𝑥 ∀𝑥, 𝑦 ∈ 𝑑𝑜𝑚 𝑓

∇𝑓 𝑥 : 𝑇ℎ𝑒 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑓 𝑎𝑡 𝑥
∇𝑓 𝑥 " 𝑦 − 𝑥 : The <irst order of taylor approximation of 𝑓 𝑦 around 𝑥



Convex Functions ---- First Order Conditions

Prove that the following function is convex using the First Order Condition:

𝑓 𝑥 = 𝑥 #
#, 𝑥 ∈ ℝ"



Convex Functions ---- Second Order Conditions

Suppose 𝑓 is twice differentiable, i.e, 𝑑𝑜𝑚 𝑓 is open and the Hessian ∇#𝑓 exists 
for all 𝑥 ∈ 𝑑𝑜𝑚 𝑓, then 𝑓 is convex if  and only if  𝑑𝑜𝑚 𝑓 is convex, and

∇#𝑓 𝑥 ≽ 0, ∀𝑥 ∈ 𝑑𝑜𝑚 𝑓

Hessian Matrix is positive semidefinite
o All eigenvalues ≥ 0
o 𝑥$∇#𝑓 𝑥 𝑥 ≥ 0, ∀𝑥



Convex Functions ---- Second Order Conditions

Prove that the following function is convex using the Second Order Condition:

𝑓 𝑥, 𝑦 =
𝑥#

𝑦
𝑑𝑜𝑚 𝑓 = ℝ×ℝXX = {(𝑥, 𝑦) ∈ ℝ#|𝑦 > 0}



Convex Functions Example

Convex Functions

o Affine functions, 𝐴𝑥 + 𝑏
o Exponential, 𝑒#. , 𝑥 ∈ 𝑅, 𝑎 ∈ 𝑅
o Powers, 𝑥# when 𝑎 ≥ 1 𝑜𝑟 𝑎 ≤ 0, 𝑥 ∈ ℝ))
o Norms, 𝑥 /, 𝑥 ∈ 𝑅", 𝑝 ≥ 1
o Max functions, max 𝑥 , 𝑥 ∈ 𝑅"
o Log-Sum-Exponential Function, 

𝑓 𝑥 = log E
!+,

"

𝑒.! , 𝑥 ∈ ℝ"

Concave Functions

o Affine functions, 𝐴𝑥 + 𝑏
o Logarithm, 𝑙𝑜𝑔𝑥
o Powers, 𝑥# when 0 ≤ 𝑎 ≤ 1 , 𝑥 ∈ R))
o Logarithm of  Determinant

𝑓 𝑋 = 𝑙𝑜𝑔𝑑𝑒𝑡 𝑋 , 𝑋 ≻ 0 (Positive Definite Matrix)



Convex Functions ---- Operations that preserve convexity

o Non-negative Weighted Sums
if  𝑓, 𝑥 and 𝑓' 𝑥 are convex functions, their weighted sum is also convex if  the weights are non-negative

𝑓 𝑥 = 𝑤,𝑓, 𝑥 + 𝑤'𝑓' 𝑥 , 𝑤,, 𝑤' ≥ 0
o Composition of  Functions

𝑓 𝑥 = ℎ(𝑔 𝑥 ), where 𝑔(𝑥) is the inner function and ℎ 𝑦 is the outer function.
Conditions for Convexity:
1.If  ℎ 𝑦 is convex and non-decreasing, and 𝑔(𝑥) is convex, then 𝑓 𝑥 is convex.
2.If  ℎ 𝑦 is convex and non-decreasing, and 𝑔(𝑥) is concave, then 𝑓 𝑥 is concave.
Conditions for Concavity:
1.If  ℎ 𝑦 is concave and non-decreasing, and 𝑔(𝑥) is concave, then 𝑓 𝑥 is concave.
2.If  ℎ 𝑦 is concave and non-decreasing, and 𝑔(𝑥) is convex, then 𝑓 𝑥 is convex.

o Pointwise Maximum and Supremum
𝑓 𝑥 = 𝑚𝑎𝑥 𝑓, 𝑥 , 𝑓'(𝑥)

𝑓 𝑥 = 𝑠𝑢𝑝0𝑔 𝑥, 𝑦 [𝑔 𝑥, 𝑦 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥 𝑖𝑛 𝑥 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑓𝑖𝑥𝑒𝑑 𝑦]
o Partial Minimization

𝑓 𝑥 = 𝑖𝑛𝑓0𝑔(𝑥, 𝑦)



Convex Functions ---- Proof  of  the convexity or concavity 

o By definition
o Reduce multivariate function to 1-dimensional 𝑔 𝑡
o First order conditions
o Second order conditions
o Properties
…


