
CSE 206A: Lattices Algorithms and Applications (Winter 2024)

Problem Set 1
Instructor: Daniele Micciancio Due: Tue Jan 16, 2024

1 HNF

Compute the (upper triangular) Hermite Normal Form of

[
11 40
5 18

]
via a sequence

of elementary column operations. Give the final result, and the unimodular matrix
corresponding to the sequence of operations.

2 Sublattices

Let Λ be a full rank sublattice of Λ′. Prove that

• det(Λ′) divides det(Λ)

• Λ = Λ′ if and only if det(Λ) = det(Λ′).

3 Bad HNF

The Hermite Normal Form can be very useful to check algebraic properties of lattices,
e.g., two bases generate the same lattice if they have the same HNF. However, HNF
typically gives a basis with very bad geometric properties. In this problem you are
asked to explore how bad it can be.

Show that for any positive integer n, there is an n × n integer basis matrix B =
[b1, . . . ,bn] with short vectors bi ∈ {0, 1,−1}n (in particular, ∥bi∥ ≤

√
n), while all

vectors in the HNF basis H = HNF(B) have length ∥hi∥ ≥ 2Ω(n) that is exponentially
bigger.
Partial credit: The problem has a relatively simple solution, but in case you cannot
find it, you can settle for some of the following simpler tasks. Find a matrix B as
above, such that at least one of the hi has length 2Ω(n). If still too hard, just make
bi as short as you can, and hi as long as you can.
Extra credit: Can you make the hi even longer than 2Ω(n)? How long? Can you
solve the problem with B ∈ {0, 1}n×n, rather than {0, 1,−1}?


