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Introduction

Problem: min f(x) where f:R" - R

is convex and twice continuously
differentiable

Theorem: For a convex function f(x), the necessary

and sufficient condition for a point x™ to be optimal is
Vf(x*) =0.

Remark: keywords Taylor’s expansion



Taylor’s Expansion & Bounds: Scalar case
f() = f(xo) + Vf ()T (x — x0) + = (x — x0) V2 (2) (x — x0)

for some z on the segment [x, x|

!/ 1 17
(DScalar case: f(x) = f(xg) + f'(xg)(x — x¢) + Ef (2)(x — xp)?
We simplify the notations f(x) = %(x —x9)2 +alx—xy) +b

For fixed m, a, and b, the optimal solution can be derived as:
a
Vf(x)=O:,~m(x—x0)+a=()=>x_x0=_a

Thus, we have
m a?® (—a) a’ a’ —a?
f(x)=?m+a m +b=2m_m+b=%+b
2
Off(x)—f(xo)=—:—m ]

a. How far from opt. x*? x* — x¢ = ——

b. How much difference from opt. f(x*)? f(xy) — f(x*) = %
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Taylor’s Expansion & Bounds: Example
flx) =x*+4x+1

For the format

m
f(x)=?x2+ax+b, m=2,a=4,b=1.

Let x, = 0, we have the answer.

a
a. How far? x™ — x¢ = ——= —2
2

b. How much? f(xy) — f(x*) = — = 4

2m



Taylor’s Expansion & Bounds: Bounds

(2) Vector case:
Assumption A: VZf(x) is bounded, i.e. mI < VZf(x) < MI

Theorem A: We have the following bounds
1 @ O,
7 IV Godllz < llxo = x7llz < —1IVF (x0)ll

1 © @ 1
W IVFxc)ll3 < fxo) —p* < oo 171 (xo)lI3

Proof:®©
FOO +TFOOT (=) + 2 lly = xl13 < f)

T M 2
<fE)+ V)" —x) +—lly —xll3
(TIaylor s Expansion + Assumption A)



Taylor’s Expansion & Bounds: Bounds

Proof @: ||lx — x*||, < % IV f 2

p =f(x)=f)+VF) (x*—x) + % lx* — x||5 (Taylor's
exp + Assumption A. )

> £ () = IV llx* = xllz + 5 llx* — 13

We shift f(x) to the left hand side.

* * m * 2
02p" = f(x) 2 =lIVf()ll2llx™ = xllz + - llx™ = xll3
Shift ||V f (Ol 1]x* —XIlz to the left,

IVfCOl2Mlx™ = xll2 = IIx — x|I3

Therefore we have
LGOIl 2 2l = xll,

. 2
2 lx" = xll, < 2I7F @I,



Taylor’s Expansion & Bounds: Bounds

Proof @: f(y) = f(x) + Vf ()T (y — ) + Zlly — xII3
(1aylor’s exp + assumption A. )

> f(x) — % VG5 (Minimization with y)

Thus, we have

1
FOO = fO) S 5= IVF@IE vy
Therefore

FO) — F) <5 IVF I



Taylor’s Expansion & Bounds: Bounds

Proof ®: f(y) = f(x) + VF ()" (y — ) + 2y — xII3
(1aylor s exp + assumption A. )

> f(x) — ﬁ VN5 (Minimization with y)
Lety = x — % VF(x), we have

—1 1
f (x —%vzf(x)) < F() + VT 2 VF @)+ |- vF )
= () = = IVF I3

Shift the terms on the left and right, we have
1 1
N 2 < — —
S IVFEOIIE < £Go — f (x . Vf(x)>
< flx)—fx")

2
2



Taylor’s Expansion & Bounds: Bounds

M
(4) Proof: f(y) < f(x) + Vf() (v — %) + - lly — xlI3
(Taylor’s exp. + assumption A)
(i) Let x = x*, we have Vf(x*) = 0,
thus, we can write the above eq.
k M X
FO) < FO) + 2Ny — 2713
* M *
or f)—p < lly—xl13
(1) From (3), we have
1 x
M ”Vf(xo)“% = f(xo) —Pp
(111) From (1)&(11), we have
1 M *
NVFIE < Ellx, — 27113
Therefore, we have
1 X
— IV (xo)llz < llxo — %72
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Taylor’s Expansion & Bounds

Remark:
(D IFNIVF )l < (2me)>

2 1
We have ||x — x*||, < ~ (2me)z

f(x) _f(x*) < ||Vf(x)||% — ¢

2m

(2) The bounds can be used to design algorithms.
prove the convergence.

B)IfM >» m (e.g.1019)

Impact on the bounds become very loose

—> Efficiency of gradient descent approaches.
(4) Quadratic obj. with sparse matrix (A)

%xTAx +bTx + ¢

1s a preferred formulation 1n terms of algorithm efficiency.
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Taylor’s Expansion & Bounds: Scalar case
f() = f(xo) + Vf ()T (x — x0) + = (x — x0) V2 (2) (x — x0)

for some z on the segment [x, x; ]
(2) Vector case:

We simplify the notations f(x) = %(x —x0) TH(x — x¢) +

al(x —xg) + b

For fixed m, a, and b, the optimal solution can be derived as:
Vf(x)=0=>H(x—xy)+a=0>x—xy=—H la

Thus, we have

1
f(x) = > a'lHTHH 'a—a'H 'a+ b = 7aTH‘1a +b

a. How far from opt. x*? x* — x¢ =
b. How much difference from opt. f(x*)? f(xq) — f(x*)=
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II. Descent Methods

Given convex function, twice continuously differentiable f(x)
and an 1nitial point x, € dom f.
Repeat
1. Determine a descent direction Ax (Vf(x)"Ax < 0)
2. Line Search, choose a step size t > 0.
3. Update x = x + tAx
Until stopping criterion 1s met.

Line Search : t = arg rtn>1£1 f(x + tAx)

Backtracking line search (a € (0,1/2),8 € (0,1))
Start at t = 1, repeat t := [t
until f(x + tAx) < f(x) + atVf(x)TAx

1
Stopping criterion ||[Vf(x)|l, <n n = (2me)z (Theorem A (2))
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II. Descent Methods: Example
Problem: min f(x) = %(xl +yx2) y>0

°= (0 ), fG°) = TR V) = (r.7)

Thus, x' = (y,1) —t(y,y) = (1 —t),1 — ty)
and Vf(x!) = (y(1 —t),y(1 — ty))
1. To opt f(x1) with respect to variable t,

we have f(x1) = - (¥2(1 — )2 + y(1 — ty)?)

of (x*)
o =V A-0+y(1-ty=0
2yt 2 1 _ (vyr=1 1-y\ _ (10x9 9
Thus, t = V243 — 14y’ and x~ = ( 1+y ¢ 1+y) o ( 11 11)
K K
. (r-1 1-y
2. We repeat the process to step k, x* = (y (y " 1) ) (—1 +y) )

3. Equal potential plot

_y(y_l_l) Zk_ y_12k o 1—m/M 2k )
f(x") > (y+1> _(y-l——1> f(x)_<1+m/M> f(x34




II. Descent Methods: Descent for various norms

1. Problem: Min f(x)
2. For each 1teration, we try the steepest descent in terms of a
given norm.

Min Vf (x)T Ax

s.t. || Ax|| < 1

3. We show the step of
1.  Quadratic norm
i1. L1 norm
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II. Descent Methods: Descent for quadratic norm

1. Problem: Min f (x)
2. For each 1teration, we try the steepest descent in terms of a

given norm.
Miny, V()T Ax
s.t. || Ax||p < 1
||Ax||p = (AxTPAx )12 P € ST,
Lagrangian L(Ax,A) = Vf(x)TAx+A (|| Ax||p — 1), A =0
We can derive: Ax,oq= —(Vf(x)TP‘1Vf(x))_1/2P‘1Vf(x)
Or Ax,y= —P~1Vf(x)
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II. Descent Methods: Descent for quadratic norm

The coordinate change has effects on the descent direction.
Example: min f(x) = %xTPx +qlx,P € ST,

Affine transform: ¥ = P1/2x
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II. Descent Methods: Descent for L1 norm

1. Problem: Min f(x)
2. For each 1teration, we try the steepest descent in terms of a
given norm.
Min Vf (x)TAx < 0
s.t. || Ax|]; <1
Lagrangian L(Ax,A) = Vf(x)TAx+A (|| Ax|]|; —1),A =0

We can derive: Ax, 4= —sign (agg)) €,
where i is the index for which ||Vf (x)] =Vl

af (x)

axi

Or Ax,y= — e;
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Gradient descent method: Convergence analysis

~

2
FO) = F(x — t9/()) < £GO) — VS QI + o If GO

Fltexac) < F (£ =7) < FG) = - IVFGOIE (min f()VF (1)
A fltexaet) —P* < f() —p" = IVF ()13
B. L IVF GOl = 2 (f(x) — p°) since "L > () — -
C. From B, we have
1
FG) =" =5 IVFCOIE < F(O) = p" =3 (FG) = p")
= (f() -pHA -
D. We can conclude from A & C
k
FE) —p < (1-3) (&) —p) < (1-37) GG =)
To achieve f(x*) — p* < €,

log((f (x°)=p")/e)
log(1/c)

we need steps, where c = 1 — % <1, 19



Gradient descent method : Convergence analysis

log(1/c) = —log(1 —m/M) =~ m/M for large M /m
Remark: when M /m > 100
the method can be very slow.

20



Newton Step

Use the approximation of 2nd order Taylor’s Exp.

fx+v) = f(x)+Vf(x)v+ %vTVZf(x)v

We would like to derive
V,f(x+v)=0 > Vf(x) + V?f(x)v =0
Thus, we have v = —V?f(x)"1Vf(x)
flx+v)=fx)+ DV V)TV (x) +
3 V)TV () 71Vf (x)

= () — S VF TV () 1V (x)
Inputx €edom f, € >0
Repeat: 1. Ax, = —V?f(x)71Vf(x), 212 (x) = V() TV4f(x)"1Vf(x)
2.Quitif A*/2 <€
3. Line Search t

4. x == x + tAx,;
21



Newton Method : Convergence analysis

Assumptions: S = {x € dom f|f(x) < f(x,)}
f strongly convex on S with constant m, s.t. V4f(x) > mI,Vx € S
V4f is Lipschitz continuous on S with constant L, i.e.

V2 G = VEF DIl < Llix =yl

Outlines: 3n € (0, m*#/L), two cases.
1. Damped Newton Phase: (t < 1)

IV£ GOl = 7 then f(x**1) — £(x*) < —apn?m/M?

2. Pure Newton Phase (Quadratically Convergent Stage): (t = 1)
IVf ()l < n then
Lo lvre)l,)

= v, < (5
Sk+1-1 Sk+1-1

<(Elvrenl,)” <@ k+1=
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Newton Method: Affine Invariant

Problem: min f (x)
Theorem: Newton’s step is invariant to affine transform.

Proof: Let x = Ty, T € R™, f(x) = f(Ty) = f(y)

For the x coordinate For the y coordinate system, we
system, we have. have.

Ax, = —V?f(x)"Vf(x) L Vy]i(y) =TIV, .f(Ty),
Vif(y) = T"V2f(Ty)T
2. The Newton step at y,

Ayne
x + Axye = T(y+ Ayye). =y—v§v fONV,f(y)
= —(TTV2f ()T)"Y(TTVf (x))
= —T~W2f(x)"Vf (x)
=T 1 Ax,;

Therefore, we have the
invariant results
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Summary

1. Gradient Descent Method: (minimization solution)
1. Vector operations per iteration
2. Linear convergence rate
2. Newton’s Method: (equality solution)
1. Matrix operations per iteration
2. Quadratic convergence rate (near the solution)
3. Gradient Descent Method Variations:
1. Conjugate gradient method
2. Nesterov gradient descent method
3. Quasi-Newton method
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