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2.4 ( 

1.1 Introduction: Problem Statement 

Formulation: One of the most critical processes to conduct a 

project. 
Format: min for) 

s.t. fi(x) < 0 i = 1,..., n 

h,(x) = 0i = 1,..p (Ax = b Affine set) 

xER" 

Do So: R" -R 

D, fi: R" R 

Dh, h: Rn » R 

fosi fm are convex 

Domain of functions, D =0j=0,m D Ni=op Dr 
Feasible Set: The subset of D that satisfies the constraints 
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1.2 Constraints: Eliminating Equality Constraints 

min fo(x) 
S.t. fi(x) <0 i= 1,..., m 

Ax = b 

Convert {x|Ax = b} to {Fz + xoz E R* 

b. We have an equivalent problem 
min fo(Fz + Xo) 

S.t. f(Fz + Xo) < 0, 
where Axo = b, and matrix F contains columns of null 

a. 

space basis 



1.2 Constraints: Slack Variables 
min fo(x) 
s.t. fi(x) < 0,i = 1,..., m Ax = b 

Add slack variables to convert to an equivalent problem a. Convert the objective function with variable t min t 

s.t. fox) - t s0 
fi(x) s 0, i = 1,.. , m ATx = b 

b. Convert the inequality with variables si min fo(x) 

S.t.ffCx) + Si = 00 
ATx = b 

Si E R4,i = 1,..., m 
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1.3 Objective Functions: Absolute values and Softmaax 

a. Absolute values 

f (x)lb 
f(x) sb and 
-f(x) s b 

wwwt b. Maximum values 

max{fi.f2,.. fm 

Softmax: log (e"li + e"fi +.+ e"fm) 

Example: max{1, 5, 10, 2, 3} Softmax 

log(e" +e5" 4 el0" + e2u + eu) 10 



2.1 Optimality Conditions: Local vs. Global Optima 

Definition: Local Optima 

Given a convex optimization problem and a point i E R" 

If there exists a r >0 

s.t. fo(z) 2 fo() for all z E Feasible Set, and ||z -|l2 Sr 

Then ï isa local optimum. 

a) 2fce) 
zE Fasble Sef 

2.1 Optimality Conditions: Local vs. Global Optima 

Theorem: Given a convex opt. problem 

If is a local optimum, then f is a global optimum 
Proof: By contradiction 

Suppose that 3y E Feasible Set 

s.t. fo) > fo) 
We have f% (3) > (1 -0)fo (E) + 0fo ) (by assumption) 

>foC(1 -0)Y + 0y) To is convex) 
And (10)x + 0y is feasible (Feasible set is convex) 
The inequality contradicts to the assumption of local optima. 
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2.2 Optimality Criterion for Differentiable fo(x) 
Theorem: If Vf%()'(x - f) 2 0, for a given EFeasible Set 
and for all x E Feasible Set, then x is optimal. 
(i. e. K = {x - flx ¬ feasible set}, Vf% () E K') 

Proof: From the first order condition of convex function, we 
have fox) 2 fo(f) +Vfo(E)"(x -i). 
Given the condition that Vf% (Ex -) 2 0, Vx in feasible set. 
We have fo(x) 2 fo (), Vx in feasible set, which implies that x 
is optimal. 

Remark: Vf (E)(x - ) = 0 is a supporting hyperplane to 

feasible set at ~, because Vfo ()" (x - ) 2 0, for all x E 
Feasible Set. 
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2.2.1 Optimality Criterion without Constraints 

Theorem: For problem min fo(x).,x ¬ R", where fo is convex, 
the optimal condition is ~, when Vfo (f) = 0. 

Proof: (Vfo (E) = 0 Optimality) 
Since fo) 2 fox) + Vfo(x)"(y - x), Vx, y ER" (first order 
condition of convex function) 
We have fov) 2 fo(), for all y ER" (assumption Vfo() = 0) 

Therefore, f is an optimal solution. 
(f,(E) = 0 = Optimality) 

By contradiction (Taylor's exp.) 

0 



2.2.2 Opt. with Inequality Constraints 

Problem: Min f,(x) 
axh 

a b 
St. Ax(b, A E Rmxn 

Suppose that Ax =b (one particular case). 

Replace x =f+u. 

on De 
We can write min 

Au 
fo(f +u) 

0 

Opt. condition: fo (x)"'u 2 0, V{u|lAu 0} = K 
In other words, 

VfoCF) E K* of K ={ulAu g 0} and K" = {-A'vlv 2 03 

i.e. Vfof) = -A' vav E R") 
Or Vfo(F) +A"v= 0, VE0. 

nxm 

2.2.3 Opt. with Equality Constraints 

Problems.t. Axb 
fo (x) 

Replacex =% +u, where A� = b, 

min fo+ u)K = {u|Au = 0} we have 
Au = 0 

fo3) E K', K* = {A"v|v E R°} 

Or Vfo(F) +A'v= 0 
Opt. Cond. 

Let K, = {u|Au 2 0) 

K2= {ul-Au 2 0} 
K = K, n K2 = {u|Au 2 0,-Au 2 0} 

We have 

K = (K, n K,)' = {A"v, + (-A) v,|vy,. V2 2 0} 
= {A vv E RP) 



2.2.3 Opt. with Equality Constraints: Example 
min fx) = x? +x3 

s.t. 2 11=3 

We can derive x' = (xi,x2) = G 

f&) =9 f(x) + ATv = | 9-
New Problem: 

Pf)+ATv=02+=0 
2 1 3 

Ax = b 
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2.3 Quasiconvex Functions 

f: RT R is called quasiconvex (unimodal) sublevel set S = {x\x E dom f, f(x) < t} if its domain and all sublevel sets St, Vt ER are convex, f:RT R is called quasiconcave if -f is quasiconvex. 
fx) quasiconvex and quasiconcave> quasilinear 
Ex: log x, x E R++| 

14 
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