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1. Introduction
1. Problem Statement (Format)
2. Constraint Formulation (Examples)
Eliminating equality constants, Slack variables

3. Objective Function Formulation (Examples)
Absolute values, softmax
2. Optimality Conditions

1. Local vs. global optimum
2. Optimality criterion for differentiable fj

1. Optimization without constraints
2. Opt. with inequality constraints
3. Opt. with equality constraints

3. Quasi-convex optimization

3. Classic Convex Optimization Problems

1. Linear Optimization

2. Quadratic Optimization

3. Geometric Programming

4. Generalized Inequality Constraints
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[ 1 Introduction: Problem Statement

e most critical processes to conduct a

Formulation: One of th
project.
Format: min fo(X)

s.t. fi(x) =01 = 1,..,m
hx)=0i=1..,p (Ax = b Affine set)

x ER"

DfO fO:Rn - R

Df,' fiZRn - R

Dhi hii R™" - R

for fir e» fn re convex

Domain of functions, D =Nj=om Dr Ni=op Dp,;.
Feasible Set: The subset of D that satisfies the constraints

1.2 Constraints: Eliminating Equality Constraints

min fy(x)
s.t. fi(x)<0i=1,...m
Ax =b
a. Convert {x|Ax = b} to {Fz + xolz € Rk}
b. We have an equivalent problem
min fo(Fz + xq)
s.t. fi(Fz+ xy) <0,
where Ax, = b, and matrix I contains columns of null

space basis



1.2 Constraints: Slack Variableg

min f,(x)
S.t. fix) <0,i = 1,...,m
Ax = p
Add slack variables to co
a. Convert the objective
min ¢t
S.t.fox)—t<o
f[ilx) <0,i = 1,...,m

nvert to an equivalent problem
function with variable ¢

ATx = p
b. Convert the inequality with variables s;
min f,(x)
S.t.fi(x)+s; =0
ATx =p

Sl E R+,i = 1,...,m

1.3 Objective Functions: Absolute values and Softmax

a. Absolute values

1fiC) < b
= fi(x) < band
—filx) <b N
! WWiw T
b. Maximum values \ :
max{fi, f,, ..., fn} 1 'f‘\ S I

Softmax: “log (e“h + e@h 4 ... 4 eIm)
: P =

Example: max{1,5,10, 2,3} - Softmax

5 10w 20 1 3« ~ 10
—log(e® 4+ e°% + !0 4 2@ § 3@
a



2.1 Optimality Conditions: Local vs. Global Optima

Definition: Local Optima
Given a convex optimization problem and a point X € R" C 'Jj )
J \

If there existsar > 0 |
s.t. fo(z) = fo(x) forallz € Feasible Set,and ||z — X|[; <7

Then x is a local optimum.

]D(z) Z]C(v?)

Z & Foasible YJ

2.1 Optimality Conditions: Local vs. Global Optima

Theorem: Given a convex opt. problem

If % is a local optimum, then ¥ is a global optimum

Proof: By contradiction

Suppose that 3y € Feasible Set

s.t. fo(x) > fo(¥) 0< O

We have f, (%) > (1 — 8)fo (%) + 0fo(¥) (by assumption)
> fo((1—0)x 4+ 0y) (fo is convex)

And (1 — )% + 67 is feasible (Feasible set is convex)

The inequality contradicts to the assumption of local optima.
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2.2 Optimality Criterion for Differentiable fo(x)

Theorem: If V1,(¥)"(x — &) > 0, for a given ¥ €Feasible Set
and for all x € Feasible Set, then x is optimal,
(L.e.K = {x — X|x € feasible set), Vie(X) € K*)

Proof: From the first order condition of convex function, we

have fo(x) 2 fo(®) + Vfo(®)" (x — ).
Given the condition that V/ (¥)(x — %) > 0, Vx in feasible set.
We have f,(x) > f,(%), Vx in feasible set, which implies that x

IS optimal.

Remark: Vf] (¥)(x — %) =0isa supporting hyperplane to
feasible set at ¥, because Vf,(¥)T(x — %) > 0 forall x €

Feasible Set.
52243
5274

2.2.1 Optimality Criterion without Constraints

Theorem: For problem min fy(x), x € R™, where f, is convex,
the optimal condition is ¥, when Vf,(¥) = 0.

Proof: (Vf, (%) = 0 = Optimality)
Since fo(y) = fo(x) + Vfo(x)T(y — x),Vx,y € R™ (first order
condition of convex function)
We have f,(y) = f,(¥), forall y € R™(assumption Vf, (%) = 0)
Therefore, ¥ is an optimal solution.
(Vfy(%) = 0 < Optimality)

By contradiction (‘Taylor’s exp.)



2.2.2 Opt. with Inequality Constraints

Problem: Min f,(x) ,
st.Ax/<)b, A€ R A, 0= b
A, ¥ < b,
Suppose that Ax = b (one particular case).
Replace x = x + u. ' ;
min f, (X + u) “m’ - Pel
Au<0
Opt. condition: Vfy(x)Tu > 0, V{u|Au < 0} = K
In other words,
Vfo(X) € K* of K = {u|Au < 0} and K* = { —ATv|v > 0}
ie. Vfy(x)=-ATvAv e Rm ‘
OrVfo(x)+ATv =0, v> ~_
wj

Nxm

We can write {

2.2.3 Opt. with Equality Constraints

min fo (x)
s.t. Ax@b

Replace x = x + u, where Ax = b,

we have {mmfo(x +u) ,K = {u|Au = 0}

Problem: {

Au=20
Opt. Cond. Vfy(¥) € K*, K* = {A"v|v € RP)
OrVfy(x)+A'Tw =0

IJCt Kl - {uIAu = 0}
KZZ {U|—Au = 0}
K=K nK,={ulAu = 0,—Au > 0}

We have
K* = (K, nK,)" ={A"v, + (—A)"v,|v,, v, >0}
= {A"v|v € RP)



2.2.3 Opt. with Equality Constraints: Example
min f(x) = x{ + x2

s.t[21] ’;‘:l =3

\ 6 3
We can derive x* = (x1,x3) = (g'g)

12 12
Vf(x*) = l;ii] = y VF(x™) + ATy = g + [ﬂ X (—;—S) =0
5

2

mlc\ml

New Problem:

2
V() +ATv =0 [22] + [ﬂ” =0
T raf=s

2.3 Quasiconvex Functions

f:R™ = R is called quasiconvex (unimodal)
sublevel set S, = {x|x € dom fi f(x) <t}
if its domain and al] sublevel sets S,, Vt € R are convex,
f:R™ > R is called quasiconcave if —f ig quasiconvex.

f(x) quasiconvex and quasiconcave > quasilinear

Ex:logx, x € R,




{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }

