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Duality

Primal Problem (Solution x is feasible)

min f,(x) x € R"
s.t. fi(x) <0 i=1,..,m domainD |
h(x)=0 i=1,..,p =domfyn;domf; n;domh,

Notation: Opt: x*,p* = fo(x*)

Lagrangian: L: R X R™ X RP = R
L(x, 4, v) = fo(x) + X0y Aifi (%) + T vihi(x)
A;, v;: Lagrange multiplier, 4;, € Ry, v; € R.

Lagrange dual function (Solution x may not be feasible)

gAv) = inf L(x,4,v) = m)émﬁw) tSxfitn) 5 yh. (0

Dual Problem
max;, g4, v) s.t.A€R],vER?

. v _ = -Fia S ‘O()
11 | (’\'”}'WZ“C‘&‘ 5
Shadew Wﬁj- X =R

= e ~Tp; )£ v o) ~fo )

Duality

' WX ~ WL
Dual Problem (Solution x may not be feagible) O (A7 # V“)_,,_)
maxy, gA4,v) s.t.A*0 W"‘W()ﬂ;/l/,)

1. g(4,v)is concave
2. g(A,v) < p* an optimal value where 1 > 0

Proof 1: By definition of g(A,v) and the convexity of pointwise
max operation on convex functions.

Proof 2: For any feasible ¥ and 1 > 0
fo(® = L(%,4,v) (Because ¥ A;f; (%) + XL vihi(%) < 0)
L(% A,v) = g(4,v) by definition of g(4, V)

Thus p* = fo(x*) = g(4,v)



Example: Linear Programming o
Prime: min c¢Tx , XeER

. Ab [Ax—-b <0
subject to { % =>{ %<0

7

Lagrangian
L(x,2) = cTx + AT (Ax — b) — A];x

=-Ab+ AN —Ag+)"x, A =0
g = infL(x, 1)

) = —bTY,  ATA +c =0 (AT — Ay Ho)
g —00, otherwise (AT, =+ c# O)’l

Dual: A A "'C >\
max — bTA; (min bTA;)

subject to ATA; + 0 - A /\\‘lﬁ\_‘I = +C: -I'Vjpo(?()
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Example: Linear Programming —ﬁ ‘ 1555%6) tif‘\:ag

e s 1] K ) ~fx=0,]x =0 }
subject to [1 g] [2] < B]

Dual: max —[3 2] [311]
2

subject to ; (1)] [t] t [:ﬂ # [8]

A,4, 20
. rxl-_ 2 ] . 7
Results: =137 =3
',‘{1*= 1/3 d* — ___Z
A1 12730
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Example: Linear Programming .
min cTx s € A
subject to Ax@ b, @ (or —x < 0) %Ax,b ~<{]
Laerangian: L(x,A,v) = ¢Tx + AL (=x) + v" (Ax — b)
=—bTv+(c+ATv-D"x
Lagrange Dual: g(4,v) = ll)’clf L(x,4,v)

LIfATv—A+c=0 - g}v)=-b"v

2. Else - gAv)=-—o
Properties:
1. g is linear on affine domain {(}, v)|ATv — A + ¢ = 0}, hence
concave. - V4 '
2. IfA=0 >ATv+c >0 AU’{;C :XZO

p*>—bTv if ATv+c >0

max —bTv max bTv
ATy + c((;} 0| or ATy £ ¢
=

Example: Quadratic Programming
min xTx XE R Af (Q

subjectto Ax =b
Lagrangian:

L4V T
L(x,v) = xTx + vT(Ax — b) ——/; J—U f“)A U+ U_@—{ﬂy —{))

To minimize L over x, we set V,L(x,v) = 2x + ATv =0 j. V AIA)\/ —Y fb
=5 X = ——ATv (1) 4
Lagrange Dual Function:

1 1
gw) =1 (x = —EATv, v) = —ZvTAATv —bTv .
A concave function of v ' V@ ()= "%_ AAV — ’D
Lower Bound Property: p* = — ivTAATv — by, Vv
To maximize g(v),weset v =—2(4AT)"1b
Thus, we have g(v) = —ivTAAT‘U —bTv = bT(AAT)"1b (2)

* =‘AT(AAT)—1b
3) From (1) and (2), we h X
( ) ( ) ( ) ave {pz — xsTx* - bT(AAT)_lb,




Example: Quadratic Program |

Quadratic Program

minx"Px P €S}y

s.t. Ax@ b
Lagrange Dual Function:

g(d) = min xTPx + AT (Ax — b)
= —-ATAPTIATA — b2

Dual Problem:

max —~ATAP~1ATA — bT2

P
s.{, A =0

Example: Quadratic Program (nonconvex prob. )

L{XN) =

min xTAx + 2bTx

hcealx+ A (xx 4}

s.t. xTx <1 AESHAXDO

Dual Function:

T T
g(ﬂ)—mlnx A+ ADx +\%Izj\/x‘_ A

Unbounded below if A+ Al %X0o0rifA+ Al =
Minimized by x = —(A+ A)*b ‘
Otherwise g(A1) = —b"(A + AI)*b — A

Dual Problem:

max —b" (A+AD*b— A
s.t. A+AI>0
b € R(A + Al

1
[—((A + )J)*b)

[A + Al 0 e
—-bT(A+ AD*b + t] i

Té{)(:’XTATX
0&b & R(A +]AD)

Th = L AL AT)X

x Ay =X (AtA

max —t— A4
[A+}J b

] + A1 b][l :—(A+AI)+b]>0




