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Overview

> Notation

» Vector norms, inner products

» Linear spaces, subspaces, linear transformations
» Eigenvalues / eigenvectors, rank, SVD, inverse
» Matrix norms

» Matrix and vector differential



Notation

> Greek alphabet «, 3,: real numbers
» Small letters x, y, z: vectors

» Capital letters A, B, C: matrices



Notation

v

Greek alphabet «, 3,y denote real numbers

» Small letters x, y, z denote vectors

v

Capital letters denote matrices A, B, C

v

R: real numbers

> R": n-dimensional vector Euclidean space

> R™*™ m x n dimensional matrix Euclidean space

» R,: the range [0, +00), R4 denotes the range (0, )

» For any vector x € R”, |x|; = |x|; Vi=1,...,n



Vector norms, inner product

A function f : x € R" - y € Ry is called a norm if:
1. (Zero element) f(x) > 0 and f(x) =0 iff x =0

2. (Homogeneity) For any v € R and x € R", f(ax) = |a|f(x)

3. (Triangle inequality) x, y € R" satisfy f(x) + f(y) > f(x + y)

x =(L1) x+y=(31)




Vector norms, inner product

1. (Zero element) f(x) > 0 and f(x) = 0 iff x = 0
2. (Homogeneity) For any o € Rand x € R", f(ax) = |a|f(x)

3. (Triangle inequality) x, y € R" satisfy f(x) + f(y) > f(x + y)

In general, an £, norm (p > 1) is defined as

1
[Ix[lp = (xal? + Pl + .. [xa[ )7

What about p < 1?7 p = 00?



Vector norms, inner product

1
lIxllp = (bal? + bel? + .. 1xalP) P
1. (Zero element) f(x) > 0 and f(x) = 0 iff x =0
2. (Homogeneity) For any o € Rand x € R", f(ax) = |a|f(x)

3. (Triangle inequality) x, y € R" satisfy f(x) + f(y) > f(x +y)

Examples

» (1 norm: ||x||1 = (|x] + [x2| + - - |xal)




Vector norms, inner product

The inner product. (-,-) in R" is defined as

<Xay> = in)/i

(x,x) = ||x||?, x,y orthogonal if (x,y) = 0, correlated if (x,y) >0



Vector norms, inner product

If p > g, then for any x € R, ||x]||, < ||x]q-

[Ix[l1 = Ix[l2 = [1x]]oo

Example
[Ixls < Vnllxll2 - [x]l2 < V/nl|x||o
Proof

[Ixllr = (1n, [x]) < [1all2 [[[x][l2 = V/nl|x]]2

Cauchy Schwarz inequality:

[{u, V)2 < {u, u)(v,v) = [(u,v)] < Jlull[]v]]



Vector norms, inner product

Given a norm ||x||a, its dual norm is defined as

[|x|[a+ = max (x,y) = max (x,y) = max
lylla<t’ Iylla=1 z ||z]|a

» The dual norm’s dual norm is itself. [[x||a<)- = |[x]|a
» The ¢5 norm is self-dual
» Dual norm of an £, norm is an {q norm, 1/p+1/q =1

> (Holder inequality): (x,y) < [[x]|ally[|a-



Linear space, subspace, linear transformation

A set S is a linear space if

»0cS

» any two elements x,y € S and scalars a, 3 € R

ax+ By €S



Linear space, subspace, linear transformation

> 0eSs

P given any two elements x,y € S and scalars o, B € R, ax + By € S

examples
> (7

» 07
» {0} 7
> {x|Ax = b} ?



Linear space, subspace, linear transformation

Let S be a linear space. A set S’ is a subspace if S’ is a linear
space and also a subset of S.



Linear space, subspace, linear transformation

Let S be a linear space. A function L(-) is a linear transformation
if given x,y € S and scalars «, 8 € R,

L(ax + By) = aL(x) + BL(y)

1 — 1 correspondence between linear transformations and matrices.



Linear equalities and inequalities

Ax=0b

Existence: ajixi + ajixo + ... + ainxn = bj
b is in the space spanned by the columns of A.



Linear equalities and inequalities

{x|Ax = b}: Intersection of m hyperplanes.

{x|Ax < b}: intersection of m half-spaces.

16/40



Linear space, subspace, linear transformation

Expressing a subspace
A set of vectors. The range space of a matrix A:

span{ai, az,...,an} = {Z ajajla; € R} = {Aaa}

i=1



Linear space, subspace, linear transformation

Expressing a subspace
The range space of a matrix A:

n
span{ai, az,...,an} = {Z ajajai € R} = {Aala}
i=1
The null space of A: Disjoint & orthogonal complement of the

range
{a|Aa =0}



Linear space, subspace, linear transformation

Expressing a subspace
A set of vectors. The range space of a matrix A:

n
span{ai, az,...,an} = {Z ajaila; € R} = {Aala}
i=1
The null space of A:
{a]Aa = 0}

Examples



Eigenvalues / eigenvectors, rank, SVD, inverse

The transpose of a matrix A € R™*" AT ¢ R"™<m;

(A7) = Aj
la b c] 4 _ Z Z
d e f . f

> (AB)T = BTAT
The trace of a matrix A € >™*" trA = "7, Aji
> trA = trAT

> trA+b=trA+ trB
> trtA = ttrA

> trAB = trBA



Eigenvalues / eigenvectors, rank, SVD, inverse

B € R"™" is the inverse of an invertible matrix A € R"™" if

AB=1/ and BA=1

> (AB)"l=pB-1A"1

(—11 _11 xz(—11) No’x:[é +N<(—11 _11)>

y nonzero solution



Eigenvalues / eigenvectors, rank, SVD, inverse

Given a square matrix A € R™" x € R", (x # 0) is called its
eigenvector and A\ € R is its associated eigenvalue if:

Ax = Ax



Eigenvalues / eigenvectors, rank, SVD, inverse

AeR™" x eR" x #0is an eigenvector of A and A € R is its

associated eigenvalue if:
Ax = Ax

> If the matrix A is symmetric, A= QLQ" = 71 \igiq;

> detA =TI; \i

» The rank of A is equal to the number of non-zero eigenvalues.

» Roots of the characteristic polynomial: p(\) = det(A — A)
xT Ax

> /\max = Supx;éo T

xTx



Eigenvalues / eigenvectors, rank, SVD, inverse

If AT = A, Axg = A1x1, Axa = Aaxa, and A1 # Mo, then x/ xo = 0

x{ Axa = x| (Axa) = x{ (Aax2) = Aax{ xo
x{ Axa = (x{ A)xa = (ATx1) Tx2 = (Ax1) T2 = A\ix{ x

)\gxl Xp = )\1x1 X2

Since /\1 7& /\2, XlTX2 =0.



Eigenvalues / eigenvectors, rank, SVD, inverse

» Eigenvalues: Compute roots of the characteristic polynomial
» Eigenvectors: Solve (A— A)x =0
Example

A= E ﬂ,det(A—Al)_)\z—S)\_O



Eigenvalues / eigenvectors, rank, SVD, inverse

A c Ran

rank(A) = min {r|A = Zx,-y,—T,x,-,y,- € R”}
i=1



Eigenvalues / eigenvectors, rank, SVD, inverse

.
rank(A) = min {r|A = Zx,-y,-T,x,-,y,- € R”}
i=1

» # of linearly independent rows / colummns
» rank(A) < min{m, n} (equality = “full-rank™)

» rank(A) = rank(AT)

(

(
> rank(AB) < min{rank(AB)}
> rank(A + B) < rank(A) + rank(B)
(

» rank(A) + Nullity(A) = Dim(V) (rank-nullity theorem)



Eigenvalues / eigenvectors, rank, SVD, inverse

Determinant of a square matrix A € R™": det(A) : R™" — R.
Consider the set of all linear combinations of the rows of A:

n
Sz{veR"\v:Za;ai, 0<a; <1, i=1,...,n}
i=1

|det(A)| is the area of the n-dimensional parallelotope.



Eigenvalues / eigenvectors, rank, SVD, inverse

Determinant of a square matrix A € R™": det(A) : R™" — R.
Consider the set of all linear combinations of the rows of A:

n
S:{VER"\v:Za;a;,Ogaig1,i:1,...,n}
i=1

» If rank(A) < n, det(A) =0
» If rank(A) = n, det(A) #0

» see wikipedia for more properties.


https://en.wikipedia.org/wiki/Determinant

Eigenvalues / eigenvectors, rank, SVD, inverse

Given any matrix A € R™*",

A=UzVT =3 60UV
i=1

UeR™" and V € R™ are orthogonal, ¥ = diag{o1, 02, ...

is diagonal with positive entries “singular values”.

Uy Ury1

\/IT
row(A)

null(A)

col(A) null(A)



Eigenvalues / eigenvectors, rank, SVD, inverse

Given any matrix A € R™*",
r
A=UzVT =3 60UV
i=1

U e R™" and V € R™ are orthogonal, ¥ = diag{o1,02,...,0,}
is diagonal with positive entries “singular values.

» rank(A) =r
» Columns of V are eigenvectors of AT A. Columns of U?
» Range an null space from SVD

> [[Ax]| < oa|x]|. why?



Eigenvalues / eigenvectors, rank, SVD, inverse

A matrix B € R"™" is positive semi-definite (PSD) if:
Vx eR" x"Bx>0

B is PSD if B can be written: B= UX U, where UTU = |



Matrix norms

1 1
» Frobeneus norm: Ag = (Zi,m ]A,-j\zl)Z = (3;_10%)2
> spectral (trace) norm: [[Al[spec = Mmax||y|=1 ||Ax|| = 01(A)

» nuclear norm: ||A||. = >, 0i(A) = trace(X)



Matrix norms

The inner product (-,-) in R™*"

(X,Y) =" X;Y; = trace(XTY)
ij

trace(AB) = trace(BA) = trace(AT BT) = trace(BTAT)



Matrix and vector differential

f(x) : R" — R continuous & differentiable.

Vi(x) =




Matrix and vector differential
or(x)
x|
Vi(x) = :
A1)
Oxp

example
Let f(x) =1Tx =3, x:.

Vi(x)=1
Let f(x) = xTx =Y x?.

Vif(x)=2x



Matrix and vector differential

» Product rule: V(f(x)g(x)) = f(x)Vg(x) + Vf(x)g(x)

» Chain rule: %f(g(t)) = Vf(g(t))T%



Matrix and vector differential

The Hessian V2f = H is a matrix with entries = f(x)'s
second-order derivatives:

0 f(x 0?f(x)

(8x1)2 T OxnOx1
V=]

92f(x) 92f(x)

0x10xn """ (Oxn)?



Matrix and vector differential

92f(x 82f(x)
(@x)2 T Txpoxg
V2 f(x) =
92f(x) 92f(x)
9x10xp e (&xn)?

example
f(x)=2xTAx = Ix2+ 3x3, A= 1.
V2f(x) = A



Have a nice weekend!



	Introduction

