CSE 203B W21 Homework 3

Due Time : 11:50pm, Wednesday Feb. 1, 2023 Submit to Gradescope
Gradescope: https://gradescope.com/

In this homework, we work on exercies from text book including
level sets of convex, concave, quasi-convex, quasi-concave functions
(3.1, 3.2), second-order conditions for convexity on affine sets (3.9),
Kullback-Leibler divergence (3.13), saddle points of convex-concave
functions (3.14) determination of convex, concave, quasi-convex, quasi-
concave functions (3.16), conjugate functions (3.36), and gradient and
Hessian of conjugate functions (3.40). Extra assignments are given
on softmax functions, dual norms, and a conjugate function.

Exercises are graded by completion, assignments are graded by con-
tent. We may just grade a subset of the problems.

I. Exercises from textbook chapter 3 (8 pts)

3.1, 3.2, 3.9, 3.13, 3.14, 3.16, 3.36, 3.40.
ITI. Assignments (42 pts)

II. 1. Softmax Functions.

Given a function f(z) = maz;z; — min;z;, where z = [z;] € R", we use a
softmax expression f(x) =log ), e +log ), e”™ to approximate the function
f().

II.1.1. Prove or disprove that function f(x) is convex.

Solution: Prove g(x) = max(x1,xo,...,x,) is convex:

for0<d<1

g(0x 4+ (1 — 0)y) = max(6z + (1 — 0)y)
< fmax+(1 — ) maxy;

=0g(z) + (1 = 0)g(y)

Prove h(z) = min(zq, z9,...,x,) is concave:

(z) =
for0<9<1

h(0x 4+ (1 —0)y) = miin(gx +(1-0)y)

> Omin+(1 — 0) miny;


https://gradescope.com/

= 0h(z) + (1 — 0)h(y)

Sum of two convex functions is convex R
I1.1.2. Prove or disprove that the approximation function f(z) is convex.
Solution:
Let g(z) = logd p_,expak, 2k = expay and &;; = 1 if i = j and §;; = 0
otherwise
0 0z; 1

0
—g(x) = =—log 1'z. =L = ;
aJCj g(x) 6Zj 9 i 813]‘ 1tZZJ

Second derivative:

0%g 0 (zj) 0z;
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to show V2g(z) > 0, we must verify that vT'V2g(z)v > 0 for all v:

(Zk Zk”l%) (O rzk) — (O Ukzk)z
(> k Zk)2

since, (D, vezk)” < (>4 zkv7) (2k), from Cauchy-Schwartz inequality.

We can similarly prove h(z) = log) ,_, e “* is convex by take second
derivative. Therefore, the sum of convex functions is a convex function.
I1.1.3. Show and prove the worst error of the approximation.

Solution:

Consider the case when (n — 1) entries in x are equal to 2,4, and one entry
is 0.

vIV2g(z)v =

>0

f(z) =log((n — 1)e®mee + 1) 4 log((n — 1)e~Tmes 4 1)
~ log(n — 1) + Tpay + log((n — 1)e*mer 4-1)
f(x) = Tmaz
F(x) = f(z) ~ log(n — 1) + log((n — 1)e(~#ma=) 4 1)

Now, consider the case when all (n) entries in x are equal t0 T4z

Fla) = log((n)e™) + log((m)e™ )



flz)=0
fx) = fz) = 2log(n)

Maximum approximation error can be up to 2log(n)
II1.1.4. Design an improved approximation function that improves the worst
error. Show and prove the worst ratio of the new function.

Solution: First approximation:

1 n
max ~ LogSumExp,, (z1,...,2T,) = o log ; exp ax;

1 n

min ~ — log E exp —aux;
i @ —
i=

1
The worst error, in this case, will be — times than in the last case.

o
Second approximation: Using Mellowmax Operator: Link
You are free to use other approximations as well.

I1.1.5. Prove or disprove that your approximation function is convex.

Solution: Proof is similar to proof in 1.2 by taking the second derivative
of subproblems. Both the subproblems need to be convex so that their sum is
convex.

II. 2. Dual Norm.
Given a dual norm f(x) = maxHpryTJ;, where z,y € R".
I1.2.1. Prove that the function can be expressed as f(z) = ||x||4, where 1/p +
1/¢ =1, when p > 1.
Proof 1:
Solve Vyﬁ = 0 . Using the fractions differentiation, we can simplify the
P
vyl
ZZ=1 Yk

and sum up the n elements. This will lead

equation and arrive at the expression z;||y||, = (z7y) . Next, we raise

each z; to the exponential of
p P
us to Yzl T~ I (zty)P — 1 | Last, we let ¢ = P
p—
1

T and we can express x’y

as (3 «!)?, which is equivalent to ||z,

Proof 2: User Holder’s Inequality to find the maximum value that the dual
norm can achieve. Then for specific value of y, prove that it attains that maxi-
mum value. Follow this link for complete proof: Link
I1.2.2. Does the dual norm f(x) = max|, <1 yT'x remain to be convex when
0 < p < 17 Explain your answer.

Solution: It is a convex function based on the property that pointwise supre-
mum preserves the convexity of a function.


https://proceedings.mlr.press/v70/asadi17a.html
https://math.stackexchange.com/questions/265721/proving-that-the-dual-of-the-mathcall-p-norm-is-the-mathcall-q-norm

I1.2.3. Derive the formula of the dual norm f(z) when 0 < p < 1.
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Figure 1: Dual norm of L1 norm
In the above figure[l] let us consider an L1 norm with ||y|[; < 1. The dual norm
is given by maxHprSlyTx. Consider a vector x; the supremum is projection of
all the point in the norm (green color). So, the maximum projection length is
of corner point (1,0), all the other points will have smaller projection. Similar
case for vector zo, the maximum projection will be of point (0,1). Therefore
the dual norm of L; norm is L., norm.

<

Figure 2: Dual norm of L, for 0 < p < 1 norm
Now for L, for 0 < p < 1 norms the argument is similar to that in L; norm.
For any vector x such as zjorzy. The dual norm is the maximum projection of
all the points in ||y, < 1||. It turns out that corner points have the maximum
projection similar to L; norm. Therefore dual norm of all 0 < p < 118 L.
IT. 3. Conjugate Functions.
Find the conjugate function of the following function.

R (R 142+ 5> < o,
a2|Az +bl[ —a),  [[Az+b][z > a
where A € R™,x € R, be R™,a € Ry,.

>,

Solution:



A&

A== -

A== =

\|Pecs))

Figure 3: Visualize Conjugate as supporting hyperplane of f(x)

By definition, the conjugate function f*(y) = sup, t'a — f(x), let

g(y) =sup (y"z — ||Az +b||3), |Az +bl|2 < o,

h(y) = sup (yTx—a(2||A:E+b||2—a)) , || Az + bl|2 > a.

we have, f*(y) = max(g(y), h(y)).

Note that A is not guaranteed to be invertible. Therefore we are going to
use pseudo inverse, AT, for A in the following part.
Case 1: ||Az + b|| < «

Vag(y) = Va (72— (Az +0)" (Az+1))

By setting V,g(y) = 0, we get
y—2AT(Az +b) =0

%y = AT (Az +b) = AT Az + ATD

%y —ATh = AT Az

(ATA)T(%y _ AT =2

Therefore, we have z = & = 1(AT A)Ty—AT(AT)T ATb to reach the maximum.
Note that, A% + b= 1A(ATA)Ty — AAT(AT)TATb + b= (AT)Ty



Plugging Az + b = $(AT)"y back into g(y), we have

30 (ATAY Y = (AT ATs - (7)) (50T

9(y)

1 1
V" (ATA)y =y (ATA)ATH — 2y (AT A)Ty

1
1V ATy =y AT

Case 2: ||Az 4+ b|| > «
In this region supporting hyperplane will be linear and parallel to f(z).

Vih(y) = Ve (v — a (2||Az + b]|2) — )

By setting it to zero, we getﬂ

_ 2aAT(Az +b)
|| Az + b2
2a

Az +0b

(AT)y = || Az + b2

by square both side, we have:

Az +b)T(Az + b)

T (
((AD)Ty)" ((AN)Ty) = 40” [Az + |2

= 4a?

Therefore, ||[(AT)y||, = 2a.

Case 2.1: When ||(AT)Ty||» < 2a, we have

1
15AN) Yll2 < o < [|Az + 0]l

(AT)T)) T (Az +b) < |I(AT) yll2 ||Az +b]|

=y (z+ ATb) < [|(AT)Tyl|2 || Az + b]|2
yTr — a(2|Az +bl]2 — @) < (|[(AT) yl]2 — 2a) [|Az + b||2 + a® — yTATb

1
2

We get (]|(AT)Tyl|2 — 2a) ||Az + b]|2 is negative. To maximize the bound,
we can only minimize ||Az + b||2, which may only approach « as the smallest
value here. We now have:

Thttps://math.stackexchange.com/questions/2849868/derivative-of-norm-2| shows
how to solve derivative of norm 2.


https://math.stackexchange.com/questions/2849868/derivative-of-norm-2

sup (yTx — a(2||Az + b|]2 — a)) = af|(AT)y||s — a? — yTATh, s.t. ||Az +
blla > @ and [|(A7)Ty]ls < 2a

Case 2.2: When ||(AT)Ty||2 > 2a, consider the dual norm of it:

ATT T
ATty = sup ALY 2
Pl

Let z* be the argument that gives supremum in this case:

1(AT) yl[2 > 200
(AT)Ty)T=
[12#]l2
= ((A")1y)"z —2a]|2*|2 > 0

> 2

Let Az +b=tz"t € Roo, v = Af(tz* — b)

tlgrolo (yTx — a2||Az + b||2 — a))

t—o0

= lim (yTx —2a((t2)T (125) V2 + a2)) oo
Summarizing the cases:
o) = 4 (FyT (AT Aty —yT ATb, of|[(AT)Tyl]y — o — yT ATb), I(AT)Tyl|2 < 20,
00, I(AT)Tyl]2 > 20

Note that TyT(ATA)Ty — yT ATb is larger than af|(AT)Ty|ls — a2 — yT ATb,
fianlly we have

f*(y) _ %yT(ATA)Ty _ yTATb, H(AT)Tsz < %,
o 1(AT)Ty|l2 > 20



