II. Descent Methods: Descent for quadratic norm

1. Problem: Min f(x)
2. For each iteration, we try the steepest descent in terms of a

given norm.
Miny, Vf(x)TAx
st | Axllp<1 > Jlaxllp~I <0
||Ax|[p = (AxTPAx )2, P € S},
Lagrangian L(Ax, 1) = Vf(x)TAx+A (|| Ax||p —1),1 =0
We can derive: Ax,oq= —(Vf(x)TP‘lVf(x))_l/zP‘1Vf(x)
Or Axgq= —P71Vf(x)"
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II. Descent Methods: Descent for quadratic norm

The coordinate change has effects on the descent direction.
Example: min f(x) = %xTPx +qTx,P € ST,

Affine transform: ¥ = P/%x T -lb —
- ’//ﬁ_ ‘Zf(')(): ?—( =0
e =Tt ff T v=-P'%
P ™%
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II. Descent Methods: Example ¢ w3r1 6 [x,
Problem: min f (x) = l(xl +yx2) y>0 [ 0 )’] fz]

= 1, D, &) =2 V() = (1)

Thus, x* = (V, D-tly,y) = (Y(l —t),1—ty)
and Vf(x") = (y(1 — 0),y(1 = ty))
1. To opt f(x1) with respect to variable t,

we have f(x1) = %(yz A-0)?2+yA-ty)?

a 1
f;f ) =y’1-)+yA-ty)y=0

o2y 2 1 _ (y(y—l) 1- y) (1o><9 9)
Thus, t = y24y3 14y’ and x* = 1+y 14y 11 7 11

kK 10k
2. We repeat the process to step k, x* = (y (]]: +1) ) (1—;;;) )

3. Equal potential plot

y(y+1) 2k_ y—1 2k o 1—m/M 2k .
f(x*) = (y+1> —(m) f(x)—(1+m/M) fx 33

II. Descent Methods: Descent for various norms

1. Problem: Min f (x)
2. For each iteration, we try the steepest descent in terms of a
given norm.

Min V£ (x)TAx

s.t. || Ax|| £ 1

3. We show the step of
i. Quadratic norm
ii. L1 norm
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II. Descent Methods: Descent for L1 norm

1. Problem: Min f(x)
2. For each iteration, we try the steepest descent in terms of a
given norm.
Min Vf(x)TAx < 0
s.t. || Ax]|; <1
Lagrangian L(Ax,A) = Vf(x)TAx+A (|| Ax||; —1),A >0

We can derive: Ax,, ;4= —sign (%) e;,
where i is the index for which |[Vf(x)| |°o= IVF(x);]
af (x)

é;

Gradient descent method: Convergence analysis

2
F(©) = F(x = tVf () < £(0) — tIVFCOIIE + MTt IV 113
Flteraee) < f (£ =5;) < FG) = 55 IV @IZ (min f(x)VF ()
A f(texac) =p" < f(X) = p* — 5 IV ()13
B. - IVF GOl3 2 2 (f () — p°) since LOME 5 () —
C. From B, we have
1
FG) =P = IV GIE < F() =" =T (F(0) = p*)
=(f@-pH1-D
D. We can conclude from A & C
k
) —p < (1-2) (PG - ) < (1-3) (FG6) - p7)
To achieve f(x*) —p* < ¢,

log((f(x°)—p*)/€)
log(1/c)

we need steps, wherec =1 — % <1, 18



Gradient descent method : Convergence analysis

log(1/c) = —log(1 — m/M) =~ m/M for large M /m
Remark: when M /m > 100
the method can be very slow.
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Newton Step

Use the approximation of 2nd order Taylor’s Exp.

Flx+v) ~ £ + V7 ()Tw + 50TV ()

2 2, I T 2
We would like to derive - ]
Vo f(x+v)=0 S VF(x) +Vf(x)v=0 [ Vf(ﬂ V][(KZ‘ Vf(h’)
Thus, we have v = —V2f(x)71Vf (x) 2, —| '
e ot Cov e oV ooy fr

V)TV () IV (%)

= f(x) =3V TV F )TV (%)
Inputx € dom f, € >0
Repeat: 1. Axy = —V2f(x)7'Vf (%), A*(x) = VF(x)TV2f(x) " VS (x)
2.Quitif 12/2<¢€
3. Line Search 't
4, x = x + tAxy;
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Newton Method : Convergence analysis

Assumptions: S = {x € dom f|f (x) < f(x,)}
f strongly convex on S with constant m, s.t. V2f(x) > mI,Vx € S
V2f is Lipschitz continuous on S with constant L, i.e.

IV2f () = V2 f Iz < Lllx =yl

Outlines: 3n € (0,m?/L), two cases.
1. Damped Newton Phase: (t < 1)

IVf @Iz = 1 then f(x***) — £(x*) < ~apn>m/M?

2. Pure Newton Phase (Quadratically Convergent Stage): (t = 1)

IV (x)ll2 <n then ,
v, < Gz lvr(l,)

ok+1-1 1\ 2kHt
S(|2) S(;)‘ k4131
Q Y )k@ 0 0T=081, 09013, af =042, 07 =054, 03'=548
O 09 09=081, (04 )= 0.b4 044) =0, ;aséf =016
- ; } 2 / & - | DA
(0147= 0,03 (o3v=00007, (0002] ) = 0[oTq0 0 3
Newton Method: Affine Invar%ntv ;

Problem: min f (x) (0 (0 6
Theorem: Newton’s step is invariant to affine transform.

Proof: Let x = Ty,T € R™, f(x) = f(Ty) = f(¥)

For the x coordinate For the y coordinate system, we

system, we have. have.

Axpe = —sz(x)‘1Vf(x) 1. Vyf(y): TTfo(TY):
Vif() =TTV f(Ty)T

2. The Newton step at y,

Ayn

X+ Axpe = T(y+ Ayne). =y—tV32,f(y)_1Vyf(Y)

= —(TTV2f()T) " Y(TTVf (x))
= —T V£ (x)1Vf (x)

= T—l Axnt

Therefore, we have the
invariant results
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Summary

1. Gradient Descent Method: (minimization solution)
1. Vector operations per iteration
2. Linear convergence rate
2. Newton’s Method: (equality solution)
1. Matrix operations per iteration
2. Quadratic convergence rate (near the solution)
3. Gradient Descent Method Variations:
1. Conjugate gradient method
2. Nesterov gradient descent method
3. Quasi-Newton method
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