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Introduction

Problem: min f(x) where f:R" > R
is convex and twice continuously
differentiable

Theorem: Necessary and sufficient condition for a
point x* to be optimal is Vf(x*) = 0.

Remark: keywords Taylor’s expansion

Taylor’s Expansion & Bounds: Scalar case
£ = £ (o) + Vf(x)T (x = x0) +5 (x = x0) V£ (2) (x = o)

for sore z on the segment [x, Xg]

(1)Sealar case: f(x) = f(xo) + f' (xo)(x = %0) + 3 () (x = %0)?
We simplify the notations f(x) = ?(x —x0)2+alx—xy)+b

For fixed m, a, and b, the optimal solution can be derived as:

a
‘7f(x)=0=>m(x——x0)+a=()=>x_xo=_E
Thus, we have
m a? (—a) a? a? —a?
f(x)—?mz'l'i - +b—2_n’l-_—777+b_%+b
Or f(x) — f(xo) = —;—m

a
a. How far from opt. x*? x™ — xg = ——

b. How much difference from opt. f(x*)? f(xo) — f(x*) = ‘:_;
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Taylor’s Expansion & Bounds: Example
fx)=x*+4x+1

For the format
m
f(x)=?x2+ax+b, m=2,a=4b=1.

Let x, = 0, we have the answer.

a
a. How far? x* — xo = ——= -2

b. How much? f(xg) — f(x*) =— =14

a?
Zm

Taylor’s Expansion & Bounds: Bounds

(2) Vector case:
Assumption A: V2f(x) is bounded, i.e. mI < V2f(x) < MI

2
Theorem A: We have the following bounds M -V f(?() > 0

1 @<) . D2
M"Vf(xo)”z = lxo — x*l2 < E”Vf(xo)”z

1 ® Q1 .
7 17 Gl < f(xo) = p* S o IVf (xo)lI3

Proof:®
fG)+PFCOT (=) + 2 lly = xll3 < F )

M
< FE)+TFET =2 +5 Iy =«
(Taylor s Expansion + Assumption A)



Taylor’s Expansion & Bounds: Bounds
Proof ®: llx — x°ll, < = IVf ()l
p*=f(x) = f)+ V)T (x* —x) + ? llx* = x||3 (Taylor's

exp + Assumption A. )
> £ — I7F GOl llx" = xll; + 2l = xII3

We shift f(x) to the left hand side.

02 p — () = ~IVFGllallx” = xllp + 5 llx" = %1
Shift —IVf @Ol llx* = x|l to the lef

I7F G llllx” =2l = 5 llx” = I

Therefore we have

LAN7FENz 2 5 llx" = xll

2. llx* = xll, < ZNI7F @)l

Taylor’s Expansion & Bounds: Bounds

Proof @: f(y) = () + V()" (v = x) + 7 lly — 13
(Taylor s exp + assumption A. )

> f(x)— 2—11; V£ O3 (Minimization with y)

Thus, we have

1
fG - fO) = I7f (I3, vy

Therefore

1
fG) = f&) < 5= IPF GOl



Taylor’s Expansion & Bounds

Remark:
(M IEF[VFIll, < (2me)2

1
We have ||x — x*||, < %(Zme)i

* v :
f) - flr) < FLBE = ¢
(2) The bounds can be used to design algorithms.

prove the convergence.
QB)IfM >» m (e.g.101%)
Impact on the bounds become very loose
—> Efficiency of gradient descent approaches.
(4) Quadratic obj. with sparse matrix (A)

-zl-xTAx +bTx+¢c

is a preferred formulation in terms of algorithm efficiency.

I1. Descent Methods
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Given convex function, twice continuously differentiable f(x)

and an initial point x, € dom f.

Repeat

1. Determine a descent direction Ax (Vf (x)TAx < 0)

2. Line Search, choose a step size t > 0.

3. Update x = x + tAx
Until stopping criterion is met.
Line Search: t = arg rg1>151 f(x + tAx)
Backtracking line search (a € (0,1/2),8 € (0,1))
Startat t = 1, repeat t := [t
until f(x + tAx) < f(x) + atVf(x)TAx

S

B

Xo

1
Stopping criterion ||Vf(x)|l, <n n = (2me)z (Theorem A (2))
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Taylor’s Expansion & Bounds: Bounds

Proof ®: f(¥) = f () + VF ()" (v = x) + 7 lly — xlI3
(Taylor s exp + assumption A. )

> £(x) = == \Vf (I} (Minimization with y)

Lety =x —%Vf(x), we have
2

- Lvi) = 100 + 7 T+ | T
Fx-7f@) < F@ +7FT S VF@) + 5 |5 7r G
= f(x) = - IVF ()13

2

Shift the terms on the left and right, we have
1 1
WIIVf(x)H% <f(x) - f(x —I—W—Vf(x)>
< f(x) —f(x)

Taylor’s Expansion & Bounds: Bounds

M
(4) Proof: f(y) < f(0) + VAT (y = ) + 5 lly — 113
(Taylor’s exp. + assumption A)
(i) Let x = x*, we have Vf(x*) = 0,
thus, we can write the above eq.
* M *
fO) <O+ 1ly =13
or f)—p" <Fly—x"13
(i1) From (3), we have
1 x
Z_M'”Vf(xo)”% < f(xo) 4
(iii) From (i)&(ii), we have
1 M *
M ”Vf(xo)“% = Py llxo — x ”%
Therefore, we have
1 x
—Vf (x)llz < llxo = X7l
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