KKT (Karush-Kuhn-Tucker) Conditions

1. Primal, Lagrangian, and Dual rr/{%x mxin: (x,A,v)
min f,(x) L(x,A,v) =max g(4,v)
fi <0 m P Av
hi=0 =L@+ ) M)+ D vk (0,220
i=1 i=1
min max max min (dual)
x Av Av x

1. Feasibility (x, A, v)
2. Lo A,v) = f, (%) {t g g iﬁz 3 g
3.94v) = mxinL(x,/l, v) = f,(x)

Necessary condition for local optimality
Sufficient when the problem is convex & satisfy regularity

conditions (Slater condition)
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Sensitivity
Perturbed Problem Unperturbed Problem ‘j—i
min f, (x) u;=w; =0 VQ
s.t. fi<wy L) = fg_(_’{)'%i’__. *\ (ut)
hi(x) = w; Ak -y-l\);h("mwi Flo.0) \Y
¢ { \L\/\_J 1 * ,
maxd = g, v) —ulA—wlv max g (4, v) -AU
s.t. A=20 | s.t. 420
p*(u,w) = rr){%xg(i, v) —ufA—wTy p*(0,0),1*v*

p*(u,w) = g%, v*) —ulA* —wTv* = p*(0,0) —u™2* —wTv*

« _ _ Op*(uw) _ « _ _ 0p*(uw) .
A = T (u,w) = (0,0), v; = ow |§u.w) = (0,0)

—

ap*(0,0 . p*(te;,0)—p*(0,0 .
Proof : 22000 — iy PreOPC )_>_—/1i
du; t\o
ap*(oro) : p*(te'»o)_p*(o’o) *
——— =lim : <A
ou; t/7'0

hence, equality - P*( 0,0 ) )\v\“ % WHB

S Uz ‘
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Shadow Price Interpretation: Spring Energy & Force

1 1 1
min fo(xpxz) = Ek1x12 + Ekz (x, — x1)2 + §k3 (1 - xz)z

f, : potential energy k; > 0 : stiffness constant of spring i
w/2—x,=<0
w + x]_ - X2 S 0
W/z -1+ X2 <0
1
mini (kyx? + k(2 — x1)% + k3 (L — x2)?)

A w/2—x,=<0

Ay wH+x;—x,=0

A3 W/Z -1+ X2 <0

Lw/2—x)=0W—x3 +x) =0,A3(w/2—-1+x;)=0
zero gradient condition

kixy — ko (xz — x1) -1 1 01_
[kz(Xz - x1) - k3(l - xz) + Al [ O ] + AZ [—1] +Ag [1]—0
A; : contact forces between the walls & blocks 25

KKT (Karush-Kuhn-Tucker) Conditions

2. f;(x),i=1,..,m, hj(x), i =1,..,paredif ferentiable

1. Primal constraints : f;(x) < 0,i =1, ...,m.
h;(x)=0,i=1,..,p.

2. Dual constraints : 4 = 0 Z_(X/)\, U) — Jfo(x) ‘f‘Z_)LZﬁ(X)—{-'Z,V:hL()U
n 1
3. Complementary slackness : 4;f;(x) = 0,i =1, ...,m. -

4. Gradient of Lagrangian with respect to x variables @ ﬂ (K) = 0/ )‘2 ZO
Vefo(x) + Zﬁl AV fi(x) + Zp=1 v;Vyehi(x) =0 .
‘ @£ <0, =0
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Generalized Inequalities: SOCP

Primal min fTx
[14;x + bl-||2 <clx+d,i

1.e. (Aix + bi' CLT + di ) S
Lagrangian

=1,...m

Kit [ = 1, e, m

L(x,Av) = fTx — 3(z] (Aix + b) + w;(c] + d;))

(ziw)EKS, i=1,..,m

Lagrange Dual

max —Zi(b?zi + d;w;)
||Zl|k‘S wi, i=1,...,k

YiAizi+cwi=f
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Generalized Inequalities: Semidefinite Program

+ X3y + G)Z)),

Primal i) 0Ty
x,Fy + -+ x,F, + G < 0,where Fj, ..., F,, G € S¥
Lagrangian
L(x,A,v) = igclf(ch +tr(QegFy + -
Z e sk

Lagrange Dual g4, v)= igf L(x,A,v)

Dual max tr(GZ)
tr(F;iZ) +c¢;=0,i=1,..,n
Z=0

fr(WxZ)
S

2

¢

= EM

“F /
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, iy | K
Generalized Inequalities fo (%) ER

Primal min f, () |
iR 0,i=1,..,m = 0~ ﬁ(x)é K
h=0,i=1,..,p

Lagrangian

m p
L) = () + ) AT+ ) vihi (o)
i=1 i=1

A g+ 0,i=1,..,m, A; € Rk
l T :
Lagrange Dual > )\z . (7() é O
9(2,v)=infL(x, A,) r {7 —ch ()€K

e B €K
ORED 29

Generalized Inequality: KKT Conditions

min f, (x)
S.tfi $Ki O,l = 1,...,m

hy=0i=1,..,p
fix),i=1,..,m, hi(x), i =1,..,p are differentiable

1. Primal constraints : f;(x) <k, 0,i = 1,..,m.
hi(X) = O,l = 1, v, P.
2. Dual constraints : 4 g+ 0

3. Complementary slackness : A} f;(x) = 0,i = 1,...,m.

4. Gradient of Lagrangian with respect to x variables
Vifo (x) + Zﬁl A{foi (x) + 2?:1 viVehi(x) =0
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Chapter 5 Summary

Primal and Dual Problem

— Primal Problem

— Lagrangian Function

— Lagrange Dual Problem
Examples (Primal Dual Conversion Procedure)

— Linear Programming

— Quadratic Programming

— Conjugate Functions (Duality)

— Entropy Maximization
Interpretation (Duality)

— Saddle-Point Interpretation

— Geometric Interpretation

— Slater’s Condition

— Shadow-Price Interpretation

KKT Conditions (Optimality Conditions)
Sensitivity (Shadow-Price)
Generalized Inequalities

Chapter 5 Summary

* Duality provides a lower bound of the problem even the
primal may not be convex.

* KKT conditions convert the minimization problem into
equations.

» Lagrange multipliers provide the sensitivity of the
constraints.

* Generalized inequality broadens the scope of convex
optimization.
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