Interpretation: Saddle-point

Claim : Result of II > Result of 1
Given an arbitrary pair (W,2) € D
min f(w,2) < f(W,2) <max f(W,z) Vw,Z€ D
wew ZEZ

min f(w,2) < max f(w,z
min f(w, 7) < max f (W, 2)
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Thus max i £(v,2) < i mae f (v, 2
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z=1, 2, 3
lrglef‘/rl}f(w, =1 nzleazxf(l,z) =1
‘Lrgvgf(w,Z):l rggzxf(z,z)=2
Vrglelvrl}f(w, 3)=1 r?ézzxf(&z) =3
max min f(w,z) =1 minmax f(w,z) =1

ZEZ WEW WEW zeZ

17

18



Interpretation: Saddle-point

11 3 2
Example:f(w,z)w=2[2 1 3
2
2

313 1
z=1, 2, 3
Vlggvr}f(w,l)=1 rgeazxf(l z)=3
VIEIEIVI}f(W,Z)=1 nzlaxf(z,z)—S
minf(w 3)=1 maxf(3 z)=13
mppfwA =1 pipmafOns) =3

TZ
il

[%l/ﬂ/ﬂéxm [zzz]“ s

Interpretation: Saddle-point

114 6 3
Example: f(w,z) w = 2’2 @ 1

313 5 2

z=1, 2, 3
(=2 7C(UJ,2)
- max Wf\f(wz)

W/AMMf(zrz)—ﬁ Z=2
w2 22

Z w7 A midferm
%ntz{(oj k) 3 w7 5

20



?mfé : NQ(@%:?‘% x

A@’CMJQ/ ﬁwf
Mia max %(a//g) =max mw’ﬁ w2Z)
X =z W
UL@T' w = Arg My mwxﬂﬁfu,}?/
AI/AEN)
2 »ar% o in T(w,Z )
u) J -

(Mo hauve e
_ﬁm; 1 < mavmc/w Z)=min ﬂL(u// )< f(w/z)
VT R @) w &

574/ W@L

((oF ) ss agaddle /0905%’&

_%M(Tmm&w

Ascume. - That /m?)ma&»:mmmﬂ

(W2 hawe.

mgmm’{'(w, R)= mmha/g) ‘Hvu,z"‘j

M monl e, F) < Mﬂf%ﬁu z)=1rJ.

w

771%4/ Max_MNin ﬁ/a/z) = W}W/ﬁ% Z)

< u W =< s~







Convonity = Sadblg 1]
Pl The o & cofumn, selodion w«]@vw&f}ﬁ
oA a Gilinean aﬁmﬁﬂlmwy@@m
mf% mawf(w Z)= EZCcde Z mwxm/m (W,Z)

=
L. row o cotumn Seloclim, Wﬁm’ﬂff
(NW W, = 6 O l} S = l ZZJ:/

1. V@QM@& conshand ¢
Sy O¥ %?I W20, 2=0 612,(12.

A The epttv@aan posfom il yadanet codhands
CM@Q Scbued ith a%mwﬁ/rmﬁ ?an]Lz?a

; W Z) = " Tre
%nmz_?/xf( ) )W//mmﬁ 12/

B, Sence jcuuz)uw wrt 2
The sotutros Car o] reqiuce Lo mffrm’f T (rbw@ca/mm

F(®,Z)
C. hm b, (65,2) M&Sd%fﬁ



e




Geometric Interpretation

min fo(x)  (t)
s.t.fi(x) <0 (w<0)
g = n £+ Au G ={(fi(x), fo(x))|x € D}

g =Au+t
supporting hyperplane to G
that intersects ¢ axis at t = g(4)

u
21 8’\/\//\
Duality via Separating Hyperplane
Set 6 = {(£(5), ., fn () 1y @), oo B (), o) Ik EDY,
G € R™ X RP X R,p* = inf{t|(u,w,t) € g,u < 0,w = 0}
Lagrangian L = (4, v, D)T(u,w,t) = X% L + X0 viw; + ¢ @

Dual Problem g(4,v) = inf{(4, v, DT (u,w, t)|(u,w, t) € G}

. Ml W,
Separating hyperplane: Example K‘

{wO|f,(x) <t fi(x) <u,3x € D} 8

(AL5,0) ww,D)=a, Vwt) €A
()I, 7, ﬁ)T(u, w,t) <a, V(u,w,t) €B
1

Since i # 0, we can have (4,v,1) = E'%' 1)

A={(uw,t)|aIx €D, fi(x) Su;i=1,..,m,
hi(x) =w;,i=1,..,p,f,(x) <t} 2



Lagrange dual problem

max g(4,v) |
s.t. A=0 W 4 / U
Properties
This is a convex problem. A0
The opt. solution is denoted as d*
p*—d*=gap =0 >
If gap > 0, it is a weak duality. U € Rd}"
If gap = 0, it is a strong duality.
Slater’s condition relint: relative interior of set D

Given that the primal problem is convex,
If f;(x) <0,i=1,..,m3x €relint D
Then strong duality holds.
relint C = {x € C|B(x,r) naff C < C for somer > 0}
B(x,7) = {yllly — x|l <}
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Shadow Price Interpretation: Food vs. Vitamin

Flour protein powder

Primal minc’x mincTx Veg. vitamins A,B,D,E,K
s.t. Ax b s.t. —Ax + b < 0 Fruits minerals
x=0 —x <

V11 V12 Vi3
min €1 X4 + Car Xy + C3X3 Upy1 VUpz VUz3

V31 V32 V33

] [ x; = 0,Vi

Dual maxATh max A, by + A,b, + A3b
s.t. ATA< ¢ Vi1 V21 V31]|h C1]
A=0 s.t. |[Vi2 Va2 Vsz||Az]| < |C2
Viz V23 V33l|A3 C3]

Lagrangian L(x,A) = cTx + AL (—Ax + b) + 25 (—x)

=[cT +2T(—A) — AL]x + ATb
cT=2TA)+ A%, orATA; <c
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