Example: Quadratic Program

Quadratic Program
minxTPx P €SP,

s.t. Ax<b
Lagrange Dual Function: \Z[_(X )\_) 2 F X 'lL A )\ =0
g(1) = min xTPx + AT (Ax — b) ! PA)K
= —2ATAP1ATA-bTA, NZ0
Dual Problem:
max —ATAP~*ATA — bTA
s.t. A =0
9
Example: Quadratic Program (nonconvex prob.)
min xTAx + 2bTx
s.t. xTx <1 AESMAXO
Dual Function: L( /\) A)(’f‘lgr/r f >\( XK= )
g(l) = min xT(A+ ADx + 2bTx — A TAY-“b KA )\[X\IK'U

Unbounded below if A+ Al X0o0rifA+Al >0&b ¢ R(A + Al
Minimized by x = —(A+ A)*h
Otherwise g(1) = =bT(A + A)*bh — A

Dual Problem:
max —bT (A+ AD*b -2 max —t— A
s.t. A+AI>0 St [A+H ”];o
b€ R(A + Al ¢
I A + Al b —(A+AD*b
[ ((4+an*b)" ] ] [ I ] 0
4+ Al 0
[ 0 -b"TA+AD*b+ t] =0 10
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Example: Discrete Problem

Two-Way Partitioning Problem
Primal:

min xTWx x € R™,w;; ER

s.t. x?=1 i=1,..,m

i.e. x; €{—1,1}, x"Wx = X;; x;x;w;;
Not a convex opt problem (Partitioning is an NP complete problem)
We can assume that

West (xTWx= %xTWx + %xTWTx = %xT(W + Whx)
Lagrangian:
L(x,v) =xTWx + X, vi(xf_ —1) = xT(W + diag(w))x —I"v
Lagrange dual function:

_ : = W + diag(v) >0
— T — Ty = !
g) 1gclfx (w + diag(v))x —ITv { oo, otherwise
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Example: Discrete Problem

Dual:
max g(v) = —I"Tv
s.t. W+ diag(v) =0

Solution v = —Amin(W)1

p*=>d" = Ty = ndpim (W) Q/ M{
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Examples: Conjugate Function

min f;(x)
s.t. Ax<b
Cx=d
Dual function
_ . T _ T —
g4,v) = xeelzlgrfnfo(f‘)(x) + A (Ax—Db)+v (‘(:'Jx d))

= inf fo(fO(x) +(ATA+ CTv)Tx — P'A —dTv)

X€dom
= —fo* (—ATA - CTv) —pT) — dTy Conjugate function
Where fg (y) = max_y"x — fo(x)

xedomf
77N

mir(cﬂx min c'x
s.t. Ax @ s.t.
G5
max —bT

max s.t. ATA4c=0

s.t. A%+@>o A=
13

Examples: Entropy Maximization

min fo(x) = Xi=; x;logx;, x € RY,
s.t. Ax<b
1Tx =1

Since  f3(y) = L, &9,y € R

Thus, the dual function is ,
gAv) =-b"1-v-3, -1

—v— —af .
=—pTA—v—e V13N e %2, a; thei®column of A.

. e T
To maximize g(4,v), we set v = log )7, e~ % A1

Dual Problem

max —bTA—log(Xt,e _a‘”)
s.t. 120
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Examples: Minimum Volume Covering Ellipsoid

min f, (x) = log detX‘1 X€eSt,
s.t.alXa; <1,i=1,.

Lagrangian
L(x, ) = logdetX™' +¥™. A;af Xa; — 172, 1€ RY

Lagrange dual function
gA) = mxin L(x,1), A € R

Dual Problem
max logdet(X;—; hiaal ) —1TA+n
s.t. Yi_iAaal >0,1€RY
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Interpretation: Saddle-point

max m1n fw,z) < mm max f (w, z)

max g(2) ez WEW EW z€Z
9@ =minfw,2) 1 _q 3
Example: f(w,z) w =2 [2 2 —1]
313 1 -2
z=1, 2 3
(. _
min f(w,1) =1
i i min f(w, 2 -1 =
I. zdecides first < wE.Wf w,2) = 3Vrgleax 3}511?/ fw,z)=1
vl;nelvr;f w,3) = -

( =
max f(1,z) =3

I1. w decides first { Max f(2,2) =2 minmax f(w,z) = 2
wWeEW z€Z

= 16
\I?Eazx f(33,z) =3
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